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Abstract: Let Z,, denote the cyclic group of order n. We show how the group determinant for
G = Z, x H can be simply written in terms of the group determinant for H. We use this to get
a complete description of the integer group determinants for Z, x Dg where Dy is the dihedral
group of order 8, and Z, x Qs where (Jg is the quaternion group of order 8.
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1 Introduction

At the meeting of the American Mathematical Society in Hayward, California, in April 1977,
Olga Taussky-Todd [15] asked whether one could characterize the values of the group determinant
when the entries are all integers. There was particular interest in the case of Z,, the cyclic group
of order n, where the group determinant corresponds to the n x n circulant determinant. For a
prime p, a complete description was obtained for the cyclic groups Z, and Zy, in [11] and [7],
and for Dy, and Dy, in [8] and [1]. Here Dy, denotes the dihedral group of order 2n. In general
though this quickly becomes a hard problem, with only partial results known even for Z,> once
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p > 7 (see [12] and [10]). A complete description has though been obtained for all groups of
order less than 16 (see [14] and [13]), and for 6 of the 14 groups of order 16, D4 and the five
Abelian groups Zg, Zo X Zg, Z3, 73 and Z3 x Z, (see [1,16,18,20,21] and [19]). We write S(G)
for the set of integer group determinants for the group G'.

Our goal here is to show how the group determinant for a group of the form G = Z,, x H
can be straightforwardly related to the group determinants for the group /1. We use this to give a
complete description for two more non-Abelian groups of order 16, namely Z, x Dg and Zy X Qg
where (Jg is the quaternion group.

Here we shall think of the group determinants as being defined on elements of the group ring

C[G]

DG (Z agg> = det (agh71) ,

geG

although our ultimate interest is of course in the integer group determinants Z[G]. We observe
the multiplicative property

Dg(zy) = Da(z)Da(y), (1.1)

using that

=Y a49, y=Y byg = xyzZ(Zahbk> q.

geG geG geG \hk=g

2 Products with Z,,

We show that when G = Z,, x H we can write our integer group (G-determinant as a product of
n group H-determinants of elements in Z[w,][H], where w,, := ¢*™/™_ This is Lemma 1 of [9].

Theorem 2.1. If G = Z,, x H then for any a;, in C
n—1 n—1
Dg (Z Z%h(@@) =[] Px (Z (Z aihyl> h) : 2.1
=0 heH yn=1 heH \i=0

Results of this flavour have been obtained before [17], but here we do not need to assume that
H is Abelian.

Proof. One way to see this is to use Frobenius’ factorisation [5] of the group determinant in terms
of the irreducible, non-isomorphic, representations p of G (see for example [2] or [6])

deg(p)
Da (Z agg) = Hdet (Z agp(g)> :

geG geG

Observe that every representation p for / extends to n representations for G

py(i, h) = y'p(h),

where y runs through the n-th roots of unity.
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More directly we can alternatively follow Newman’s proof [11] of the factorization of the

group determinant for G = Z,. Newman observes that the group matrix M for » ,_, Aji, that
is the circulant matrix with first row Ag, Ay, ..., A, _1, takes the form
0 0
001 0
M= Agl, + A\P+ -+ A, P"', P=|: 1 : :
000 1
1 00 0

Now P has eigenvalues y, y™ = 1, so the matrix M will have the same eigenvectors as P but with
eigenvalues
AO + Aly +---t An—lyn_lv Yy = 1awn7w27 s 7wn—1‘ (22)

n n

Hence the matrix of eigenvectors B will yield a diagonal matrix B! M B with the values (2.2)
down the diagonal.

Now suppose that H = {hq,...,h,,} and order the elements so that the first row of the
G = 7Z, x H group matrix M for ZietheH a;p (i, h) consists of the

QAOhys -y QORyys Alhys -+« s Alhpys -+ - s A(n=1)hys -+ - 3 A(n—1)hp, -

Then it is not hard to see that first m rows of our GG group matrix M will consists of m x m blocks
Ao, Ay, ..., Ay_y, where A; is the group H matrix associated to ) _, _,; a;»h, and the subsequent
rows the same blocks cyclically permuted.

