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Abstract: In this work, the general terms of almost balancers, almost cobalancers, almost Lucas-
balancers and almost Lucas-cobalancers of first and second type are determined in terms of
balancing and Lucas-balancing numbers. Later some relations on all almost balancing numbers
and all almost balancers are obtained. Further the general terms of all balancing numbers, Pell
numbers and Pell-Lucas number are determined in terms of almost balancers, almost Lucas-
balancers, almost cobalancers and almost Lucas-cobalancers of first and second type.
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1 Introduction

Behera and Panda ([2]) defined that a positive integer n is called a balancing number if the
Diophantine equation
I+2+-4+m—-1)=n+1)+0n+2)+ -+ (n+7) (1.1)

holds for some positive integer » which is called balancer corresponding to n.
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Panda and Ray ([12]) defined that a positive integer n is called a cobalancing number if the
Diophantine equation

1424 4n=mn+D)+0+2)+ -+ n+r) (1.2)

holds for some positive integer r which is called cobalancer corresponding to n.

Let B, denote the n-th balancing number and let b, denote the n-th cobalancing number.
Then B, is a balancing number iff 8 B2 + 1 is a perfect square and b, is a cobalancing number
iff 8b2 + 8b,, + 1 is a perfect square. Thus C,, = \/W and ¢, = \/W are
integers which are called the n-th Lucas-balancing number and n-th Lucas-cobalancing number,
respectively. (Here one can note that Lucas-balancers and Lucas-cobalancers are not defined in
the literature before. But anyways, one can see that if R, is the n-th balancer, then 8R2 +8R,, + 1
is a perfect square and if r,, is the n-th cobalancer, then 82 + 1 is a perfect square. Thus
CR, = \/ 8R?2 +8R, + 1 and cr,, = \/W are integers which may be called n-th Lucas-
balancer and the n-th Lucas-cobalancer, respectively). (see also [4, 9, 11, 14]).

Balancing numbers and their generalizations have been investigated by several authors from
many aspects (see [5, 6, 7, 8, 15, 16, 17, 20, 21]). Recently, almost balancing numbers defined
by Panda and Panda in [13]. A natural number n is called an almost balancing number if the
Diophantine equation

[+ +n+2)+--+n+r)]-1+24+---+(n-1)]| =1 (1.3)
holds for some positive integer r which is called the almost balancer. In [10], Panda defined that
a positive integer n is called an almost cobalancing number if the Diophantine equation

n+1)+n+2)+-+n+r))-1+24+ --+n)|=1 (1.4)

holds for some positive integer  which is called an almost cobalancer (see also [18, 19, 23]).

2 Almost balancers and almost Lucas-balancers

In this section, we try to determine the general terms of almost balancers and almost Lucas-
balancers of first and second type. From (1.3), we have two cases:

Case : If[(n+ 1)+ (n+2)+---+(n+7)]—[1+2+- -+ (n—1)] = 1, then n is called an
almost balancing number of first type and r is called an almost balancer of first type and in this

—2n—14+/8n2+9 2r+1+vV8r24+8r—7
= 5 and n = 5 .
Let B} denote the n-th almost balancing number of first type and let 127 denote the n-th almost

case

r

2.1

balancer of first type. Then from (2.1), B is an almost balancing number of first type iff
8(B:)? + 9 is a perfect square and R} is an almost balancer of first type iff 8( R:)* + 8RR} — 7 is
a perfect square. Thus

C*=+/8(B:)2+9 and CR, =+/8(R:)2+8R: —7 (2.2)

n

are integers which are called the n-th almost Lucas-balancing number of first type and the n-th
almost Lucas-balancer of first type, respectively.
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Case 2: If [(n+ 1)+ (n+2)+---+(n+7)]—[1+2+---+ (n—1)] = —1, then n is called an
almost balancing number of second type and r is called an almost balancer of second type and in

