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1 Introduction

The harmonic numbers, denoted by H,,, are defined by

"1
Hy =0, Hn:ZEfornZI,
k=1

and their generating function is
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From [14], it is known that

n

Hy,
Y H2, - Hu (1.1)
k:0n+1—k

Harmonic numbers are interesting research objects. Recently, these numbers have been
generalized by several authors. There are a lot of works involving harmonic numbers and
generalizations of them (see 5,9, 12, 13]).

Guo and Cha [9] defined generalized harmonic numbers by

nok
Hy(o) =0 and H,(0) = Z % forn € N,
k=1

where o is an appropriate parameter, and their generating function is

~ —In(1-ot)

> Hy(o)t" = — (1.2)
n=0

When o = 1/afora € RY, H,(1/a) := Y, = are called the generalized harmonic numbers
by Gencev [8].
The Daehee numbers of order 7, showed by D), are defined by the generating functions to be

=t In(1+6)\"
ZM#:(ﬂ:J)‘
—~ n! t

Forr = 1, D} = D,, are called Dachee numbers. It is clear that

1 n!
Dy=1,Dy=—=,---,D, = (-1)" .
0 y 1 27 3 ( )n+1

(1.3)

By using Euler’s transform for power series, some authors work various binomial identities
with harmonic numbers (see [2,4,6,7,10,15]). For example, in [4], the author proved the identity
as follows: forn € Nand A\, u € C,

- n kyn—k n n—1 )‘2 n—2 A"
> (7 )N = ) Ha = (MO0 T+ T O ) e ).

n
k=1
This formula allows to derive the following identity

> 2'H, = 2"H,(2) — H,,.
k=1

The author gave the following expansion in a neighborhood of zero

= . o\, —In(l—ot)
> p"H, <B)t =5 (1.4)

where o, 3 are appropriate parameters. When = 1 in (1.4), (1.2) is obtained.

n=1
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Also there is the generating function given by

= — n—k— n n —1 (1_ t)
Z<52(0+6) oM Hy 4o Hn>t :ﬁ.

n=1 k=0
For a,b € Z™, it is known that

N (a+n—b 0 tb
Z( n—>ab )t _(1_t)a+1' (1.5)

n=0
In [7], Frontczak proved a new expression for binomial sums with harmonic numbers. His
derivation was based on elementary analysis of the Euler’s transform of these sums. The author
discovered some known identities involving skew-harmonic, and Fibonacci and Lucas numbers.
For example, for positive integer n,

n n—1
k=0 k=0
n—1
F2AD (N (= )T
k=0

- _ n (—l)k"'l . - _ _ .
where H, = >, | *—— with Hy = 0 are skew-harmonic numbers.

In [3], Batir and Sofo proved some general combinatorics formulas. Applying these formulas,

they obtained some new identities and reproved some known identities included in the works of
Frontczak and Boyadzhiev. For example, for n € Nand A € C,

n

"\ /n H, =2y + Hp
NHE = (1+ X" | HY —
Z(k) e =1+ < n ; ATES\L Zk21+>\ >

k=0
Abel’s partial summation formula asserts that for every pair of families (ax);_, and (by),_, of
complex numbers, there is the relation (see [1, 10])

n n—1 k n
Zakbk = Z < ap — Q41 Z b]> + an, Z bj. (16)
k=1 k=1 j=1 j=1

2 Main results

In this section, we will define a new generalization for the generalized harmonic numbers H,, (o)
and then give some identities with these numbers by using Euler’s transform.

Definition 2.1. For the generalized harmonic numbers H,, (o) , the generalized hyperharmonic
numbers of order v, H! (o) , are defined by

S H (o), i =,
H' (o) = z, ifr=0andn >0,
0, ifr <0orn <0,
where o is an appropriate parameter.

Specifically, when 0 = 1/, a € R*, for the generalized harmonic numbers H,,(1/«a), the
generalized hyperharmonic numbers of order r are H! (1/«) [12].
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The proof of Theorem 2.1 is similar to the proof of Theorem 1 in [12].
Theorem 2.1. For any positive integers n and r, we have
" ntr—k—1\o"
H’ = —.
o= (")

Theorem 2.2. For any positive integer r, we have

[e o]

. n_ —In(l—ot)
;Hn(a)t = a7

Proof. Consider that

O (S (S (7))

as claimed. OJ

Lemma 2.1. For any positive integer r > 2, we have

[e.e]

"o (r—2+k n_ —In(l—ot)
> ( f )an(ff/ﬁ)t = U=y

n=0 k=0

where o, 3 are appropriate parameters.

