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Abstract: For each positive integer n, we assign a digraph I'(n, 11) whose set of vertices is
Z, = {0,1,2,...,n — 1} and there exists exactly one directed edge from the vertex a to the

vertex b iff a'' =

(mod n). Using the ideas of modular arithmetic, cyclic vertices are presented
and established for n = 3* in the digraph I'(n, 11). Also, the number of cycles and the number
of components in the digraph I'(n, 11) is presented for n = 3%, 7% with the help of Carmichael’s
lambda function. It is proved that for k£ > 1, the number of components in the digraph I'(3*, 11)
is (2k + 1) and for & > 2 the digraph I'(3*,11) has (k — 1) non-isomorphic cycles of length
greater than 1, whereas the number of components of the digraph I'(7%,11) is (8k — 3).
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1 Introduction

For each pair of integers n (> 1) and k& (> 1), a power digraph modulo n denoted by I'(n, k)
is a digraph with vertex set Z,, = {0,1,2,...,n — 1} and the ordered pair (a,b) is a directed
edge of I'(n, k) from a to b if and only if a* = b (mod n), where a,b € Z,(for detail see [15]).
It has evolved a powerful connection between number theory, group theory and graph theory. The
concept of power digraph was introduced in the year 1967 by Bryant [2] in which for each element
x of a finite group, a point P(x) was assigned and joined with P(z?) by a directed line arising
a graph called the graph of the group. Thereafter, Blanton et al. [1], Somer and Kfizek [7, 13],
Szalay [16], Rogers [11] have considered and investigated the properties of a variety of power
digraphs corresponding to the quadratic congruence a® = b (mod n). In 1996, Lucheta et al. [8]
studied the power digraph using the congruence a* = b (mod p), where k > 2 is a positive
integer and p is a prime. Skowronek- Kaziw et al. [12], Rahmati [10] defined the power digraphs
using the congruences a® = b (mod n) and a® = b (mod n) respectively and established some
results. Mateen et al. [9] discussed the power digraph with the help of the congruence o’ =
(mod n) and gave explicit formula for fixed points and the condition for which the digraph has
exactly 7 components.

It is important to mention that the problem of enumeration of cyclic vertices, cycles and
components of power digraph I'(n, k) is still open. In this paper, we try to enumerate the cyclic
vertices and components with respect to the congruence a'! = b (mod n) for n = 3*. We
organize our paper as follows:

In Section 2, we provide some definition from graph theory and number theory. In Section
3, we have discussed some properties of Carmichael lambda function. Finally, in Section 4, we
have tried to formulate an explicit formula to enumerate the cyclic vertices and components of
the digraphs I'(3%,11) and I'(7*, 11), where k is any positive number. Throughout the paper all
notations are usual. For example, the greatest common divisor of two integers m and n is denoted
by gcd(m, n), the order of @ modulo n is denoted by ord,,(a) etc.

2 Preliminaries

For a positive integer n, Z,, = {0,1,2,...,n — 1} denotes the complete set of residues modulo
n. We consider a directed graph I'(n, 11) whose vertex set is Z,, and any two vertices a,b € Z,
are connected by exactly one directed edge from a to b iff

a'' =b (mod n) (2.1)
The distinct vertices aq, as, as, . . ., a; in Z,, will form a cycle of length ¢ if
a;' =ay (mod n)
ai' =as (mod n)

a3' =a, (mod n)

a;' =a; (mod n)
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We call a cycle of length ¢ as a t-cycle and a cycle of length 1 is named as a fixed point.
A vertex is isolated if it is not connected to any other vertex in I'(n, 11).

The indegree of a vertex a € Z,, denoted by indeg(a) is the number of directed edges coming
into the vertex a and the outdegree of a vertex a, denoted by outdeg(a) is the number of directed
edges leaving the vertex a. Since the residue of a number modulo n is unique, so outdeg(a) = 1
and indeg(a) > 0 for each vertex a € Z,,. Also, for an isolated fixed point a € Z,,, outdeg(a) =
indeg(a) = 1.