Hence if we take the n x n matrix B and replace each entry a;; with the m x m block a;; 1.,
we obtain an nm x nm matrix B, where B~'MB will now be a block matrix with entries the
same linear combinations of the blocks A; as occured for the elements in B! M B; that is blocks
(2.2) down the diagonal and zeros elsewhere. The result is then plain. O]

Notice that if we start with an integer G group determinant, then we can assemble the n
determinants in (2.1) into 7(n) integers by combining the primitive dth roots of unity, d | n. If H
is Abelian, then these will be integer H group determinants

n—1 n—1
Il o» <Z (Z aihyl) h) =ou | ] D <Z amy’) hl, (23

y=wd heH \i=0 ’F“’fz heH \ i=0
ged(j,d)=1 ged(j,d)=1

since the resulting coefficients will be symmetric expressions in the conjugates and hence in Z. In
particular, an integer G = Z,, x H group determinant is an integer group H determinant, though

this can be seen more directly (if H = Z,, X --- X Z,,, then the G’ group determinant reduces
to a product of an integer polynomial F'(y, x1, ..., xy) over the n,ny, ..., ngth roots of unity and
[I,~—1 F'(y,21,...,2x) is just an integer polynomial in one less variable; see also [16, Theorem

1.4]). If H is non-Abelian, then the process (2.3) may leave elements in Z|w,|[H], and we are
unable to say that an integer G group determinant must be an integer H group determinant, except
for the case when n = 2.
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3 The group Zs X Dg

Notice that when n = 2 we can write an integer Zs X H group determinant as a product of two
integer H group determinants:

Dyyxn <Z an(0,h) + th(l,h)> = Dy (Z(ah + bh)h> Dy (Z(ah - bh)h> .

heH heH heH heH

In the case of H = Dy = (F, R| F? = 1,R* = 1, RF = F R®) we take the coefficients of the

group elements (0, B7), (1, R?), (0, FR?) and (1, FR?), as the coefficients of 27 in four cubics,

f1, f2, g1 and g respectively. The Z, x Dg determinant, which we will denote D(f1, f2, g1, 92),
is then the product of two Dg determinants, which from [8] or [1] can be written

D(f1, f2,01,92) = D(1)D(—=1), D(z) = mi(2)ma(2)l(2)?, 3.1
where
ma(z) = (f1(1) + 2f2(1))? = (92(1) + 292(1))?,
my(2) = (fu(=1) + 2fo(=1))> = (g1(=1) + zg2(—1))?,
and

U(z) = |£1() + 2f2(D)] = |91 (i) + 2g2(0) . (3.2)

We obtain a complete description of the Z, x Dg integer group determinants.
Theorem 3.1. For G = Zy x Ds the set of odd integer group determinants is
A:={m(m + 16k) : m,k € Z, m odd}.
The even determinants are the 2'°m, m € Z.

Notice the set of achieved odd values A consists of all the integers 1 mod 16 and exactly those
integers 9 mod 16 which contain a prime p = +3 or +5 mod 16. These are the same as the odd
values found in [16] for Zs X Zg. In fact S(Zy x Dg) € S(Zs X Zsg). Sets of this type occur for
other 2-groups.

Proposition 3.1. The odd integer group determinants for G = Zy X Zan are the
{m(m+ |G|k) : m,k € Z, modd }.
The odd integer group determinants for G = 7 or Zly X Z4 are the m = 1 mod |G/|.

Note, for any group the m = 1 mod |G| are in S(G), with 1 + k|G| obtained by taking
ag = 1 + k for the identity and a, = & for the others.

Proof of Theorem 3.1. Achieving the values. We write H () := (z + 1)(2? + 1).
We achieve the values in A with m = £1,+9 mod 16 from

D(1+ kH,kH,kH,kH) = 1 + 16k.
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We get those with £m = 5 mod 16 from (5 + 16¢)(5 + 16k) achieved with
D4+ +(t+kHr—2*+t—kH1+x+ t+kH1—-2°+(t—kH)
and those with +£m = 3 mod 16 from (3 + 16t)(3 + 16k) achieved with
Dl+ax+(t+k)H14+o—2> -2 +(t—kH1+z -2+t +k)H,z—2°+ (t—k)H).
We achieve the even values 2'8m using
DA+x+2>—mH1—2*—2*—mH 1+ —2°+mH, x+mH),
the 2'7(2m + 1) with
DA+x+2*+2> +mH,1+x+mH,x+mH,1+ 2> — 2%+ mH),
the 2'%(1 + 4m) from
DA+z+a*+2° +mH 1+x—2> -2 +mH 1+ 2 —2° -2 + mH,1 —x +mH),
and the 2'5(—1 + 4m) from
D4z +2>—mH,1+z—2°~mH1—2°—mH 2z —2*—mH).

The odd values. We show that any odd determinant must lie in A. We know that any Zy x Dg
determinant must be the product of two Dg determinants, which we can write

Dl = mlmgff, D2 = m3m4€§ (33)

with
my = f(1)? = g(1)?, my= f(=1)" —g(=1)*, & =|f(@)]* =g,

and

ms = (f(1) +2h(1))* = (9(1) + 2k(1))*,
ma = (f(=1) +2h(=1))* — (g(=1) + 2k(=1))*,
by = [ f(i) + 2h(i)]* — |9 (i) + 2k (D).