—2n —14++V8n? -7 2r +14+ V824 8r+9
5 and n = 5 .
Let B;* denote the n-th almost balancing number of second type and let 2" denote the n-th

this case

(2.3)

almost balancer of second type. Then from (2.3), B* is an almost balancing number of second
type iff 8(B}*)? — 7 is a perfect square and R:* is an almost balancer of second type iff
8(R:*)? + 8R:* + 9 is a perfect square. Thus

are integers which are called the n-th almost Lucas-balancing number of second type and the

n-th almost Lucas-balancer of second type, respectively. (Just as Lucas-balancers or almost
Lucas-balancers have not been defined before, we have defined almost Lucas-balancer of first
and second type for the first time here, as we defined balcobalancing numbers in [22] for the first
time before).
From (2.2), we note that R is an almost balancer of first type iff 8( R} )? 48R — 7 is a perfect
square. So we set
8(RL?+8R: —T=1"

for some integer y > 1. Then
202R: +1)* — 9 =3,

and taking x = 2R} + 1, we get the Pell equation (see [1])
252 —y? =09, (2.5)

Similarly from (2.4), we note that R}* is an almost balancer of second type iff 8( R}*)* +8R:* +9
is a perfect square. So we set
8(R)" + 8B +9 =y’

for some integer y > 1. Then
2R + 1) 4+ 7 =3

and taking x = 2R;* + 1, we get the Pell equation
2% — = —7. (2.6)
Let €2 denote the set of all integer solutions of (2.5) and (2.6). Then
Theorem 2.1. The set of all integer solutions of (2.5) is
Q= {(-6B, +3C,,12B, —3C,,) : n > 1},
and the set of all integer solutions of (2.6) is
Q={(6B,1+Cy1,4B, 1+ 3C,_1):n>1}U{(6B, — C,,—4B, +3C,) : n > 1}.
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Proof. For the Pell equation in (2.5), the indefinite form is F' = (2,0, —1) of discriminant A = 8.

So 7g = 3 + 2+/2 and the set of representatives is Rep = {[£3 3]} (see [3]). Here [3 — 3]M™

3

generates all integer solutions (z,, y,) for n > 1, where M = . Since the n-th power of

C, 4B,
2B, C,

For the second Pell equation in (2.6), the set of representatives is Rep = {[£1 3]}. Here
(1 3]M™! generates all integer solutions (22, 1,%2,_1) and [—1  3]M™ generates all integer
solutions (xg,, y2,) forn > 1. So

M is M"™ = , we conclude that Q@ = {(—6B,, + 3C,,, 12B,, — 3C,,) : n > 1}.

= {(GBn—l + Cn—174Bn—l + SCn_l) n Z 1} U {(6Bn - Cn, _4Bn + SCn) n 2 ]_}
This completes the proof. O]
From Theorem 2.1, we can give the following theorem.

Theorem 2.2. The general terms of almost balancers and almost Lucas-balancers of first type

e 65, +3C, — 1
R = = 5 = , CR; =12B, — 3C,
forn > 1, and of second type are
6B, 1 —Ch1—1 e
Ry =~ CRy_ = —4B, 1 +3C,
6B, 1+C,1—1
R;Z = : +2 : ) CR;:; =4B, 1+ 3C,

forn > 1.

Proof. We proved in Theorem 2.1 that the set of all integer solutions of (2.5) is
Q= {(-6B, +3C,,12B,, —3C,) : n > 1}.

Since x = 2R + 1, we get

6B, +3C, — 1
_ > .

Ry
Thus from (2.2), we deduce that

CR: = /8(R:)2+8R: — T

—68 ~1)° —68 —1
:\/8( 65, + 36, )+8( 650 + 3G )_7

= /9(C2 — 1) = 72B,C,, + 18(8B2 4+ 1) — 9
= \/144B2 — 72B,C,, + 9C?2
= 12B, — 3C,,.