A component of a digraph is a subdigraph which is a maximal connected subgraph of the
associated nondirected graph (for details see [5]). As the outdegree of each vertex of the digraph
['(n,11) is equal to 1, so the number of components of I'(n,11) is equal to the number of
all cycles. The cycles may or may not be isolated. Moreover, by using the properties of the
congruence relation (2.1) and the definition of cycle, it can be established that the digraph
I'(k"" — k,11) has a t-cycle containing the vertex k, for an arbitrary integer ¢ > 1.

For n > 1, let I';(n, 11) and I'y(n, 11) be two subdigraphs of the digraph I'(n, 11), where
I'y(n, 11) is the subdigraph induced on the set of vertices a € Z,, such that gcd(a,n) = 1 and
['y(n, 11) is the subdigraph induced on the set of vertices a € Z,, such that ged(a,n) # 1.
Clearly, the vertex set of I';(n, 11) is the unit group Z* with order ¢(n), where ¢ denotes Euler’s
totient function. Also, the vertices 1 and (n — 1) are the vertices of I'y(n, 11) and 0 is always
a vertex of I'y(n,11). It can be easily observed that I'y(n,11) U I'y(n,11) = T'(n,11) and
['(n,11) N Ty(n,11) = @.

A tree is a connected acyclic graph. A tree in which one vertex has been designated as the root
is arooted tree. The edges of a rooted tree can be assigned a natural orientation, either away from
or towards the root, in which case the structure becomes a directed rooted tree. When a directed
rooted tree has an orientation away from the root, it is called an arborescence or out-tree when it
has an orientation towards the root, it is called an anti-arborescence or in-tree.

3 Properties of the Carmichael \-function

Definition 3.1 ([3]). The Carmichael lambda function of a positive integer n, denoted by \(n) is
defined as the smallest positive integer m such that a™ = 1 (mod n) for every integer a relatively

prime to n.

Lemma 3.2 ([3]). Let n be a positive integer, and ¢ denote Euler’s totient function. Then

AL) = 1= 9(1)
A2) = 1= o(1)
A1) = 2 = o(4)

where py, po, . . ., p, are distinct primes for k; > 1,1 =1,2,...,r.
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It follows from Lemma 3.2, that A\(n) | ¢(n),Vn and that A(n) = ¢(n) if and only if
n € {1,2,4,q¢"*, 2¢*} where ¢ is an odd prime and k > 1.

The following theorem generalizes the well-known Euler’s Theorem which says that a?™ = 1
(mod n) if and only if ged(a, n) = 1. It shows that A(n) is the least possible order modulo 7.

Theorem 3.3 (Carmichael’s Theorem, see [3,6]). Let a,n € N. Then
™ =1 (mod n) ifand only if ged(a,n) = 1.

Moreover, there exists an integer ¢ such that ord,(g) = A(n), where ord, (g) denotes the
multiplicative order of g modulo n.
Assume now that \(n) has the following prime power factorization:

vl

A(n) = Hj:le]7
where ¢; < ¢2 < --- < ¢, are primes and [; > 0. It is evident that from the definition of A that
g =2,ifn > 2.

Theorem 3.4 ([4]). (i) Let n > 2. Then there exists a cycle of length t in the digraph I'(n, 11) if
and only if t = ordy(11), for some even positive divisor d of A(n).

(ii) If there exists a t-cycle in I'(n, 11) then there exists a t-cycle in I'y(n, 11).
Suppose A;(I'(n, k)) denotes the number of ¢-cycles in I'(n, k) where t is a positive integer.

Theorem 3.5 ([14]). Let n = II]_,p;", where p;,i = 1,2, ... r are distinct primes. Then

r

A (T(n, k) = HH (Biged (AE), K = 1) +1) = D7 dAq(T(n. k) .

i=1 djt,d#t

where 6; = 2 if2 | k' — 1 and 8 | p}", and §; = 1 otherwise.

4 Enumeration of cycles and components

In this section, we try to formulate an explicit formula to enumerate the cyclic vertices and
components of the digraph I'(3%, 11), where k is a positive number. According to Theorem 3.4,
we need to calculate ord,(11), for every even positive divisor d of A(n). The following two
lemmas showed that ordy.3-(11) =23 for1 <r <k — 1.