Assume that DD, is odd. Switching f and g and replacing f by —f as necessary, we shall
assume that f(1) = 1 mod 4 and 2 | g(1). The result will follow once we show that

Dl = DQ (mod 16)

3

h(z) =Y ale=1), k(z) =) bz =1 fl@)=) el@—1), gla)=) di(z—1),

i=0 i=0 i=0 =0
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where ¢g = 1 mod 4 and 2 | dy. Now

mg —my = 4f(1)h(1) + 4h(1)* — 4k(1)g(1) — 4k(1)* = 4ag + 4a] — 4bydy — 4b5 mod 16,
my —mg = 4f(=1)h(=1) + 4h(-1)* — dk(=1)g(-1) — 4k(-1)*
= 4(@0 — 2&1 - 2@061) -+ 4&0 (bodo — 2b0d1) 4b3 mod 16,

and

lo— b = (2h(0) (i) + 20(0) f (0) + 4IR(0)[*) — (2k(i)g(0) + 2k ()9 (i) + 4[k(0)[)
= (4ag — 4agc; — 4ay + 4a3) — (—4bod; + 4b3) mod 8

and
Eg = f% + 8(@0 — QgpC1 — a1 + a% + bOdl — bg) mod 16.
Since my, mo, (2 = 1 mod 4 we get
Dl — DQ = 4((10 + CL(2) — bodo — bg) + 4(@0 — 2&1 — 2(1061 + (13 - bodo + 2b0d1 - b?))
+ S(CLQ — apC1 — a1 + a% + b0d1 — bg) = 0 mod 16.

The even values. We know from [1] that the even Dg determinants are divisible by 2%. So any
even Zs X Dg determinant D; D, must be a multiple of 216 and all these are achieved. L]

Proof of Proposition 3.1. Suppose that H is an abelian 2-group and G = Z; x H. Then by
[3, Theorem 2.3] we can write the G-determinant as a product of two H-determinants D = D; D,
with Dy = D; mod |G, and

S(Zy x H) C{m(m +k|G|) : m € S(H)}. (3.4)

For G = Zy X Z;,t = 2", the determinants take the form

= H F(z,1),

rt=1

= 1] Fla.-1)

rt=1

for some F(z,y) = f(z) + yh(x), the coefficients of 2 in f and h corresponding to the a,, for
g = (0,7) and (1, 7) respectively. For an odd positive integer m, taking

F(ay) =[] (Zp__ll)a +k(y+1) (Zt__11>

p*[Im

achieves m(m + k|G|).

For G = ZY% all the odd values must be 1 mod |G| by [4, Lemma 2.1]. For G,, = Z} x Z,
observe when n = 1 that m(m+ 8k) = m? = 1 mod 8, and in general that if m = 1 mod |G,,_]|
then m(m + |G,|k) = m? = 1 mod |G,,|. O

Interestingly, (3.4) also holds for the non-Abelian groups H = Dg and Q)s.
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4 The group Zs X Qg

A Zs x Qg determinant will be a product of two (g determinants, which by [14] can be written
in a very similar way to (3.1);

D(f1, f2,91,92) = D(1)D(-1), D(z) = ml(z)m2(z)€(z)2, 4.1)
with
mi(z) = (A1) + 2f2(1))° = (01 (1) + 2g(1))?,
ma(2) = (fi(=1) + 2fo(=1))* = (g1(=1) + 2zg2(~1))?,
but now

U(z) = |f1()) + 2f2(D)* + [91.(2) + 2g2(3)|*.
Writing Qg = (A, B : A' = 1,B> = A%, AB = BA™'), the coefficient of x’ in the cubic
f1, f2, 91 and ga, corresponds to the a,, in the Zy x Qg group determinant for g = (0, A%), (1, A%),
(0, BA") and (1, BA"), respectively.
We obtain a complete description of the Z, x (Jg integer group determinants.

Theorem 4.1. When G = 7y X Qg the odd integer group determinants are the integers 1 mod 16,
plus the integers 9 mod 16 of the form

8152(€1€2>2, 81,89 = —3 mod 8, gl,fg = 3 mod 4,
for some sy, sy in 7 and (1, 5 in N, with
$1 = sy mod 16 and ¢; = {5 mod 8 4.2)

or
$1 =589 +8mod 16 and ¢; = {5+ 4 mod8. 4.3)

The even values are the 2'm, m in Z, the
2'"2m + )p*, m € Z, p=3mod 4,
the 2'%m with m = 1,3 or 5 mod 8, and those with m = 7 mod 8 of the form
2198t — 1)*, tcZ, £ €N, {=1mod4, {>5, 4.4)
or
(8t +3)(8k — 3)2'°, ¢,k c Z. (4.5)
For the three non-Abelian groups of order 16 whose S(G) is now known we have:
S(Zy x Qg) € S(Zy x Dg) € S(Dyg) ={4m+1 : mcZ}u{2%m : m € Z}.
Proof. Achieving the odd values. We write H(x) := (z + 1)(2® + 1).
We achieve the values 1 mod 16 from
D(1+kH,kH,kH,kH) =1+ 16k.