The others can be proved similarly. ]
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3 Almost cobalancers and almost Lucas-cobalancers

In this section, we try to determine the general terms of almost cobalancers and almost Lucas-
cobalancers of first and second type. From (1.4), we have two cases:

Case I: If [([n+ 1)+ (n+2)+---+(n+7)]—(1+2+---+n) =1, then n is called an almost
cobalancing number of first type and 7 is called an almost cobalancer of first type and in this case
—2n—14++V/8n?+8n+9 and 2r —14+V8r2 =7

2 2
Let b; denote the n-th almost cobalancing number of first type and let r denote the n-th almost

r 3.1

cobalancer of first type. Then from (3.1), b}, is an almost cobalancing number of first type iff
8(b*)? + 8b + 9 is a perfect square and r is an almost cobalancer of first type iff 8(r*)% — 7 is a
perfect square. Thus

¢ =/8(bx)24+8bx +9 and cr’=/8(rx)2 -7 (3.2)

n

are integers which are called the n-th almost Lucas-cobalancing number of first type and the n-th
almost Lucas-cobalancer of first type, respectively.

Case2: If [(n+1)+(n+2)+---+(n+7r)—(1+2+---4+n) = —1, then n is called an
almost cobalancing number of second type and 7 is called an almost cobalancer of second type
and in this case

—2n — 1482 +8n —7 2r — 1+ V82 +9
= 5 and n = 5 .
Let 07" denote the n-th almost cobalancing number of second type and let r)* denote the n-th

r

(3.3)

almost cobalancer of second type. Then from (3.3), b;* is an almost cobalancing number of
second type iff 8(b:*)? + 8b:* — T is a perfect square and 77* is an almost cobalancer of second
type iff 8(r**)% + 9 is a perfect square. Thus

= /8(b)2 4+ 8bx — 7 and e = \/8(r:*)2 +9 (3.4)

are integers which are called the n-th almost Lucas-cobalancing number of second type and the
n-th almost Lucas-cobalancer of second type, respectively. (Just as Lucas-cobalancers or almost
Lucas-cobalancers have not been defined before, we have defined almost Lucas-cobalancer of
first and second type for the first time here).

From (3.2), we note that 77 is an almost cobalancer of first type iff 8(r*)% — 7 is a perfect
square. So we set

8(ry)* = T=1y’
for some integer y > 1. Taking x = r;, we get the Pell equation
8x2 —yt =T. (3.5)

Similarly from (3.4), we note that 7** is an almost cobalancer of second type iff 8(7**)? + 9 is a
perfect square. So we set

8(ri* )2 +9 =y
for some integer y > 1. Taking x = r*, we get the Pell equation

8z — y* = —9. (3.6)
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For the set of all integer solutions of (3.5) and (3.6), we can give the following theorem.

Theorem 3.1. The set of all integer solutions of (3.5) is
Q= {(Bn—l + On_1,8Bn_1 + Cn—l) n Z 1} U {(—Bn + Cn,SBn - Cn) n Z 1},
and the set of all integer solutions of (3.6) is Q = {(3B,,,3C,) : n > 1}.

Proof. For the Pell equation in (3.5), the indefinite form is F' = (8,0, —1) of discriminant
A = 32. So 733 = 3 + /8 and the set of representatives is Rep = {[+1  1]}. Here
1 1]JM™! generates all integer solutions (o, 1,¥y2,_1) and [I — 1]M" generates all integer

solutions (2, yo,) for n > 1, where M = i’ . Since the n-th power of M is M"™ =
C, 8B
n n >
B C. forn > 1, we get

Q={(B,-1+C,-1,8B,-1+Cy_1) :n>1}yU{(-B, + C,,8B, — C},) :n > 1}.

For the second Pell equation in (3.6), the set of representatives is Rep = {[0 3]} and [0 3]M™
generates all integer solutions (z,, y,,) forn > 1. Thus Q = {(3B,,3C,,) : n > 1}. O

From Theorem 3.1, we can give the following theorem.

Theorem 3.2. The general terms of almost cobalancers and almost Lucas-cobalancers of first
type are

r5n_1 = Bn-1+ Cp_1, cr5, 1 =8Bn_1+ Cp_1,15, = —B, + C,, cr5, =8B, — C,
forn > 1, and of second type are
ri* =3B,_1, cryf =30,
forn > 1.
Proof. We proved in Theorem 3.1 that the set of all integer solutions of (3.5) is
Q={(B,.1+Cy1,8B,1+Cpq):n>1}U{(-B,+C,,8B,—C,) :n>1}.

Since x = r}, we get
*
Ton—1 = Bn,1 + Cnfl.