Lemma 4.1. Suppose 2" =y (mod ap®). Then ™ = y? (mod ap’*!).

Proof. Since 2" = y (mod ap®), we have 2" = y + ap’k for some integer k. A binomial
expansion yields

p
np _ BL\P — P D\ p—i Byi
x (y+ap’k)’ =y +;<Z_)y (ap”)
We have (?)y?~!(ap”) = ap®'yP~! = 0 (mod ap?*!). Fori > 2, we have (?)y*~‘a'p’” = 0
(mod ap®). Thus, 2™ = (y + ap’k)? = y? (mod ap”*!). O

Lemma 4.2. Suppose k > 2and1 < r < k—1. Then ordg.3-(11) = 2-3"71. Also, ordsr+1(11) =
2-3for0<r<k-1
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Proof. 1t is easy to check that ordg(11) = 2. So, we assume r > 2. We need to show that
11237 =1 (mod 2-3") and 11% # 1 (mod 2-3") for every positive proper divisor d of 2- 371,
Since every proper divisor of 2 - 3"~ divides either 2 - 3772 or 3", it suffices to show that
119 %1 (mod 2-3") ford € {232,371},

We use induction to show that 1123 = 1 (mod 2-37),11¥ " = —1 (mod 2 - 3"), and
1123 = 144-3"' (mod 2-3"). A calculation verifies that 1123" = 1 (mod 2-32),113' = —1
(mod 2 -3?),and 1123° = 1+4-3"' (mod 2 - 3?). This establishes the base case.

Suppose that for r > 2, we have 112¥ =1 (mod 2-3"),11¥ " = —1 (mod 2 - 3"), and
112877 =1+44-3" (mod 2-3"). We need to show that 1123" =1 (mod 2-3"+), 113 = —1
(mod 2-3"1),and 112" = 144-3" (mod 2-3"*!). By Lemma 4.1, we have 112%" = 13 = 1
(mod 2-3"1),11% = (=1)> =1 (mod 2-3"*1),and 113" = (1+4-3"1)® (mod 2-3"1).
Since 3' = 3 (mod 2 - 3) fori > 1, we have 3' = 3"™! (mod 2-3"*!) fori > r + 1. A binomial
expansion yields

112-3“1 = (1 +4. 37’71)3 =14+3-4.-3"143.42.32r-2 4 43.333
=144.3"4+3.42.371 4 43 grtl
=1+4-3" (mod2-3").
A similar argument shows that ordsr+1(11) = 2 - 3". [

Theorem 4.3. For k > 1,1'(3% 11) has 2k + 1 cycles. There are three 1-cycles and two cycles of
length2 - 3" for0 <r <k —2.

Proof. The proof is by induction. By Theorem 3.4, there is a t-cycle in I'(3%, 11) if and only if
there exists an even divisor d of A\(3%) = 2-3%~! such that ord,4(11) = ¢. The only even divisors of
2-3F1are2-3" for0 < r < k—1. We have ordy(11) = 1. By Lemma 4.2, ordy 3-(11) = 2371
for 1 < r <k — 1. Thus, A;(['(3%,11)) > 1, Ay (T'(3%,11)) > 1 for 0 < r < k — 2, and
A4(T(3%,11)) = 0 for all other positive divisors d of 2 - 3*~1. By Theorem 3.5, we have

1
Since n = Hlepf“ =3k, wehave 7 = 1,p; = 3, and o, = k. Also, % =11and 01 = 1. Thus

A (D(3%,11)) = chd(A(B’“), 1 =1) +1— ) dA(T(3%, 11))].