Proof. By (1.4) and (1.5), using Cauchy’s product rule for power series, we get

—In(l—-ot) 1 X—ln(l—at)
(1-pt"  — (-pt)" 1— Bt
= ZB”(T - i* ”)t” xS g H, (o)) 1"
n=0 n=0
Y ( ‘2* k) Ho i (0/B) 1"
n=0 k=0
as claimed. O]

For example, putting 5 = 1 in Lemma 2.1, the following expression is valid:

H (0) :Zn: (“i*’“)[{n_k(a).

k=0

Lemma 2.2. [4] Let a function analytical on the unit disk be f(t) = > " fat™. The Euler’s

transform can be given as

1 t m—1+mn el £ am
(1—)\t)mf(1ﬁ>\t)zzz( n—k )m i

where )\, |w are appropriate parameters.
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Theorem 2.3. Let n be any positive integer, we have

" /n\ pn\k ST AN A+op A
> (1) Q) o= (58) (e (5550) - (25)) e
and forr > 2,
n+r—1\ /p\k .
() @ e

CES T () e

where )\ and | are as above.

Proof. For f(t) = W

1 ut 1 —In (1_015_%)
(1—>\t)rf<1—)\t) (I=At)" (1— £

In(1—(\+ a,u)lg)/\t— In(1— At)
(I=(A+pt)
In(1-(\+op)i) —1In (1 — \¢)

A-A+wt) A=A +upi)

M-

AN

, by applying Lemma 2.2, the right-hand side becomes

Lemma 2.1 yields that

n

1 put _OO nfk+1r—2 Atow\ ,,
<1—At>rf<1—At)‘;k:f““>( L) me (55
- w (k4T —2 A .
X o () (555)-
(ool () e

At the same time, by using Euler’s transform, the left hand side becomes

© n +r—1 - ) .
Yy <”nik )M’O\” KHT (o) £, 2.4)

n=0 k=0

Thus, by using (2.1), comparing coefficients in (2.3) and (2.4), the proof of (2.2) is obtained.
Similarly, taking f(t) = w and using Lemma 2.2 and (1.4), we have the proof
of (2.1). O]

For example, setting A = x = 0 = 1 in Theorem 2.3, we have the well-known identities

(4= 2 = 1,1/,

and for any integer r > 2,
n n n—=k
Z n+r—1 H - k+r—2 n—k’ QkHi.
n—k : k )
k=1 k=0 i=1
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Corollary 2.1. For any positive integer n, we have
(" LR H (o) = H,, (2 H, (2
S (1) 1 2 FH (o) = Hu (2 0) — Ha (2).
k=0
and for any integer r > 2,
n n n—k
n+r_1 k l{'"—T—Z k’ i —k—i
—1)"27"H ( —1)'27""H,; .
S () rrertme =3 (M) (1) v

Proof. Putting A = —2p in Theorem 2.3, the desired results are given. O]

Theorem 2.4. For any positive integers n and m, we have

- n+m T m—r m—r
S0 (f I L) = Hp (- 0) -

k=1

[y

n—

(]

DGRV [EATR R

k=1

1

Sl

Proof. For the proof, we take

_ (-odt)
F) =2
and by applying Lemma 2.2, the left-hand side becomes
1 f< t ) B 1 In(l-o5L)
A+ \1+t) (4™ (1-5)
1
=~ (1 +t(1 =) —In(1
(1+t)m (n( +t( 0’)) n( —|—t))
= Z Hm r+1 (1 )_ H:Zn—r-l-l) t 2.5)
n=0
! f( t ) 1 I(l-ofy)
(1—|—t>m+1 1+t B (1+t)m+1 (1_1_H>T
_ r—m—1 i+l -0)) In(l+7)
= —(1+1) t<(1 R -y : )
N rem= 1 n - Dn n n
B _nzl( n—1 )t X;ﬁ((l—a) o)t
- 3 rom=l Dn—k o n—k+1 n
- n:lg( k—1 )(n—k)!<(1 o) 1)t, (2.6)
and
1 f( t ) 1 (-5
(1—{—t)m+1 1+t o (1_|_t)m+1 (1 IL_H)T



e (ln(1+t(1 -0) ln(l—i—t))

(1+1t) (1+1¢)
=y (27" ;Tl_ 1)75” x> (=1)"(Hy (1—0)— H)t"