Thus from (3.2), we observe that
cryy 1 =1/8(rs,_ 1) =7
= V/8(Buo1 4+ Cn1)? — 7
= \JC2 ~ 1+ 168, 1Coy + 8852, +1) — T

= \J64B2 | +16B, 1y + C2,
= Sanl + Cnfl-

The others can be proved similarly. [
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4 Balancing numbers and almost balancers,
almost cobalancers, almost Lucas-balancers,
almost Lucas-cobalancers

We can give the general terms of balancing, cobalancing, Lucas-balancing and Lucas-cobalancing
numbers in terms of almost balancers, almost cobalancers, almost Lucas-balancers and almost
Lucas-cobalancers of first and second type as follows.

Theorem 4.1. For the general terms of balancing, cobalancing, Lucas-balancing and Lucas-

cobalancing numbers, we have:

1. They can be given in terms of almost balancers and almost Lucas-balancers of first type to

be
2R 1 -1 4R} 42
B, — R: +CR; + ,bn:R” o R; +CR; +
6 3 3
forn > 1and
2R+ R )+ CR:+CR_| +2
Cn =
6
forn > 2.

2. They can be given in terms of almost balancers and almost Lucas-balancers of second type

to be
6R;;+1+CR§;+1+3 —R§;+1+CR§;+1—4
14 7
Bn == * ok *k bn = * % * %
6R2n+2—CR2n+2+3 —5R2n+2+2CR2n+2—6
14 7
4R§;+1+3CR§;+1+2 6(R§:+1+R§:71)+CR§;+1+CR§:‘171+6
c o— 7 _ 14
" T —4mg,,43CR;,,—2 M 6(Ry: o+ R3L)—(CRys o +CRY:)+6
ant2t 2n42 (RS540t RS —(CRS) L, +CORS )+
7 14
forn > 1.

3. They can be given in terms of almost cobalancers and almost Lucas-cobalancers of first

type to be
r3, +ers, O3, —cr3, =7 8ronteran
7 14 7
B, = —T5n1 T, bn = 1073, 1 —3ery 1 —T7 Cn - 87 5n 41 =T on 11
7 14 7
forn > 1and

ry, +r3 +cry, +ers
2n 2n—2 - 2n 2n—2’ n 2 2
C’I’L —_=

—-r3 —ry,. _,+crs +cry
2n-+41 2n 17 2n+1 2n 1’ n 2 1
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4. They can be given in terms of almost cobalancers and almost Lucas-cobalancers of second

type to be
*k k% *k *k *k *k
 Tht 2ty Aoty —3 T C Tagr Ty
B, =" b, = . C, =" and ¢, = "
3 6 3 3

forn > 1.
Proof. (1) From Theorem 2.2, we notice that R}, = =88243¢n=1 and C R} = 12B,, — 3C,,. Thus
from the system of equations —65,, + 3C,, = 2R + 1 and 12B,, — 3C,, = CR;,, we get
2R +CR; +1 AR + CR; + 2
5 and (), = 3 .

, we easily get

B, =

Since b, = —2Battn=1

- 9B, +C, —1 B _2(2R;+gR;+1) n (4R;+(;R;+2) 1 B R —1
2 2 3
and since ¢,, = B,, + B,,_1 we conclude that
2R+ R:_|)+CR:+CR!_, +2
6
as we wanted. The others can be proved similarly. ]

Cp = Bn+Bn—1 =

Recall that every balancing number is a cobalancer and every cobalancing number is a balancer,
that is,
B,=r,y1 and R, =0,

for n > 1. Similarly we can give the following result.

Theorem 4.2. For the integer sequences mentioned above, we have

Kk * ok *
B, =1, by =R, C

n n

B =i, b = RS, O =crl, o = CR;,

n’

ok * ok
=crty, ¢, =CRY,

forn > 1.

