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1 Introduction

Hypercomplex numbers are defined by Kantor and Solodovnikov [23] as an extension of real
numbers. They are finite-dimensional algebra over R which need not be commutative or
associative. They have many applications in geometry, trigonometry, physics, robotics, quantum
mechanics, color image processing etc. Especially, associative and commutative hypercomplex
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algebras are suitable for digital signal processing [3]. Whereas the quaternions, octonions, and
sedenions are the best known noncommutative hypercomplex numbers, the two-dimensional
hypercomplex numbers are those of commutative.

A general two-dimensional hypercomplex numbers are defined by

Coq = {a0+a1J\J2:p+qJ, ao,al,p,qER,J¢R}.

For q =0, these number systems are denoted by C,, and called as the system of generalized
complex numbers. It is well-known that the set C, yields the complex numbers, dual numbers,
and hyperbolic (perplex, double, split-complex) numbers when p is equal to —1,0, and 1,
respectively. The geometry of these number systems was investigated by Harkin and Harkin [19].
For an overview of these numbers, we refer to [5, 13,24, 37].

Gurses et al. [16] introduced the dual-generalized complex numbers by taking any dual number
with generalized complex number coefficients instead of real numbers. In particular, the set of
dual-generalized complex numbers is defined by

DC, = {ao + a1J + ase + azJe | ap, a1, as, a3 € R},
where the dual unit € and generalized complex unit J satisfy the following rules:

JP=p, —00o<p<o00,e2=0,e#0,eJ = Je. (1)
It is clear to see that this new commutative number system reduces to dual-complex numbers
when p = —1, hyper-dual numbers when p = 0, and dual-hyperbolic numbers when p = 1.
Thus, by using the dual-generalized complex numbers, one can study dual-complex, hyper-dual,
and dual-hyperbolic numbers simultaneously. For details related to dual-generalized complex
numbers, we refer to [4,8,9,11,12,25-27].
On the other hand, the generalized quaternion algebra [10, 14] is defined by
Hy , = {ao + a1i + azj + ask | ap, a1, az, ag € R},
where the basis {1, 7, j, k} satisfies the following multiplication rules:
i2 = _)\7 j2 = —HK, kQ = _)\:uv
1) = —ji=k, jk=—kj =i, ki=—k=X\j 2)
with A\, © € R. For A = p» = 1, it reduces to the real quaternion algebra, and for A = 1, u = —1,
it reduces to the split quaternion algebra. The addition, subtraction and multiplication of two
generalized quaternions q; = ag + a1 + asj + ask and qu = by + b17 + boj + b3k are defined by
q1:|:q2 = (a():l:bo> + (Cbl ibl)i+(a2:tb2)j+(a3:tb3)k,
q1q2 = aoby — ar1bi A — agbap — azbz A
+ (aghy + a1by + asbsp — agbop) i
+ (ang + agbo + (l3b1>\ — albg)\)j
+ (aobg + Clgbo + a1b2 — agbl) k.

The norm of a generalized quaternion ¢, is defined by

N (q1) = @@y = ag + ai\ + aqp + azhp,
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where §; = ap — a1t — asj — ask is the conjugate of a generalized quaternion ¢;. For details on
generalized quaternion algebra, see [7,18,22,29].

Many works related to quaternion sequences over some special quaternion algebras have been
extensively studied. In particular, Horadam [20] studied Fibonacci quaternions over the real
quaternion algebra HI; ;, which is based on the quaternion sequences with Fibonacci number
components. Nurkan and Guven [28], defined dual Fibonacci quaternions. Also, Halic1 and
Karatas [17] introduced Horadam quaternions over real quaternion algebra IH, ; as

Qw,n =w, + wn—s—li + wn+2j + wn+3k7
where {w,, } is the Horadam sequence [21] and is defined by
Wy = PWp—1 + qWp_2, N 2> 2

with the arbitrary initial values wg, w; and nonzero integers p,q. We note that the Horadam
sequence {w,} reduces to the (p, ¢)-Fibonacci sequence {u,} when wy = 0,w; = 1, and the
(p, q¢)-Lucas sequence {v, } when wy = 2,w; = p. For p = ¢ = 1, these sequences reduce to the
classical Fibonacci sequence { F,,} and Lucas sequence {L,,}, resepectively. The Binet formula

of Horadam sequence {w,, } is

_ Aa" — Bp"

=—QTj

where A := w; — wyf, B := w; — wpa, and «, (3 are the roots of the characteristic polynomial
2% — pr — g, that is; o = VP VSQH(],B — vrT V§2+4q. Also we have a8 = —q,a + 8 = p,
A = a— 3 = \/p? + 4q with p* + 4¢q > 0. Thus the Binet formula of Horadam quaternions [17]

is obtained by

Wn,

Qun = 070" = BIF" 3)
P

where o* = 1+ i + o%j + ok and B* = 1+ 3i + 32 + 32k. For more on Horadam sequences
and Horadam quaternions, we refer to [17,33-36].