To achieve the specified values 9 mod 16 we write the ¢; as a sum of four squares. Notice that
since they are 3 mod 4, we must have three of them, say, A;, B;, C;, odd and one, D;, even, with
2| D;if ¢; = 7mod 8 and 4 | D; if ¢; = 3 mod 8. Hence with a choice of sign we can write
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li=A?+ B2+ C?+ D? A, B;,C; odd, D; even,

with
A=Ay mod4, By =Bymod4, C;=Cymod4,
and
Dy =Dy;mod4 if /¢ =/ mod8,
and

Dy=Dy+2 (mod4) if (,=0+4 (modS38).
In the case ¢, = ¢, mod 8 we get (8m — 3)(8k — 3)(¢1£2)?, m = k mod 2, from

f1= i(Dl + D3) + 3(31 + By —2)x — %(D1 + Dy)a® — 2(31 + By +2)2% + %(m—i— k)H,
1 1 1 1 1

fa= (D1 = Do)+ 2 (Bi = Ba)z — (D1 — Dy)a? — 1B~ Ba)z® + 5(m—k)H,
1 1 1 1 1

g1 = 1(Ol +Cy—2)+ Z(Al + Ay — 2)x — Z(Cl + Cy + 2)2% — Z(Al + Ay 4+ 2)2 + §(m+ k)H,
1 1 1 1 1

go = Z(Cl — CQ) + Z(Al — AQ)SC — Z(Cl — 02)$2 — Z(Al — Ag)xg + Q(m — k‘)H

In the case ¢, = (5 + 4 mod 8 we get (8m — 3)(5 — 8k)(¢142)?, m = k mod 2, from

1 1 1 1 1
fi = 1(D1 + Dy —2) + Z(B1 + By — 2)z — 1(D1 + Dy + 2)2” — Z(B1 + By + 2)2° + §(m—|— k)H,

1

4
1 1 1 , 1 , 1

gl:Z<Cl+02_2)+Z(A1+A2_2)x_Z(Cl+02+2)$ —Z(A1+A2+2)x —i—i(m—l—k)H,

1 1 1 1
fo= Z(Dl — Dy + 2) + (Bl — Bz)x — Z(Dl — Dy — 2)(52 — E(Bl — Bg)xs + Q(m — k)H,

1 1 1 1 O |
g2 = Z<Cl —C2) + 1(141 — Ag)x — 1(01 — Cy)a® — 1(A1 — A)a® + i(m —k)H.

Odd values must be of the stated form. We proceed as in the case of Zs x Dg, with (3.3)
becoming
Dy = mumali, Dy =mamals, (4.6)

where again

F(1)?* = g(1)?,

F(=1)* = g(=1)?%,

ms = (f(1) +2h(1))* = (g(1) + 2k(1))*,

ma = (f(=1) +2h(=1))* = (g(~1) + 2k(=1))%,

ma
mo

but this time
O =P+ 19@)?, L2 =1f0)+ 20(0)[* + [g(i) + 2k (i) [,

This does not change ¢; — ¢, mod 8, so again we must have D; = D, mod 16 and DD, is
1 or 9 mod 16. The 1 mod 16 are all achievable, so assume D; D, = 9 mod 16. Since all the
m; = my mod 4, plainly the D; = m2/? = 1 mod 4, so we can assume that D;, Dy = —3 mod 8.
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Since the (? = 1 mod 8, we get mymy, m3my = —3 mod 8. Since m; and my are 1 or —3 mod 8
we must have one of each, and 2 || g(1) and 4 | g(—1) or vice versa. Hence d; must be odd and

b= (co+c1)?+ ¢+ (do+ di)* + di =3 mod 4.

From above we also know that /; = ¢, mod 4. That is, DDy = s159({1£5)* with s; = sy =
—3mod 8 and /; = ¢, = 3 mod 4. Plainly we have s;s9 = 9mod 16 if s; = s = —3 or
5 mod 16 and s155, = 1 mod 16 if one is —3 and the other 5 mod 16, while £,/ = 1 mod 8 and
(0143)> = 1 mod 16 if /; = f5 = 3 or 7 mod 8 and ¢/, = —3 mod 8 and (¢1/5)? = 9 mod 16 if
one is 3 and the other 7 mod 8. Hence the restrictions (4.2) and (4.3) to get DDy = 9 mod 16.

Achieving the even values. We obtain the 2'®m, m odd, from

1 1
f1:1+x2+§(m+1)H, f2:§(m—1)H,
1 1
g =—(1+2)+(m+1)H, g2 = 5(m—1)H,

and the 2'9m from

fi=l+z+2>—mH, fo=—x—a’ —mH,
glzx+$3+mH, 92:—x3+mH.