Proof. Since B, = 3B, and also r;,* = 3B,_; by Theorem 3.2, we get B, = r;%,. Since
b5, = 2b,4+1 — by, we easily get

by = b1 — by
042n+1 _ BQn—&-l 1 OéQn_l _ 5271—1 1

wo 6 1 6 1. 1
=« (@+1)+5 (ﬁ*‘z)—a

O4271_6271 a2n+52n
6( i )+ =1

2
6B, +C,—1

2
= Rynpn
by Theorem 2.2. Similarly it can be shown that 05, | = 4b, — b,,—1 + 1 = 63%0”71 = R5 4.
Thus b}, = R;" , for every n > 1. The other cases can be proved similarly. [l
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Further we can give the general terms of almost balancers, almost Lucas-balancers, almost
cobalancers and almost Lucas-cobalancers of first type in terms of almost balancers and almost

Lucas-balancers of second type as follows:
Theorem 4.3. The general terms of almost balancers, almost Lucas-balancers, almost cobalancers

and almost Lucas-cobalancers of first type are

—3Ry%, +3CR5, . —5 48R3, —6C Ry, +24
7 14
R:, = ok ok CR; = ok ok
—15R3 o +6CRy, 11 48RS ,—15C RS ,+24
7 7
14R3% _ +TCRE:_+7 2R3% . +5CRy:,  +1
. 11 . 14
T2TL*1 = *ok k% r2n - k% *k
—2R3%+5CR;: —1 —l4RS, o+ TORS) 5T
11 14
28Ry:_+TCRY: ,+14 20R5%,  +CRE:, 1 +10
cry = ’ cry = !
2n—1 20Ry: —C R +10 2n 28R3; |, —TCRS) | o +14
7 7

forn > 1.

6RY: +CRL: 43 ARS: . +3CRY: . +2
Proof. Note that B, = 2"“+14 204175 and C, = a1t - 2nt1¥ by (2) of Theorem 4.1.

Thus from Theorem 2.2, we get

—6B, +3C,, —1
R = ~
B _6(6R§Z+1+51R§Z+1+3) + 3(4R§Z+1+37CRSZ+1+2) 1
B 2
_ —3Rp, +3CRp, =5
B 7

as we claimed. The other cases can be proved similarly. [

Conversely, we can give the general terms of almost balancers, almost Lucas-balancers, almost
cobalancers and almost Lucas-cobalancers of second type in terms of almost cobalancers and

almost Lucas-cobalancers of first type as follows:

Theorem 4.4. The general terms of almost balancers, almost Lucas-balancers, almost cobalancers

and almost Lucas-cobalancers of second type are

147";n_2+767";n_2 —7 n 2 2

—27";n_2+567'§"_2—7 n Z 2

S . 14 ) R** 14 )
Zn—1 7 —l4ry _ +Tery, =T 2n 2y _ +berd, =T
14 y I Z 1 14 , n Z 1
207‘51@*27613‘7172 n > 2 287‘;71724*767‘;”72 n > 2
7 ) — 7 ) =
ok _ Kk
CR2n_1 B 287‘;7171_707‘;7171 CRZ” B 207’3”71-’—67’;”71
—esrehnzl —esres 21
3T>2kn72+367‘;n72 n > 2 247”;7172—"_367”;7172 n > 2
% 7 ’ - Kk 7 ’ -
"n = 33, +3cr} T T 2a, —sers
—or. CT" T —oCrT
2n—17 2n—1’ n 2 1 2n—17 2n—17 n 2 1

Proof. 1t can be proved as in the same way that Theorem 4.3 was proved.
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Thus from Theorems 4.3 and 4.4, we construct a one to one correspondece between almost
balancers, almost Lucas-balancers, almost cobalancers, almost Lucas-cobalancers of first type
and of second type.

S Pell numbers, Pell-Lucas numbers and almost balancers,
almost cobalancers, almost Lucas-balancers,
almost Lucas-cobalancers

Let o« = 1++/2and 5 = 1 —+/2 be the roots of the characteristic equation for Pell and Pell-Lucas
numbers which are the numbers defined by Py =0, P, =1, P, =2P, 1+ P, cand Qg = Q1 =
2,0, = 2Qn-1 + Q,_ for n > 2. Ray ([14]) derived some nice results on balancing numbers
and Pell numbers his Ph.D. thesis. He proved that the general terms of even and odd ordered Pell
numbers can be given in terms of balancing and cobalancing numbers, namely, P, = 25, and
Py, 1 = 2b, + 1. Similarly we can give the following theorem.