)

(6 ged (AP, K — 1)+ 1) — 3 dAq(T( ]

1 d|t, dt

!:1&

A7

7

d|t, d#t
We have
A (D(3%,11)) = chd(A(?ﬁ), ' —1) +1— ) dA.(T(3", 11))}
d|1, d#1
= [ged(2-3110) +1 -0 =2+1-0=3
and

Ao(D(3,11)) = 5 |ged (A3, 112 = 1) + 1= 3 dd(1(3",11))]

d|2, d£2

MI»— [\DI»—*

[gcd( (361 120) +1— 1+ A, (D(3", 11))] - %[6 +1-3 =2
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Suppose 7 > 1 and A5 (I'(3%,11)) = 2 forall 0 < i < r. We need to show Ay.3 (I'(3%,11)) =
2. Since As; (F(3k, 11)) =0forall 1 <i <r, we have

1 .
A2.3T(F(3k,11)):ﬁ[gcd(2-3k_1,112'3 —1)+1-1-A4,(T(3%,11)) 22 3" Ay (T(3 ,11))]
By Lemma 4.2, ordy z-+1(11) = 2-3" and ordy.z-+2(11) = 2-3"!. Thus, 112'3 =1 (mod 2-3"*1)
and 112%™ =1 (mod 2 - 372, but 11**" % 1 (mod 2 - 3"*2). Hence, 2 - 3" | (112%" — 1),
but 2 - 372 (11%3" — 1). Therefore, ged (2 - 3571,1123" — 1) = 2 37", We have

Ay (T(38,11)) = 2.3 41— 1. 3—22 32|

el
- [2-3”%1—3—(22'3#)}:2.

2.3 3—1

Thus, A; (T(3%,11)) = 3 and Ay (T'(3%,11)) = 2,0 < r < k — 2. So, by using addition
principle of counting, total number of cycles in I'(3%,11) = 3+2 + 2+ - - - + 2 = 2k+1. Hence,

(k—1) terms

there are (2k + 1) number of cycles in the digraph T'(3%,11), k > 1. O

Fig. 1 displays the digraph I'(3* 11) for k = 5. It illustrates that the number of cycles of
T(3%,11)is 25+ 1 = 11.

119 14
122 236 221 218 212

Figure 1. T'(3%,11)
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Lemma 4.4. Suppose k > 2and 1 < r < k—1. Then vertices 1 + 3" and —1+ 3" lie on different
cycles.

Proof. A binomial expansion yields

120
120\
(143)=1+120-3"+) ( , )3““ =1 (mod 3.

- ]
1=2
Thus,
(143" =1+43"%-1+3 (mod 3.

Furthermore, we have

11
11\
(1+3T)”:1+11-3T+§ (4)3”51+2-3T¢—1+3T (mod 3"1).
7
=2

Hence, (14 3")" # —1+3" (mod 3*) for any positive integer s. This complete the proof. [

Theorem 4.5. Suppose k > 2,m = |k/2 — 1|, and 0 < r < m. Then the sequences of vertices
given by ((1 4 I ) <5 < 2. 3T) and ((—1 4 3N ) < s < 2 3”) are the
two cycles of length 2 - 3" in T'(3%,11). Also, the three 1-cycles are 0,1, and —1.

Proof. Ttisclear 0,1, and —1 are the three 1-cycles. A binomial expansion yields
1 3k—(T+1) n — 1 . 3k—(T+1) n 37:(]6—7“—1)'
( + ) +n + ZZ2 ;

Since i > 2andr < k/2—1, wehave i(k—r—1) > 2k —2(r+1) > k. Thus, (1+3k-(+1)" =
1+n-3"0+D (mod 3%). Letn = 11°. Then (1 + 3’“*(”1))115 =1+11°-3*0*) (mod 3*).
By Lemma 4.2, ordg-+1(11) = 2 - 3". Thus, 11°*" =1 (mod 3"*') and 11¢ # 1 (mod 3"*") for
every positive proper divisor d of 2 - 3". Hence, (1 + 3’“*(”1))11%7 = 1+ 30+ (mod 3¥)
and (1 + 3’“’(’”“))116! £ 1 + 30+ (mod 3*) for every positive proper divisor d of 2 - 3".
Therefore, the sequence of vertices given by ((1 + 3*~0+)I* . 0 < 5 < 2.37) is a cycle
of length 2 - 3" in I'(3%,11). A similar argument shows that the sequence of vertices given by
((—=1+3kCF)I" 0 < s < 2-3") isacycle of length 2 - 3" in I'(3%, 11). O

Conjecture 4.6. Suppose k > 2,m = |k/2 — 1], and m < r < k — 2. Then the sequences of
vertices given by ((1 4 3R ) <5 < 2. 3T) and ((—1 4 3R ) <5 < 2. 3’”)
are the two cycles of length 2 - 3" in T'(3¥,11).