Similar to the Fibonacci quaternions over real quaternion algebra, Akyigit et al. [2] studied the
Fibonacci quaternions over the generalized quaternion algebra ) ,, and called it as, Fibonacci
generalized quaternions. Senturk et al. [32] studied a generalization of Horadam quaternions over
the generalized quaternion algebra H, ,,. Also, many authors have studied the dual-generalized
complex numbers with Fibonacci-like numbers components. In particular, Cihan et al. [6]
introduced the dual-hyperbolic Fibonacci and Lucas numbers. Gungor and Azak [15] defined the
dual-complex Fibonacci and Lucas numbers. Dual-complex Fibonacci p-numbers were studied
by Prasad [30]. Recently, Ait-Amrane et al. [1] have introduced the hyper-dual Horadam
quaternions. These numbers can also be seen as hyper-dual numbers with Horadam quaternion
coefficients. Senturk et al. [31] have introduced the dual-generalized complex Fibonacci
quaternions by taking dual Fibonacci numbers instead of real numbers as coefficients.

Motivated by the above mentioned studies, here we introduce generalized quaternions whose
components are dual-generalized complex Horadam numbers. We obtain the generating function
and the Binet formula of these new quaternions. Some algebraic properties of these quaternions
such as Vajda’s identity, Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity are derived
with the help of the Binet formula. Our results can be seen as a generalization of many previous

works in the literature such as [1,6, 15, 16].
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2 Main results

In this section, first we define the dual-generalized complex Horadam numbers, then by using
these numbers we introduce the dual-generalized complex Horadam quaternions over the
generalized quaternion algebra I, ,,, and call it as dual-generalized complex Horadam generalized
quaternions.

Definition 2.1. The n-th dual-generalized complex Horadam number is defined as

Wy = Wy + Wpy1d + W08 + wyisJe,
where w,, is the n-th Horadam number, < is dual unit, and J is generalized complex unit that
satisfies the multiplication rules in (1) .

Definition 2.2. The n-th dual-generalized complex Horadam generalized quaternion is defined
as

Quin = B + Wpp1i + g2 + Tnssk,
where w, is the n-th dual-generalized complex Horadam number and 1, j, k satisfies the generalized

quaternion multiplication rules in (2) .

It is clear to see that when wy = 0,w; = 1,p = ¢ =1, and A = p = 1, the dual-generalized
complex Horadam generalized quaternion sequence {@wn} reduces to the DGC Fibonacci
quaternions in [31]. Thus depend on the value of p, we have the following special cases:

1. For p = —1, we get dual-complex Fibonacci and Lucas quaternions [15].

2. For p = 1, we get dual-hyperbolic Fibonacci and Lucas quaternions [6].

3. For p = 0, we get hyper-dual Horadam quaternions [1].

The n-th dual-generalized complex Horadam generalized quaternion can also be expressed as

Qw,n = Qw,n + Qw,nJrlJ + Qw,n+2€ + Qw,n+3t]€>

where (), ,, is the n-th Horadam quaternion. The addition, subtraction, and multiplication of two
dual-generalized complex Horadam generalized quaternions (), ,, and ), ,,, are defined as

@w,n + @w,m = <Qw,n + Qw,m) + (Qw,n—l—l + Qw,m—i—l) J
+ (Qw,n+2 + Qw,m+2) €+ (Qw,n+3 + Qw,m+3> ‘]57

QuaQuin = (QunQuan +PQuas1Quns1) + (QuaQuant1 + Quas1Quim) J
+ (QunQum+2 + Quant+2Qum + PQunt1Qum+s + PQun+3Quwmt1) €
+ (QunQu.mts + Qunt1Qum+2 + Qunt2Qumi1 + Qunt3Qum) Je,
respectively. The multiplication of two dual-generalized complex Horadam generalized quaternions
can be written in terms of dual-generalized complex Horadam numbers as:
QunQuim = Wnlm — W1 W1\ — Wy 2B 24t — Wy 3Ty 3\
+ (W Win g1 + W1 Wy + Wiy 2Win g 30 — Wiy 3Wnpe2fh) @
+ (Wn Wi g2 + Wi oWy + Wiy 3Win 1 A — Wiy 1 Winy3M) J
+ (W Wi 43 + Wiy 3Wi + Wyt 1 Wingo — Wii2Wmir) k.