Theorem 5.1. The general terms of even and odd ordered Pell numbers can be given in terms of
almost balancers, almost cabalancers, almost Lucas-balancers and almost Lucas-cobalancers of
first type to be

2R} +1 2R:+CRE+1
3 3
Pop—1 = Py =
" 1073, 11 —3¢r3, 11 " =215, 41213, 414
7 7
forn > 1, or of second type to be
6R5% +CRS: | +3
*x _ *% 2n+1 2n+1
R2n+l R2n 7
Tnt1TCTn41 2rpt
3 3
forn > 1.
. an_ﬁn
Proof. Since P, = v We deduce that
a1 g1
P2n71 =

22
a®(—1+v2) + (1 +V2)
2f

2n
) B (\/—
a2n+ﬁ2n
2

+3)

=™
2f
_ _2( _ ﬁ2n
42
2(=0But3Clazly 4
3

2R +1

-3
by Theorem 2.2. The other cases can be proved similarly. [

) +
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Also the general terms of even and odd ordered Pell-Lucas numbers can be given in terms of
balancing and cobalancing numbers, namely, ()2, = 4B,, + 4b,, + 2 and Q)5,,_1 = 4B,, — 4b,, — 2.
Similarly we can give the following theorem.

Theorem 5.2. The general terms of even and odd ordered Pell-Lucas numbers can be given
in terms of almost balancers, almost cabalancers, almost Lucas-balancers and almost Lucas-
cobalancers of first type to be

2(RA+R:_+1)+CRy+CR:_ 2(R; 4 +R+1)
Qan1 = ’ Qan = ’
2n—1 — * * * * 2n — * * * *
_2(T2n+l+T2n—l_CT2n+1_CT2n—1) 10(T2n+3+r2n+1)_3(CT2n,+3+CT2n+1)
7 7

forn > 1,2 or of second type to be

6(R3n 1+ R HD)FORS, L +ORS,

)k %k kk kk
Q 7 Q R2n+3 - R2n+2 + R2n+1 - RQn
et 2r i) e —2ryyptrah ) teratersty
3 3
forn > 1.
Proof. It can be proved as in the same way that Theorem 5.1 was proved. ]

6 Sums of almost balancers, almost Lucas-balancers,

almost cobalancers and almost Lucas-cobalancers

Theorem 6.1. The sums of first n-terms of almost balancers and almost Lucas-balancers of first
and second type are

ZRZZanT_n,nZI

9B, —3B,_1 -3
> CR; = —n>1

1 ' 2 ’
1=
15Bn—2—3Bn_4—n—3
n 2 5 2 , n>2even
kx
Z R;" = 34B,_3—6B,_5 —n—3
i=1 2 , n>1odd

- 21Bn-2 — 3Bn-1+3, n>2even
E CR;" = 2 2
48Bng3 — 8Bng5 +3, n>1odd

and the sums of first n-terms of almost cobalancers and almost Lucas-cobalancers of first and
second type are

7

z": i {188732—33712—4, n > 2 even

2" T TBus — Bus, n>1odd
=1 2 2
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n . { 51B%4—9BnT4—3, n > 2 even

2OBnT—1 —4BnT—3 —3, n Z 1 odd
158,14 — 3B,,—2 — 3

rit = 1 ,n>1

" ., 21B,1—3B,,+3
Zcri = 5 , N

> 1.

Proof. Recall that By + By + -+ + B, = 222 82=1=1 and O, + Cy + - - + C,, = Brn=Bn=a=1

4

Thus from Theorem 2.2, we get

> Ri=Ri+R;+---+R,  +R
=1

. —631+3Cl—1+—632—|—302—1

2 2
—6B,.1+3C,-1—1 —6B,+3C, —1
+
2 2

_ —6(Bi+ B4+ B,)+3(C1+ G+ +Ch) n
B 2 2
_ _6(5Bn*in7171) _'_3(7Bn73;n—1*1> B ﬁ

2 2
3B, —n
= SR

The others can be proved similarly. ]
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