Note that, for k& > 1, the digraph I'(3*,11) is classified into two subdigraphs I'; (3, 11) and
['5(3% 11) , where I'; (3%, 11) is the subdigraph induced on the set of vertices a € Zs such that
ged(a, 3%) = 1 and T'y(3%, 11) is the subdigraph induced on the set of vertices a € Zgx such that
ged(a, 3%) # 1. Clearly, the vertices 1 and 3% — 1 (or —1) are the vertices of I';(3*,11) and the
vertex 0 is always a vertex of I'5(3%,11). Clearly, 0, 1 and —1 are the fixed points of the digraph
['(3%,11). Also, 'y (3%, 11) U T»(3%,11) = T'(3%,11) and T'; (3%, 11) N ['9(3%,11) = @.
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Theorem 4.7. Suppose k > 2. The digraph T'(3*,11) is a directed rooted in-tree with root 0. The
in-degree of the root 0 is 3*~1F/111 — 1. Let ky = [([k/11])/11] and ky = | (k—1)/11|. Then the
number of branch points (non-leaf vertices adjacent to the root 0) in T'y(3%,11) is given below:

o Ifk < 11, then T'5(3%,11) has no branch points.

e Ifk > 11, then the number of branch points in T'5(3% 11) is
2. 3k—11k2—1 . (311(k2—k1+1) o 1)/(311 . 1)
Furthermore, if k > 11, the number of leaves adjacent to the root (O is

3k—|—k/11-| _ 1 _ 2 . 3k—11k2—1 . (311(k2—k1+1) _ 1)/(311 _ 1)

Proof. Since every vertex v in I'y(3%,11) is divisible by 3, there exist integers 4 and ¢ such that
v =23%i>11<t < 3% and ged(3,t) = 1. Let £ = [log;; k]. Then 11° > k. Thus
o1 = 311 = 0 (mod 3%). Hence, I'(3%,11) is a directed rooted in-tree with root 0.

Suppose 3it is a vertex of I'y(3%, 11) such that [k/11] < i < k—1and ¢ is an integer satisfying
1 <t < 3% and ged(3,t) = 1. Since i < k, 3t is not the root 0. Also, since i > [k/11], we
have i > k/11. Thus, (3%)!! = 311! = 0 (mod 3%). Hence, 3't is adjacent to the root 0. On
the other hand, if i < [k/11], then 117 < 11([k/11] — 1) < k. Thus, 3%t is not adjacent to the
root 0. Hence, for fixed [k/11] < ¢ < k — 1, the number of distinct vertices of the form 3'¢
adjacent to the root 0 is ¢(3*~") = 2. 3¥=~1_ Therfore, the number of vertices adjacent to the
root 0 is

k-1 k-1
Z ¢(3kz—z) _ Z 9. gk—i—1 _ 3k—[k/11] 1
i=[k/11] i=[k/11]

Suppose vertex 3't is adjacent to the root 0 where [k/11] < i < k — 1,1 <t < 3*7% and
ged(3,t) = 1. If 11 | 4, then ¢ = 115 for some integer j such that [k/11] < 115 < k — 1.
Then ky < j < ky. Since ged(11, ¢(3%719)) = ged(11,2 - 3F719-1) = 1, the mapping = > x!!
(mod 3*~!17) is an automorphism of U (3¥~117). So, there exists an integer s in U (3*17) such
that s = ¢ (mod 3*7). Thus, (3/s)!* = 3% (mod 3%). Hence, 3t is a branch point of
['5(3% 11). On the other hand, if 11 1 i, then there is no vertex 3’s such that (3/s)!! = 3%
(mod 3*). Thus, 3't is a leaf.