We get the 2'%(4m + 1) from

L =14+x+2>+23+mH, fo=mH
f ,
91:1—1‘+mH, gzzmH‘

We get 2'6(8t + 3)(4s + 1) from

fi=l+x+a”+2°+ (t+s)H, fo=1+2"—2°+(t—s)H,
gr=(t—s)H, g2 ="+ (t+)H,

with s = 0 giving us the 2'®m, m = 3 mod 8, and s = 2k — 1 the values (4.5). For ¢/ > 5 with
¢ =1 mod 4 we can write 2¢ —4 = 6 mod 8 as a sum of three squares with two of them odd and
the other 2 mod 4:

20 = (4a+1)>+ 2% + (4c — 1)* + (4d — 2)*

and we can get 216(4m — 1)¢2, and hence (4.4), from
fi=0 -2+ 2% +a(l —2*) +mH,
fo=—x(1+2)+a(l —2*) +mH,
g1 = -2+ (1 —2%)(c+dr) +mH,
g=—1+z)+ (1 —2*(c+dx)+mH.

For p = 3 mod 4 we write 2p = A%+ B?+C?+ D? where, since 2p = 6 mod 8, twoof A, B, C, D
must be odd and two even, with one of them divisible by 4, the other 2 mod 4. Changing signs
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as necessary we assume that A = 1 +4a, B = 4b, C' = 1 4+ 4¢, and D = 2 + 4d. We achieve
217(2m + 1)p* with

fi=0+2) (2 + 1) +a(l —2%) +bx(l — 2% +mH,
fo=1+(z—-1D(@*+1)+a(l —2%) +bx(l —2*) + mH,
g =1+xz+c(l—2%) +dx(l —2%) +mH,

g ==+ c(1 — 2?) +da(l — 2°%) + mH.

Even values must be of the stated form. We know if the Z, x (g determinant is even, then both
Qs determinants are even, and by [14] must each be multiples of 2%. Hence the even determinants
must be multiples of 2'6. Note, if the determinant is even we must have f(1) and g(1) the same
parity, and all the terms my, mo, ms, my, ¢1, ¢ in (4.6) must be even.

The 217 || D are of the stated form. Suppose that we had a determinant 2'7m, m odd, with m
not divisible by the square of a prime 3 mod 4. Writing

52 — 61 = 4(&060 — apC1 — a1Cy + CL(Q)) + 4(bod0 — bodl — bldo + bg) mod 8 (47)

we see that 2 || £1,05 or 4 | €1, 0. If f(1),g(1) are both odd then 22 | my, msy, ms3, my and we
must have 2 || £1, 0 (else 2'2%8 | D). Now if 2* || f(1) and 2° || g(1) with u,v > 1 then
22min{uv} ||y if 4 # v, while if u = v we have 22%%3 | m,. Likewise for my, ms, my4. To obtain
an odd power of two we must therefore have at least one of the m; with u = v. We cannot have
two of them (else 25774+ | D). Again we can assume that 2 || £y, {5 (otherwise 2°76+8 | D).

Since ¢; and /5 do not contain any primes 3 mod 4 we have {; = ¢, = 2 mod 8 and (4.7) gives
apCo — ApC1 — a1Cy + CL% -+ bodo — bodl — bldo + bg = 0 mod 2. (48)

Suppose first that f(1), g(1) are odd. Since ¢, and d, are odd, (4.8) becomes

—apc, — bpdy = a; + by mod 2. 4.9)
To get power 17, rearranging if necessary to make the highest power on m;, we must have
24 || mq, 23 || ma, ms, my. That is, m; = 0 mod 16, and my = m3 = my = 8 mod 16.
From

my = cg —dj =0mod 16, msz = (co + 2ag)* — (do + 2by)* = 8 mod 16

we get
apco + ag — by — body = 2 mod 4. (4.10)

From
my = (Co — 261 + 462 + 2&0 - 4&1)2 - (do — 2d1 + 4d2 + 2b0 - 4b1)2 mod 16
= mo + 4&3 -+ 4(&000 — 2&0C1 — 2@160) — 46(2) — 4(d0b0 — 2d1b0 — Qdobl) mod 16,

we get
CL(Q) + agCo — bg — bgdo — 2(&0(31 +a; — dlbo — bl) = 0 mod 4.

Applying (4.9), this becomes a3 + agco — bg — bpdy = 0 mod 4, contradicting (4.10).
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Now suppose that 2* || f(1),g(1), u > 1. Since ¢y and d are even, (4.8) becomes
—apey + ai — bod; + b3 = 0 mod 2. (4.11)
Notice we cannot have ¢y, d; both odd or both even, else
01 =|co — ¢ +icy + 2al* + |do — dy +idy + 26]* = 2¢] + 2d7 mod 4

would be divisible by 4.