The multiplication scheme for the basis elements can be given in the following table.
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Table 1. Please add table caption here

i kT e e
1 1 4 J k J e Je
| —N\j Jioei Jei

o~
-~

|
>
e

J o=k —poop Jjoej Jej
E XN —m —u Jk ek Jek
J Jv Jj  Jkp Je pe
e € €j ek Je 0 O
Je | Je Jer Jej Jek pe 0 0

Q) k.py%.

Theorem 2.1. The dual-generalized complex Horadam generalized quaternions satisfy the
following relation:

Qw,n = pQw,n—l + QQw,n—Qv n 2 2.

Proof. From the definitions of dual-generalized complex Horadam quaternions and Horadam
quaternions, we have

p@w,n—l + QQw,n—Q = P(Qun-1+ Qund + Quni1 + Quni2Je)
+ ¢ (Qun—2 + Qun-1J + Qune + Quni1J€)
= (PQun-1+ qQun—2) + (PQun + ¢Quwn-1) J
+ (PQun+1 + qQun) € + (PQun+2 + qQunt1) JE
= Qun T Qunt1d + Quni2e + QunisJe. [

Theorem 2.2. The generating function for dual-generalized complex Horadam generalized
quaternions is

_ @w,o + (@w,l - p@w,o) x

Glw) 1 — pxr — qu?

Proof. Let
Gx) =Y Quat" = Quo+ Quaz + Y Quna".
n=0 n=2
From Theorem 2.1, we have
(1 —pz — g2°) G(z)
= @w,(] + @w,lx + Z @w,nxn - p@w,ox - pz C12\/111,7171:[;” —q Z va,anxn
n=2 n=2 n=2
- @w,o + @w,lx - p@w,Ox + Z <©w,n - péw,n—l - QQw,n—2> xn
n=2
- @w,O + <@w,1 - p@w,O) x.
Thus, we get the desired result. L]
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Theorem 2.3. The Binet formula of dual-generalized complex Horadam generalized quaternions
is

_ Aaraam — Bﬁ*éﬁn
wn — Oé—ﬁ )
where o =1+ ai+ a?j + o’k and f* =1+ Bi + %) + BPkand a = 1 + aJ + o*c + o’ Je
and 3 =1+ 3.J + % + [ Je.

Proof. From the Binet formula of Horadam quaternions in (3), we have

@w,n = Qw,n + Qw,n+1<] + Qw,n—&—25 + Qw,n+3J5
B (AOé*Oén—B/B*/Bn>+<A04*Oén+1—B5*5n+l)J

a—p a—p
A*n+2_B*n+2 A*n+3_B*n+3
+ aa b €+ ad b Je
a—p a—p
A * . n B * 2N
_ Ao (1+aJ+a’c+a’Je) — Gl (14 BJ + B+ B°Je)
a—p a—f
Aa*aa™ — BB*BA" -
a—f '
From Theorem 2.3, we obtain the Binet formulas of (p, ¢)-Fibonacci and Lucas cases:
~ ofaa™ — BpL" ~
Qu,n = — and Qv,n = OC*QO/L + B*QBna (4)

a—pf

respectively. By considering (4), we can easily obtain the following relation:

Qv,n = Qu,n+l + C]CQU,nfl-

We need the following lemma to obtain several properties of dual-generalized complex
Horadam generalized quaternions.

Lemma 2.1. Let 6y, :=1— g\ +¢*u— @ \u,wy = (1—qu)i+(p—p\)j+ (1+p*+q) k.
Then we have the followings:

(i) B = Quo— Oy — Aq(Quo — wry)

(i) B*a* = Quo — Oy + Aq(Quo — wry)

(iii) af =v9 — (1 +pq (1 + vee) + pgJe).

Proof. (i) By using the multiplication rules in (2), we have
o' = (1+ai+a’j+a’k) (1+B8i+ 8% + 5°k)
= 1—(aB)A—(ap)’ p— (aB)’ M+ (B+ a+ B —a®Bp) i
+ (B2 +a?+aPpN— 0453/\) J+ (63 + o +ap?— Oﬂﬂ) k
= 1+ QA= Pu+ @i+ (p—?Ap)i
+ (p* +2q — gpAN) j + (p* +3qp + qA) k
= 24 pi+ (P +2¢) j+ (p® +3pg) k — (1 — gr+ ¢*1 — ¢* )
—qA (qui +pAj — k)
= Quo — O — qA (Quo — wi) -