If £ < 11, then every vertex of the form 3¢, where j is a positive integer, is the root 0. Thus,
Fg(?)k, 11) has no branch points. On the other hand, if £ > 11, we observe that the list of vertices
of the form 3'Y¢, where k; < j < ky, 1 < t < 3* ' and ged(3,¢) = 1, is a list of the distinct
branch points of I'y(3%, 11). Hence, the number of branch points of I'y(3*, 11) is

k‘2 k2
Z ¢(3k711j) — Z 2. 3k711j71 —9. 3/6711/6271 X (311(k2*k1+1) - 1)/(311 o 1)

Jj=k1 J=k1

Also, if £ > 11, the number of leaves adjacent to the root 0 is

3/{:—“6/111 —1—-2. 3k—11k2—1 . (311(k2—k:1+1) . 1)/(311 o 1) D
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Figures 2(a) and 2(b) display the digraph I'5(3* 11) for ¥ = 12 and k¥ = 13. They illustrate

that the vertices of I'5(3*,11) form a directed rooted in-tree with root at 0 and have 2 - 3¥~12
branch points in the case when 11 < k£ < 22.
1594308
39302112 3 96694215 e, 120
123 .
9366
531435 1594311 & o 39
177147 . S 12
3 ¥
531432 48 & N
10273 “0q = 1594314
E 129,
$45
36 708588 %45
27 36
B 1594317 i
9
24 1417176 885735 +1594302
51 :
78 177147
LA —
........... S 1594320 87114
152433 3771 - 1594299 60
30_¢ & deeceet % 33
5784111

(a) T'2(3'2,11)

(b) I'(313,11)

Figure 2. Digraph I'5(3*,11) for k = 12 and k = 13

Note. We have observed that the digraph I'(3*, 11) has a subdigraph I'; (3%, 11) that consist of two
1-cycle and two cycles of length 2 - 3" for each 0 < r < k — 2, and a subdigraph I'y(3*, 11) that
is a directed rooted in-tree with root 0. For an odd prime ¢ < 11, we tried to determine for which
values of ¢ does the digraph I'(¢*, 11) have a structure similar to that of T'(3*, 11). We were able
to show that the digraph I'(7*, 11) has three 1-cycles, two 2-cycles, four cycles of length 3 - 77,
0 <r < k—2, fourcycles of length 6 - 77,0 < r < k — 2 and a directed rooted in-tree with root
0. First we show that ordy.7-(11) =3 - 7" "' and ordg.7-(11) =6 -7t for 1 <r < k — 1.

Lemma 4.8. Suppose k > 2and 1 < r < k — 1. Then ordy.7+(11) = 3 - 77! and ordg.7-(11) =
671

Proof. We show that ordg.7+(11) = 6 - 7771, The proof that ordy.7(11) = 3 - 7"! is similar, and
we leave the details of the proof to the reader. It is easy to check that ordg.71(11) = 6 - 7°. So,
we assume r > 2. We need to show that 1157 =1 (mod 6-7") and 119 # 1 (mod 6 - 7") for
every positive proper divisor d of 6 - 7771,

We use induction to show that 1157 = 1 (mod 6 - 7") and 1167 = 1 — 12 . 77!
(mod 6-77) for r > 2. A calculation verifies that 1157 = 1 (mod 6-7%) and 1167 = 1—12.7"
(mod 6-72). Suppose we have 1157 =1 (mod 6-7") and 1167 ° = 1—-12-7""' (mod 6-7")
for r > 2. By Lemma 4.1, we have 117 = 17 = 1 (mod 6-7"t") and 1167 = (1—-12.7"1)7
(mod 6-7""1). Since 7° = 7 (mod 6-7) fori > 1, we have 7 = 7"™! (mod 6-7""1) fors > r+1.
A binomial expansion yields:
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7
(1-12-7")=1-12.7 +3-12- 7% 1+Z(7) i gl giri

1=

3

7

=1-12-74+6-6- 7”%2() .92l gi-l g gril
=3

=1-12-7" (mod 6- 7).