We cannot have ag, by both odd, else (4.11) becomes ¢; + d; = 0 mod 2, contradicting ¢y, d;
having opposite parity. If u = 1 we can rule out ayg, by both even, else 2 || f(1)+2h(1) = co+2ao,
g(1) + 2k(1) = dg + 2bg (we ruled out m; and mg both having © = v). If u > 2 we cannot have
ao, by both even, else 4 divides both terms, 2% | ms, 27 | my and 2772742 | D, So ayg, by like

c1, dy have opposite parity. From
f(=1) +2h(=1) = co — 2¢1 + 2a9 mod 4, g(—1) + 2k(—1) = dy — 2d; + 2by mod 4

we cannot have ay = ¢; mod 2 and by = d; mod 2, else if ©v = 1 we would have a single 2
dividing both (ruled out) and if © = 2 we would have 4 dividing both and 24 | my, 27 | my. Hence
we must have ag = dy, by = ¢; mod 2 and (4.11) becomes a2 + b2 = 0 mod 2, contradicting that
ap, bg have opposite parity.

The 216 || D are of the stated form. Suppose now that we have D = 2'%m, withm = —1 mod 8,
that is not of the form (4.4) or (4.5). Note, ¢1/5 does not contain a prime p = 1 mod 4 or two
primes pi,po = 3 mod 4 (else it will be type (4.4) with ¢ = p or p;ps), and D has no factor
+3 mod 8 (else it will be type (4.5)).

If 22 | ¢, or ¢y then 2% || ¢1,0y and 2% || my, ms, m3, my and f(1),g(1) are even. Now
my/4 = (f(1)/2)* — (9(1)/2)? = +1 mod 8 and likewise for my/4, m3/4 and m,/4, with their
product —1 mod 8.  Switching f and g as necessary and rearranging, we can assume
my/4 = —1 mod 8 and my /4, m3/4,my/4 = 1 mod 8. Thatis 4 | f(1)/2 and f(1)/2 + h(1),
f(=1)/2, f(=1)/2 4+ h(—1) are all odd. From the first two h(1) is odd, from the second two,
h(—1) is even, but h(1) and h(—1) must have the same parity. Hence we can assume that
2 || 41, {2, moreover that /1 = /5 = 2, or one is 2 and the other 2p for some prime p = 3 mod 4.

If f(1) = cp and g(1) = dy are odd, then plainly 23 || my, mq, m3, my. We rule out one of /1,
{5 being 2 mod 8 and the other 6 mod 8. In this case (4.7) becomes

= —QpC1 — a1 — bodl — b1 mod 2. (412)
But the difference of

my = (CO — 201 —+ 402 + 2@0 — 461,1)2 — (do — 2d1 + 4d2 + 2b0 - 4b1)2 = 8 mod 16

and
my = (co — 261 + 4ca)® — (do — 2d; + 4dy)? = 8 mod 16
gives
4(a(2) + apcy — bg — body) — 8(aycy + apey — bidy — body) = 0 mod 16,
where

4(ag + agco — by — body) = mz — m; = 0 mod 16,

and a; + agc; — by — bpd; = 0 mod 2, contradicting (4.12). This just leaves us with the case

f, = ¢5 = 2 considered in the lemma below.
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Suppose f(1) = ¢o = 2¢, g(1) = dy = 2d are even. If ¢ and d have opposite parity then
22 || my, if both are odd then 2° | m; and if ¢ = 2¢”,d = 2d" then 2* || m, if ¢ and d” have
opposite parity and 2° | m; otherwise. Moreover if ¢ and d have the same parity and 2% divides

my/4=c* —d?,

then 2% must also divide at least one of the other m,. To see this observe that if ay and by have the
same parity then 22 divides

mz/4 = (c+ ag)® — (d + by)?, (4.13)
if ¢; and d; have the same parity then 22 divides
My /4 = (c — 1 + 2¢9)* — (d — dy + 2d5)* mod 8, (4.14)

and if both a( and by, and c¢; and d; have opposite parity, then ag — ¢; and by — d; have the same
parity and 22 divides

my/d = (c— 1+ 2c0 + ag — 2a1)* — (d — dy + 2dy + by — 2b1)? mod 8. (4.15)

Hence, rearranging as necessary, we can assume that 2* || m, and one other m;, and 22 || m; for
the other two m;. In particular ¢y = 4¢’ and dy = 4d' with ¢, d’ of opposite parity. Suppose now
that one of ¢, /5 is 2 mod &8 and the other 6 mod &, so that (4.7) becomes

1= —agcr + ag — bod; + bg mod 2. (4.16)

Notice that this rules out ag, by both even or ¢, d; both odd. We can rule out ag, by both odd, else
23 | m3/4 in (4.13), and ¢y, d; both even else

0y = |4 + c1(i — 1) + 2iar® + [4d’ + di (i — 1) + 2i3]* = 0 mod 4.