(12) It can be proven in a similar manner to the first identity.
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(7i7) By using the multiplication rules in (1), we have

af = (14+aJ+ca’e+a’Je) (1+ BJ + % + 2 Je)
= (L+p(@p)+(a+p8)J+ (o + 5" +p(ap) (o +57))e
+ (& + 8% + (aB) (a + B)) Je
= 1—pg+uv+(v2(1-pg)e+(vs—pg)Je
= 24 v J +ve +v3Je — 1 —pg — pquae — pqJe
= 0y — (1 +pqg (1 + ve) + pgJe). O
Note that for A = 1 = 1 and p =0, the identities in Lemma 2.1 reduce to the identities for

hyper-dual Horadam quaternions in [1, Lemma 1].
It is clear that we have the following results from Lemma 2.1:

a"f 4 Bt = 2(Quo —Oxp) s )
o' =Rt = —20q(Qup — way) - (6)

By using the Binet formula of dual-generalized complex Horadam generalized quaternions
and using the Lemma 2.1, we obtain the following identity.

Theorem 2.4. (Vajda’s identity) For nonnegative integers n,r, and s, we have

Qw,n+rQw,n+s - Qw,an,n+r+s

= AB (—q)" (0o — (1 + pg (1 + vee) + pgJe)) ur ((Quo — Orp) ts + ¢ (Quo — wap) Vs) -

Proof. From the Binet formula of dual-generalized complex Horadam generalized quaternions,
we have

A2 (@w,n—l—r@w,n—&-s - @w,n@wmﬁ-r—i—s)
_ (Aa*goz”” . Bﬁ*@ﬁ"”) (Aa*ga”+5 . Bﬁ*éﬁnﬂ-s)
— (Aa*aa™ — BB*BB") (Aa*aa™ ™+ — BB* B
— A2 (oz*g)Q Q2ntrts _ ABa*ﬂ*géan+rﬁn+s . ABB*Q*égan+35n+r + B2 (5*§)2 62n+r+s
— A2 (a*g)Z o2ntrts + ABa*B*g@oz”ﬁ"”“ 4 ABB*a*égﬁ”oz"”“ _ B2 (ﬁ*@)Q ﬁ2n+r+s
— AR (Oéﬂ)ngﬁ (Oé*ﬁ* (—Oérﬂs 4 ﬁrJrs) 4 B*OC* (_&sBr 4 ar+s)) )
By using Lemma 2.1, we have

Qw,n—l—rQw,n-i-s - Qw,an,n+r+s

AB
= F (_q)ngﬁ(_a*ﬁ*ﬁs (ar _ Br) + 5*Oz*048 (OéT . 57"))
A
— TB (_q>”gﬁur< *otad — @*ﬁ*ﬂs>
AB n s
= T (_q) Qéur (Q’U,O - e)\,u + Aq (Qu,O - W)\7u)) (0%
A
- TB (—q)ngﬁur (Quo — Orp — Aq (Quo — wk,u)) B°

= AB (_Q)n (50 - (1 + pq (1 + U25) +qu€>>ur((Qv,0 - 0)\,#) Ug + Q<Qu,0 - wA,u)”s)' [
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If we set 7,s — m and n — n — m in Theorem 2.4, we get the following corollary which
corresponds to Catalan’s identity for dual-generalized complex Horadam generalized quaternions.

Corollary 2.1. For nonnegative integers n and m with n > m, we have

Qw,n—me,n+m - 12u,n

= —AB (_Q>n_m (@/0 - (1 + pq (1 + /025) + qug)) Um, ((QU,O - HA,u) Uy, + q (Qu,O - w)\,y) Um) .

If wesetr = s =1and n — n — 1 in Theorem 2.4, we get the following corollary which
corresponds to Cassini’s identity for dual-generalized complex Horadam generalized quaternions.

Corollary 2.2. For positive integer n, we have

~ ~ 2
Qw,n—le,n-i—l — Wuw,n

=—AB (_Q)n_l (Vo — (1 + pq (1 4+ vee) + pgJe)) (Quo — Orp + Pq (Quo — wap)) -

Ifwesetr = 1and s — m—n in Theorem 2.4, we get d’Ocagne’s identity for dual-generalized
complex Horadam generalized quaternions.

Corollary 2.3. For nonnegative integers n and m with m > n, we have

éw,n—l—l@w,m - éw,n@w,m—i—l
= AB (_Q)n (50 - (1 + pq (1 + U25) +qu€>> ((QU,O - 0)\,#> Up—n T ¢ (QU,O - W/\,/,L) Um—n) .