_ in (—1)F (Qr_m_ 1) (H; (1—0)— H)", (27

1 t i [N+ m ek
= g E -1 H (o)t". 2.8
(1+t)m“f<1+t) Lot L (k+m)( )7 H (o) 2:8)
Hence, by (1.3), from (2.5)—(2.8), comparing the coefficients of t” completes the proof. [l

Corollary 2.2. For any positive integers n and r, we have

n k n n—k+1
ek (2r =\ (E+2r =1\ e (r=1\1-(1-o0)
(=1) (n—k: i+2r—1 Hi (o) = (=) k—1 n—k+1

k=1 i=1 k=1

Lemma 2.3. For any nonnegative integer n, we have

> HH, = (n+1)(2—2H,41 + Hy ) — Hysr).
k=0

Proof. Putting a;, = H,,_, and by = H, in (1.6), we write

n n—1 n—1
H.H, ; = — =
; Rk Z( n—Fk n—k — n—k - n—k

k=1 k
n—1
(n+1) Hy n
= —H 1—
< g n—k n—k
k=1
n—1 n—1 n—1 1
= n—-1-S H 1 LA
n Z r+(n+1) — ok
k=1 k=1 k=1
n—1
Hy,
= 2n—2—2nH,_ 1 .
n nH, 1+ (n+1) —
k=1
n—1
Thus, by using > nijj =H | —Hy12— %HHn from (1.1), we have the proof. O]
j=1

Theorem 2.5. For any nonnegative integer n, we have

> (Z 1 1) A =2" (An + > Hoo(1/2) (Hi(1/2) — 2}@) :

k=0

where A, = (n+ 1) (2 —2H, 1+ H2, | — Hn+172) )
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Proof. Using Cauchy’s product rule for power series, we have

() - (E) -5 (B )

n=0

2
For f(t) = (%) , by applying Lemma 2.2, we write

! (=)

In(1—2t) —In(1 —t)\?
1-2t

*
() (Y () ()

iQ”H t”) + <§: 2"Hn(1/2)t”> —2 (i 2”Hnt"> (i 2"H,(1 /2)15”)

n= n=0 n=0 n=0
= 2 Z (Hn i Hy + Ho i (1/2)Hi(1/2) — 2HiH, 4(1/2)) 1" 2.9)
n=0 k=0
and
1 t o~ (n+ 1 .
(1_t)2f(1_t> :nzz()%(kH)Akt . (2.10)
Comparing the coefficients of (2.9) and (2.10), the result is given. [l

Corollary 2.3. For any odd prime number p, we have

p—1

> Hyyk(1/2) (Hi(1/2) = 2Hy) =2 7p (2 - ¢2 (2)) = 2p  (mod p?),

where q, (2) are the Fermat quotients with base 2.

Proof. From the congruence (*,') = (1) (mod p) for k =0,1,...,p — 1, we have

p—1
p—1
szzo ( I ) (2 = 2Hy1 + Hy — Hig2)
p—1
PZ (1) (2 — 2Hy41 + Hpyy — Hyp1,2)
k=0

S
Ju

= p(2—2H,+ H>—Hys) —pY (-1 (2—2H, + H — Hy;)
1

e
Il

p
= 2p—2—2pH, , +pH; 1+2H71—pHp,1,2—2pZ<—
p—1 p—1
+2p) (-1 Hy—p> (-1) Hk+pz )" Hip  (mod p?),
k=1 k=1
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and with the help of the congruences H, 1 = 0 (mod p*) and H,_; > =0 (mod p),

p—1
-1
pz (p ) > (2= 2Hp1 + Hiyy — Hipa2)
k=0

p—1 p—1 p—1
= 2p-2+2)» (-1)'H,—p ( (D) H = (-1)f Hm) (mod p?).
k=1 k=1 k=1
p—1 & p—1 & ) )
By > (-1)"Hy = ¢,(2) (mod p) and > (—1)" (H; — Hg2) = q, (2) (mod p) [11], we
k=1 k=1
write
p—1 1
) (2-2H, H? , —H 2.11
pkzzo ( I ) ( k1 T Hi K41.2) (2.11)

= 2p—2-2pg,(2) —pgy (2)  (mod p?).

When n = p — 1 in Theorem 2.5, from (2.11), we have

2p — 2 — 2pq, (2) — pq’ (2)

p—1
= ort <2p — 2pH, + pH} — pH, > + Z H, 1-x(1/2) (He(1/2) — 2Hk)) (mod p?).
k=0
From here, using the congruences H, ; = 0 (mod p*) and H,_15 = 0 (mod p), and making
the necessary arrangements, the desired result is obtained. O]
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