Hence ag — ¢; and by — d; have the same parity, but cannot be odd, else 2% | my /4 in (4.15).
Hence ¢; = ap mod 2 and d; = by mod 2, violating (4.16). This just leaves the case {1 = {5 = 2
dealt with in the next lemma. [l

Lemma 4.1. All Zy x Qg determinants 2'°m with m = 7 mod 8 and (, = {5 = 2 in (4.6) must
be of the form (4.5).

Proof. Suppose that D = 2'5m, where ¢, = (, = 2, and all the factors of m are -1 mod 8. We
show that m = 1 mod 8. Hence any with m = —1 mod 8 must have a factor +£3 mod 8 and be
of the form (4.5).

Case 1: f(1) and g(1) are even. Since |f(:)|* and |g(7)|* are both even, we must have one of

them 2 and the other 0. Switching f and g and replacing f(z) by (%) as necessary, we can
assume that f(i) = 1 + ¢ and g(i) = 0. Hence we can write

f@)=1+2+ (2*+ Do(z), g(x) = (2*+ u(z).
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Note 22 divides |g(i) + 2k(7)|?, so this term must also be zero, while f (i) + 2h(i) = € + §i with
0,e = %1, and

f(x) +2h(z) = e+ dz + (2% + 1) (v(z) + 2hy (7)),
9(x) + 2k(z) = (2* + 1) (u(2) + 2k (2)).

Hence
my/4 = (1+v(1))? —u(1)?

ma/4 = v(=1)* —u(-1)%
1 ? 2
my /4 = (%(5 —8) +u(=1)+ 2h1(—1)) — (u(—1) + 2k (—1))2.

Note, one of 1+v(1) and v(—1) must be odd, and hence u(1), u(—1) must be even (else 2% | m, /4
or my/4).

(i) Suppose that v(1) is odd. Since my/4 #Z —3 mod 8 we must have my/4 = 1 mod 8,

4| u(—1), and
() ()

If 6 = —ethen m3/4 = 1 mod 8,4 | (u(1) + 2k (1

)
@:(wml ) U (- ))2.
)

and

24 2 2

If 2 | w(1)/2then 2 | ki(1), 2 | (u(—=1)/2 + ki(—1)), and m; /2%, my/2* = 1 mod 8. If
2t u(1)/2 then 2 t k1(1), 2 (u(—1)/2 + k1(—1)), and my/2* my/2* = —1 mod 8. In
both cases mymaomszmy/2'2 = 1 mod 8.

If 0 = ¢ we have my/4 = 1 mod 8, 4 | (u(—1) + 2k1(—1)), 2 | k1(—1), k(1) and

772%3 _ (e +21)(1) +h1(1)>2 B (@Jrkl(l))%

If 2 | u(1)/2 then m; /2%, m3/2* = 1 mod 8 and if 2 { u(1)/2 both are —1 mod 8. Again

mymamamy /22 = 1 mod 8.

(ii) Suppose that v(1) is even. In this case m; /4 = 1 mod 8,4 | u(1) and

- (G0 - ()

If § = —e then my/4 =1mod 8,4 | (u(—1) + 2k;(—1)), and

% = (%1) + h1(1))2 - (@ + /ﬁ(1))2.
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If 2 | u(—1)/2 then my/2* = 1 mod 8 and 2 | ky(—1), 2 | (u(1)/2 + k(1)) and m3/2* =
1 mod 8. If 2 f u(—1)/2 then my/2* = —1 mod 8, 2 4 ky(—1), 2 4 (u(1)/2 + k(1)) and
ms3/2* = —1 mod 8. Again, m;maomszmy4/2'? = 1 mod 8.

If 6 = ethen ms/4 =1mod 8,4 | (u(1) + 2k1(1)), 2 | k1(1), k1(—1) and

= (“(;D + hl(—l))2 - (“(;1) +k1(—1)>2.

If 2 | u(—1)/2 then my/2%, my/2* = 1 mod 8. If 2 t u(—1)/2 then my/2* my/2* =
—1 mod 8. In both cases m;mymsm, /2% = 1 mod 8.

In conclusion, there are no cases where D/2'6 = mymymsm,/2'? = —1 mod 8.

Case 2: f(1) and g(1) are odd. In this case we have 23 || my, my, m3, my. From ¢} = (5 = 2
we must have f (i), g(i), f(i) + 2h(i), g(i) + 2k(7) = %1 or +i. Multiplying the f and h or the g
and k through by +1 or +x we can assume that f(i) = 1 and ¢g(i) = 1 and

f(@) =14 @ + Do), g(@) =1+ (@ + Du(w).
Clearly we must have f (i) + 2h(i), g(i) + 2k(i) = £1 and
f(@) +2h(z) = € + (2° + 1) (v(x) + 2h(2)), g() +2k(z) =0 + (2% + 1)(u(@) + 2k (2))

for some £, = +1. Hence

T = (1) + o) (1) — u(1)),
== (8‘2“5 + (1) + u(l) + 2 (1) +2k1<1>) (g 0 u(1) — ul(1) + 20 (1) %1(1)) :

Similarly for msy/4 and m4/4 with u(—1),v(—1), h1(—1), k1 (—1) in place of u(1),v(1), hy(1),
ki(1).