Next, we give some relations which are obtained by using Lemma 2.1 and the Binet formula
of dual-generalized complex Horadam generalized quaternions and the Binet formulas in (4). To
avoid repetition we only give the proof of the identity (7).

Theorem 2.5. For nonnegative integers n. and m such that m > n, we have
(i) QunQum — QumQun
=2(—¢)" (Vo — (1 4+ pg (1 + vee) + pgJe)) Upm—n (Quo — Orp) -
(it) QunQum — QumQun
= 2(=)""" (B0 — (14 pq (1 +v22) + pgJe)) win—n (Quo — wap)
Proof. (i) From the Binet formula of dual-generalized complex Horadam generalized quaternions,
we have

A (@G — Gonun)

= (a’aa" 4+ B (@'aa™ = B*AA™) — (a*aa™ + B*BA™) (a*aa™ — 5*B")
_ (a*)nganer — o*B*aBa" A" + fra*afa™B" — (5*)2 éQﬁner
— (") a* ™"+ a"frapa " — fratafa” 5" + (57) B2
= o' (af)" aB (™" = ") + BT (aB)" aB (o™ = )
= (af)"af (™" = f"7") ("B + fra’).
From (5), we have
NGRS,
=2(—q)" (Vo — (1 + pq (1 + vee) + pgJe)) Aty (Quo — Or1) - []
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Now, we give some summation formulas for dual-generalized complex Horadam generalized
quaternions.

Theorem 2.6. Forn > 2, we have

n—1 @w,n — @w 1+4¢ (@w n—1— @w,O)

ZQw,r: prq—1

r=1

Proof. From the Binet formula for dual-generalized complex Horadam generalized quaternions,
we have

X~ & Aataa” — BBBBT
Z; Qw,r = Z o — B —

r=1

Aa’a 355

_&_6T:

_Ao'a (0" —a Bﬁ@ 5= 8
_a—6<a—1)_a—5(5—1>

- Ty (- (Aetaa” - B ) — g (Aaaa™ — B )

+q (Aoz*g - Bﬂ*ﬁ) + (Aoz*goz — Bﬁ*éﬁ))

_ _Qw,n - QQw,n—l + QQw,O + Qw71
l—p—yq

Theorem 2.7. For nonnegative integers n and r, we have

n

n _ ~ ~
Z < >qn mmew,m—H" - Qw,Qn—l—r-
m

m=0

Proof. From the Binet formula for dual-generalized complex Horadam generalized quaternions,

we have
n n N B n n o AOZ*QOém—’_T _ Bﬁ*£6m+r
mzzo(m>q p Qw,m-{—r—rnzz()(m)q p ( Oz—ﬁ )
Acrad” S (0N ym Bﬂ BB & m
B a—pf ;<m)q (pa) Z( ) f)
Aa*aa” . BBBA n
- (¢ +pa)" — — (¢ +pB)
* 2n+r * 2n+r
- Ao = Bﬁ éﬁ = Qw,2n+r- [
a—p

Finally, we give a matrix representation for dual-generalized complex Horadam quaternions.

Theorem 2.8. Forn > 0, we have

b q @w,Q Ci\zw,l Qw n+2 @Lu,nJrl
1 0 Qw,l Qw,O Qw n+1 Qw,n
Proof. 1t can be proven easily by the mathematical induction on n. ]
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If we take the determinant of both sides of the above matrix equality, we obtain the Cassini’s
identity for the sequence {me} in a simple way as:

@w,m—léw,n—l - N%u,n = (_Q)n_l (éwﬂéw,o - CNXu,l) .

3 Conclusion

In this paper, we define generalized quaternions with dual-generalized complex Horadam numbers.
The main advantage of introducing the dual-generalized complex Horadam generalized
quaternions is that many dual-generalized complex numbers with celebrated numbers such as
Fibonacci, Lucas, Pell, Pell-Lucas, Jacosthal, Jacobsthal-Lucas numbers can be deduced
as particular cases of these quaternions. Also, one can obtain real quaternions, split quaternions,
and degenere-split quaternions. We give generating function and Binet formula for these
quaternions. With the help of the Binet formula of dual-generalized Horadam generalized
quaternions, we derive many properties of these quaternions such as summation formulas,
binomial sum identities, Vajda’s identity, Catalan’s identity, Cassini identity, and d’Ocagne’s
identity. The algebra of generalized quaternions is noncommutative, whereas the algebra of
dual-generalized complex numbers is commutative. For interested readers, the results of this
paper could be applied for hyperbolic generalized complex Horadam numbers and complex-
generalized complex Horadam numbers.
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