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On the pulsating Padovan sequence

Orhan Diskaya' and Hamza Menken

! Department of Mathematics, Mersin University
Mersin, Turkey
e-mail: orhandiskaya@mersin.edu.tr

2 Department of Mathematics, Mersin University
Mersin, Turkey

e-mail: hmenken@mersin.edu.tr

Received: 29 June 2022 Revised: 8§ May 2023
Accepted: 18 February 2024 Online First: 22 February 2024

Abstract: A novel kind of Padovan sequence is introduced, and precise formulas for the form
of its members are given and proven. Furthermore, the pulsating Padovan sequence in its most
general form is introduced and the obtained identity is proved.
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1 Introduction

The Fibonacci sequence is a well-known integer sequence with amazing features that have been
extensively researched by authors. In the present work we focus on the pulsating Fibonacci
sequence, which was first defined by K.T. Atanassov in [1]. After this work, there are some
studies on the pulsating Fibonacci sequences [2-4,7,8,11-13].

In the present work, we define the pulsating Padovan sequence and some of its properties. We
also introduced n-pulsted Padovan sequences. We recall the definitions of the k-Fibonacci and
Padovan sequences as follows:
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The k-Fibonacci and Padovan sequences { F}, .} and { P,} are defined by two and three order
recurrences for n > 0, respectively,

Fn+2,kz = Fn—l—l,k + an,kza
Pn+3:Pn+1+Pm

with the initial conditions being given as follows, respectively:

F()’k:() and FL]C:L
P():l, P1:1 and P2:1

The first few members of these sequences are given as follows, respectively.

n [[0[1]2 3 4 5 6 7
Fop | 0|11 k+1|2k+1 | k*+3k+1|3k*+4k+ 1| k*+6k>+5k+1
P, ||[1[1]1] 2 2 3 4 5

Table 1. The first few members of F}, and P,

More information about these sequences can be found in [5, 6,9, 10].

2 The pulsating Padovan sequence

The Padovan sequence has undergone numerous extensions and modifications over the past
decade. In this paper, a new type of Padovan-like sequence is introduced to continue this line
of research on Padovan sequences.

Let a and b be two fixed real numbers. The two sequences we will build are as follows:

Ty =10,0s =c,

Tor+1 = Qok1 = Top + Qo
To, = Qog—2 + Top—3,

Qor = Yoo + Qog3,

for the positive natural number k£ > 1. A pulsating Padovan sequence is the name given to this
pair of sequences. The first few values of the two sequences are given in Table 2 below.



' n | Y. Y=, Qn
1 a
2 b c
3 b+c
4 a+c a+b
5 2a +b+c
6 a+2b+c a+ b+ 2c
7 2a + 3b + 3¢
8 3a + 2b+ 3c 3a + 3b+ 2c
9 6a + 5b + 5c
10 S5a + 6b + 5c¢ 5a + 5b + 6¢
11 10a + 116 + 11¢
12 || 11la + 100+ 11c 11a + 11b + 10c¢
13 22a + 21b + 21c¢
14 || 21a + 22b + 21c 21a + 21b + 22¢

Table 2. The first few members of the two sequences

Theorem 2.1. For k > 1,

Yopt1 = Qop1 = Ji(b+ ¢) + 2J,1a,
Yo = Jy—1(a + ¢) + 2J4_2b,
ng = kal(a + b) + 2Jk,26,

where Jy, is the k-th 2—Fibonacci number which is called the Jacobsthal number.

Proof. The assertion is obviously valid when £ = (0. Assume that for some positive natural

number £ > 1 are correct. Now, we check for the positive natural number k£ + 1. First,

Tort1 = Qopp1 = Top + Qo
= Ji-1(2a+b+¢) +2J2(b+ ¢)
= (Jpo1+2Jx2) (b+¢) +2Jp1a
= Jp(b+c) + 2J,_1a.

Second,
Tory2 = Qox + o1
= Jp_1(a+0b) +2Joc+ Jp_1(b+¢) + 2J,_2a
= (Jk—l + 2Jk_2) (a + C) —+ 2Jk_1b
= Jp(a+¢) + 2J,_1b.
All other equalities are checked in the same way. [
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For instance, if ¢ = —b, the pulsating Padovan sequence is as follows:

n | Yn [ Ya=0n] Q. |
1 a

2 b —b

3 0

4 a—>b a-+b

) 2a

6 a+b a—b

7 2a

8 3a—b 3a+0b
9 6a

10 || ba+b 5a — b
11 10a

12 || 11la — b 1la+b
13 22a

14 || 2la +b 2la — b

If ¢ = b, the pulsating Padovan sequence takes the following form:

‘n| T, Y, =0, Qn
1 a
2 b b
3 2b
4 a+b a+b
5 2a + 2b
6 a—+ 3b a—+ 3b
7 2a + 6b
8 3a + 5b 3a + Hb
9 6a + 100
10 || 5a + 11b S5a + 11b
11 10a + 22b
12 || 11a + 210 11la + 21b
13 22a + 420
14 || 21a + 43b 21la + 43b




3 The k-pulsating Padovan sequences

Let a and by, by, b3, ..., b; be k + 1 fixed real numbers and 1 < ¢ < k. The k-pulsating Padovan
sequences {7; , },>1 are defined by the recurrences relations:

T12m4+1 = T22m+1 = *°° = Tk2m+1 = T12m + T22m T - + Tk 2m,
T12m = Tk2m—2 1+ T1,2m—3,

T2,9m = Tk—12m—2 1T T2,2m—3,

Tk2m = T1,2m—2 T Tk,2m—3,
with initial conditions

T11=T21 =" " =Tg1 = Q,
Ti2 = b1, 720 = ba, ..., Tho = by.

Let

k
B = Zbi.
=1

The first values of the new sequence are shown in Table 3.

(| — — ] 7em
1 a a a
2 b1 b by,
3 B B B
4 a+ by, a+ by_q a+ by
5 ka + B ka+ B ka+ B
6 a+b+B a+by+ B a+b,+ B
7 ka+ (k+1)B ka+ (k+1)B ka+ (k+1)B
8 || (B+Da+b.+2B | (k+1a+be—y+2B|... | (k+1)a+0b +2B

Table 3. The first few members of {7; ,, },>1

Theorem 3.1. For m > 1, we have
2m—2
Tiam = Fom—1 k@ + bp_it1 + (Z ij) B,
=0
Tiam—1 = kFom_opa + Fop 1 1B,
2m—3
Tiam—-2 = Fom—2ka + b; + <Z Fj,k) B,
=0
Tiam—3 = kFom_3 50 + Fop 2B,

where F,, . is the k-Fibonacci number.



Proof. The assertion is obviously valid when £ = (0. Assume that for some positive natural

number k£ > 1, are correct. Now, we check for the positive natural number £ + 1.

and

4

Tiam—1 = To4m—1 = """ = Tkdam—1 = T1am—-2 T To4m—2 + -+ + Tk am—2
2m—3
= k’FQm_nga +B+k E Fj,k: B
Jj=0

= kFop_ora + Fop_1 B,

T14m—3 = T24m—3 = *** = Tkdm—3 = Tl am—4 T T2 am—a + *** + Tk am—a
2m—4
= kFop 3pa+ B+k < > FM) B
j=0
= kFyp_3ra+ Fop_oiB. [
Conclusion

In the present work, we introduce the pulsating Padovan sequences. We establish some accurate

formulas. Moreover, we define the k-pulsating Padovan sequences.
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