(i) Suppose that (1) + v(1) is even. In this case m; /8 = ajay with
a;=1+u(l)+v(l), ay==(v(l)—u(l))

When § = —¢ we have m3/8 = A\ A9, with

M = () u() + ha(1) + (1),

Ay =¢e+v(l) —u(l) +2hy (1) — 2k (1).
Recall that by assumption all these factors are 1 mod 8. Since

M =20z + 51— £)o(1) + 51+ (1) + (1) + ki (1),

we have 2 | $(1 —e)v(1) + 5(1 + &)u(1) 4+ hi (1) + k(1) and

Ao =ca; + (1 —¢e)v(l) — (1 +&)u(l) + 2hy(1) — 2k1(1) = ey mod 4.
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(i)

Hence A = ca; mod 8and 4 | (1 — e)v(1) — 2(1 + &)u(l) + hi(1) — ki (1). So
/\1)\2 = (€Oz2 + (1 + E)U(l) + 2]{31(1))5041 = oapas + (1 + 6)’&(1) + 2]{31(1) mod 4,

and m3/8 = my /8 mod 4, and mym3/2° = 1 mod 8, iff 2 | $(1 4 )u(1) + ki (1). Clearly
2| 2(1+e)u(l)+ki(1)iff 2 | 3(1+e)u(—1)+ki(—1), giving mim3/25 = momy/2° mod
8, and m = mymaymszmy/2'? = 1 mod 8.

Similarly, when 6 = ¢ we have

M= 50 = u(1) + h(1) = k1),

Ao = &+ 0(1) + u(1) + 20y (1) + 2k (1).

Since
M = cas + %(1 — (1) — %(1 — (1) + ha(1) = ka (1),

we have 2 | (1 —e)v(1) — (1 — e)u(1) + hy(1) — k1 (1), and
Ay =¢cas+ (1 —¢e)v(l) + (1 —e)u(l) + 2hy (1) + 2k (1) = ey mod 4.
So Xy = ey mod 8,4 | £(1 —e)v(1) + 5(1 — &)u(l) + hi(1) + ki (1) and
MA2 = (eag — (1 —2)u(l) — 2k1(1))ea; = apan — (1 —e)u(l) — 2k (1) mod 4,
giving myms /2% = 1 mod 8, iff 2 | $(1 — &)u(1) + k(1). Again m = 1 mod 8.
Suppose that u(1) + v(1) is odd. In this case
oy = v(1) —u(1), = %(1 +u(1) + (1)),

When § = —¢ we have

N = %(5 +o(1) = u(1)) + Ay (1) = ki (1),

Ao =v(1) + w(l) + 2k (1) + 2k (1).

So
M = cas + %(1 oY1) — %(1 +)u(l) + ha(1) — ki (1),

and 2 | (1 —e)v(1) — 3(1 + e)u(1) + hi(1) — k1 (1), giving
Xy = + (1 —&)o(1) + (1 +)u(1) 4 21 (1) 4 2k1 (1) = ey mod 4.
Hence s = ca; mod 8,4 | (1 —e)v(1) + (1 +&)u(l) + hi(1) + k1(1) and
Mg = (e — (1+)u(1) — 2k1(1))ear = anay — (1 + e)u(1) — 2k (1) mod 4.

Thus myms/2° = 1 mod 8iff 2 | $(1 + e)u(1) + ki (1). Again m = 1 mod 8.
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When § = ¢ we have
M = (e 0(1) +u() + k(1) + (D)
Ao = v(1) — u(1) 4 2hy (1) — 2k (1).
Hence X X
A = eag + 5(1 —e)u(l) + 5(1 —e)u(l) + hy(1) + k1 (1),
and 2 | 1(1 —e)v(1) + 2(1 — e)u(1) + ha(1) + ki(1), giving
Ao =cag — (1 —&)u(l) + (1 — e)v(1) + 2Ry (1) — 2k (1) = ey mod 4.
So Ay = ea; mod 8,4 | 1(1 —&)u(1) — L(1 — &)u(1) + by (1) — ki (1), and
Mg = (e + (1 — &)u(l) 4 2k1(1))ear = gy 4 (1 — &)u(1l) + 2k; (1) mod 4.

Hence myms/2° = 1 mod 8iff 2 | $(1 — e)u(1) + k(1). Again m = 1 mod 8. O
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