Thus, 1157 =1 —12-7" (mod 6 - 771).

Since every proper divisor of 6 - 771 divides either 3 - 7771, 2 - 777, or 6 - 7772, it suffices
to show that 11¢ # 1 (mod 6 - 7") for d € {3 - 77127716 - 7772}. We have already
verified that 1167° = 1 —12- 7' #£ 1 (mod 6 - 7). Since 11 = —1 (mod 6), we have
11377 = (=1)*" = —1# 1 (mod 6). Thus, 117" % 1 (mod 6 - 77). By Fermat’s Little
Theorem, 117 = 11 (mod 7). Thus 117 = 11 (mod 7) for i > 1. Hence, 1127 " = 112 £ 1
(mod 7). Therefore, 1127 % 1 (mod 6 - 77). O

Remark 4.9. One may use Lemma 4.1 to show 1137 =14+ 4-7" (mod 6 - 77).

Theorem 4.10. For k > 1, F(7k ,11) has 8k — 3 cycles. There are three 1-cycles, two 2-cycles,
four cycles of length 3 - 7" for 0 < r < k — 2, and four cycles of length 6 - 7" for 0 <r < k — 2.

Proof. The proof is by induction. By Theorem 3.4, there is a t-cycle in I'(7%,11) if and only if
there exists an even divisor d of A(7%) = 6-7"~! such that ord,4(11) = ¢. The only even divisors of
6-7"Lare 2-7" and 6-7" for 0 < r < k—1. We have ordy(11) = 1 and ordg(11) = 2. By Lemma
4.8, ordyr(11) = 3-7"Land ordg.7-(11) = 6- 7L for 1 < r < k— 1. Thus A, (T'(7*,11)) > 1,
Ao(T(7%,11)) > 1, A3 (D(7%,11)) > 1 and Ag.(T(7%,11)) > 1 for 0 < r < k — 2. Also,
A7 (T(7%,11)) = 0 and Ag7 (D(7%,11)) = 0for 1 <7 < k — 1, A1 ([(3%,11)) = 0, and
Ag-1(C(3%,11)) = 0. By Theorem 3.5, we have

=

(Biged (AE), B = 1) +1) = D7 dAa(T(. ).

i=1 d|t,dst

o~ 1
A(0@,B) =
Since n = H?Zl Pt = 7, wehave 7 = 1,p; = 7, and o; = k. Also, %k =11andd = 1. Thus

Ay (T4, 11)) = 1 [ged (A7), 11 = 1) + 1= 3 Ag(1(7,11)) |
d|1,d£1

1
[ d(6 - 7’“*1,2-5)+1—0] —2411-0=3,

Ap(D(T,11)) = 5 |ged (™), 112 = 1) + 1= 3~ Ag(D(75,11)]

d|2,d#2

l\.')lb—‘ [\Dli—

1
[gcd(6-7k_1,23-3-5)+1—1~3] =Sl6+1-3/ =2,
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Ag(D(T,11)) = < [ged (™), 117 = 1) + 1= 3~ Ag(D(75,11)]

d|3,d#£3

Wl = Wl

- 1
gcd(6-7k_1,2-5-7-19)+1—1-3] = Sll4+1-3=4

Ag(D(T,11)) = = [ged (™), 11° = 1) + 1= 3~ Ag(D(75,11)]

d|6,d£6

gcd(6-7k—1,23-32-5-7-19-37)+1—1-3—2.2—3-4}

@IHOAI»—* Cnli—

[4241-3—4—12] =4.
Suppose r > 1 and Az (T'(7%,11)) = 4 forall 0 < i < r. We need to show Az 7 (T'(7%,11) =
4. Since A7(T(7%,11)) = 0 forall 1 < i < r, we have

Az (D(7%,11)) = [gcd(6-7k_1,113'7r—1)+1 1-A; (T(7%,11)) 23 T As7 (T 7’“,11))]

3-7"

By Lemma 4.8, ordy7r+1(11) = 3 - 7" and ordgzr+2(11) = 3 - 771 Thus, 1137 = 1
(mod 2-7"t1) and 1137 =1 (mod 2-7"2), but 1137 £ 1 (mod 2 - 7"+2). Hence, 2 - 7" |
(1137 —1),but 2- 7712+ (1137 —1). Since 1137 = (=1)*7"' = —1 (mod 3), 3¢ (1137 —1).
Therefore, ged(6 - 7%~ 1137 — 1) = 2. 7"F1. We have

r—1

A3.7T(r(7k,11)):#[2-7’"*%1—1-3—23-7-4]
i=0
- e ()

By Lemma 4.8, ordg.7-+1(11) = 6 - 7" and ordg.7r+2(11) = 6 - 77F1. Thus 117 =1 (mod 6
77t and 117" =1 (mod 6-772), but 1167 % 1 (mod 6-7"+2). Hence. 6-7"t1 | (1167 —1),
but 6 - 772 4 (117" — 1). Therefore, ged(6 - 7*71, 1167 — 1) =6 - 77+,

Suppose, 7 > 1and Ag.7:(L(7%,11)) = 4 forall 0 < i < r. We need to show Ag.7- (T'(7%,11)) =
4. Since A7 (I(7%,11)) = 0 and Ay.7:(T(7%,11)) = 0 forall 1 < i < r, we have

Agrr (D(77,11)) = % [god( ST — 1) 41— 1 A (T(7F,11)) — 2+ Ay (T(7%, 11))

Z 7' Ay (D(7F,11)) 26 T Ago ( (7’“,11))}

=0

-1
1 ) .
= 6.7+ 1—1~3—2-2—E 3-7Z~4—E 6‘7Z~4]
G- T[ ! i=0 i=0

1
6T
Thus, the number of cycles in I'(7%,11) is 3+ 2 + 4(k — 1) + 4(k — 1) = 8k — 3. O

67 41342 T —2) — (1.7 —4)] =4
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Theorem 4.11. Suppose k > 2. The digraph T'(7%,11) is s directed rooted in-tree with root 0.
The in-degree of the root 0 is T*=TF/1M1 — 1. Let ky = [([k/11])/11] and ky = [(k — 1)/11].
Then the number of branch points (non-leaf vertices adjacent to the root 0) in T'y(7%,11) is given
below:

o Ifk < 11, then T'y(7%,11) has no branch points.
e Ifk > 11, then the number of branch points in Ts(7% 11) is

6 . 7k711k5271 . (711(k27k’1+1) o 1)/(711 _ 1)
Furthermore, if k > 11, the number of leaves adjacent to the root 0 is

7k—|—k/11-‘ _ 1 _ 6 . 7k—11k2—1 . (711(k2—k1+1) o 1)/(711 _ 1)

Proof. The proof is similar to the proof of Theorem 4.7. O]

5 Conclusion

In this paper, we have studied the cyclic vertices and components of the digraph I'(¢*, p) with
respect to congruence a? = b (mod ¢*), with p = 11 and ¢ = 3,7. We have also enumerated
cycles and components of the digraph I'(¢*, p) for ¢ = 3,7. We proved that for the pair ¢ = 3
and p = 11, the digraph I'(¢*,p) has a subdigraph I';(¢*, p) that consists of (¢ — 1) cycles of
length 1 and (¢ — 1) cycles of length (¢ — 1) - ¢" for each integer 0 < r < k — 2, and a subdigraph
I'5(¢*, p) that is a directed rooted in-tree with root 0. For p = 11, we tried to investigate the other
primes ¢, for which the graph has the above structure. We found that for ¢ = 7, along with some
other components the digraph I'(¢*, p) has 4 cycles of length 6 - 77,0 < r < k — 2. Therefore,
for p = 11 we found that there is no odd prime ¢ # 3 with ¢ < 11 that could ensure a structure
similar to I'(3%, 11). However, the existence of other pairs of odd primes (p, ¢), ¢ < p for which
the digraph I'(¢*, p) has similar structure with T'(3%, 11) could be a part of future investigations.
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