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1 Introduction

Balancing numbers were introduced by Behera and Panda in 1999 [2]. For n ∈ N, a balancing
number is defined as follows

1 + 2 + · · ·+ (n− 1) = (n+ 1) + (n+ 2) + · · ·+ (n+ r),

for some r ∈ N. For any positive number n, the balancing numbers {Bn}∞n=0 satisfy the recurrence
relation

Bn+1 = 6Bn −Bn−1, n ≥ 1,

with initial conditions B0 = 0, B1 = 1 (see [9]).

Copyright © 2023 by the Authors. This is an Open Access paper distributed under the
terms and conditions of the Creative Commons Attribution 4.0 International License
(CC BY 4.0). https://creativecommons.org/licenses/by/4.0/



In 2015, Ray studied balancing and Lucas-balancing sums by matrix methods [17]. In [6],
Frontczak obtained an interesing general hybrid convolution identity involving balancing and
Lucas balancing numbers. Also, he studied sums of balancing and Lucas-balancing numbers
with binomial coefficients (see [7]).

For any integers n ≥ 1 and k ≥ 0, let Φ(n) and σk(n) be the Euler Phi function and the
sum of the k-th powers of the divisors of n, respectively. In [4], solutions to some Diophantine
equations about these functions of balancing and Lucas-balancing numbers are discussed. Also,
balancing polynomials which were also applied to coding theory were introduced by Frontczak
in 2019 [8]. There are many works devoted to study of the generalized balancing numbers, for
example see [11, 13].

In [19], Stakhov introduced the Fibonacci code which is used in source coding, as well as in
cryptography. Many authors have studied the generalized Fibonacci sequence and coding theory
(see [1, 5, 10, 12, 15, 18]). In [14] an encoding and decoding techinque based on the matrices T n

was introduced, where

T n =

[
Bn+1 −Bn

Bn −Bn−1

]
.

Prasad [16] introduced a matrix, whose elements are balancing polynomials, and developed
a new coding and decoding method following from it. Here, by using the generalized balancing
sequence matrix, we give a coding and decoding method.

In Section 2, we define the generalized balancing sequence and its matrix. Also, we get
the n-th power of its matrix and inverse, respectively. These are employed as the encoding and
decoding matrices. Sections 3 and 4 are devoted to obtain some codes by using the generalized
balancing matrix.

2 The generalized balancing sequence

In this section, we define the generalized balancing sequence. Then we give some useful results
which be used later.

Definition 2.1. For m ≥ 3, the generalized balancing sequence {Bm,n}∞n=0 is defined by

Bm,n = 6Bm,n−1 −Bm,n−2 − · · · −Bm,n−m, n ≥ m,

with initial conditions Bm,0 = Bm,1 = · · · = Bm,m−2 = 0 and Bm,m−1 = 1.

For example, when m = 3, we have {B3,n}∞n=0 = {0, 0, 1, 6, 35, 203, 1177, . . .}.

Definition 2.2. For m ≥ 3, let Qm be an m×m generalized balancing matrix that is defined as
follows

Qm =


6 −1 −1 · · · −1 −1

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0

 .
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For example

Q3 =

6 −1 −1

1 0 0

0 1 0

 .

Let

Wm,n =


Bm,n+m−1 −(Bm,n + · · ·+Bm,n+m−2) −(Bm,n+1 + · · ·+Bm,n+m−2) · · · −Bm,n+m−2

Bm,n+m−2 −(Bm,n−1 + · · ·+Bm,n+m−3) −(Bm,n + · · ·+Bm,n+m−3) · · · −Bm,n+m−3

Bm,n+m−3 −(Bm,n−2 + · · ·+Bm,n+m−4) −(Bm,n−1 + · · ·+Bm,n+m−4) · · · −Bm,n+m−4

...
...

...
. . .

...
Bm,n −(Bm,n−m+1 + · · ·+Bm,n−1) −(Bm,n−m+2 + · · ·+Bm,n−1) · · · −Bm,n−1

 ,

where Bm,n is the element of the generalized balancing sequence.

Theorem 2.1. For n ⩾ 2 and m = 3, we have

Qn
3 =

B3,n+2 −(B3,n+1 +B3,n) −B3,n+1

B3,n+1 −(B3,n +B3,n−1) −B3,n

B3,n −(B3,n−1 +B3,n−2) −B3,n−1

 = W3,n,

where

Q3 =

6 −1 −1

1 0 0

0 1 0

 .

Proof. By using the induction method on n, setting n = 2 and by Definition 2.2, we have

Q2
3 =

6 −1 −1

1 0 0

0 1 0


6 −1 −1

1 0 0

0 1 0

 =

35 −7 −6

6 −1 −1

1 0 0

 = W3,2.

Now, suppose that the statement holds for n = k. Therefore, for n = k + 1 we have

(Q3)
k+1 =

6 −1 −1

1 0 0

0 1 0


B3,k+2 −(B3,k+1 +B3,k) B3,k+1

B3,k+1 −(B3,k +B3,k−1) B3,k

B3,k −(B3,k−1 +B3,k−2) B3,k−1


=

B3,k+3 −(B3,k+2 +B3,k+1) B3,k+2

B3,k+2 −(B3,k+1 +B3,k) B3,k+1

B3,k+1 −(B3,k +B3,k+1) B3,k

 = W3,k+1.

Now, we are ready to generalize the idea of the n-th power of the matrix Q3 to the n-th power
of the matrix Qm(m > 3). Here, we calculate the n-th power of this matrix, denoted by Qn

m.

Lemma 2.1. For m ≥ 3, we have Qm−1
m = Wm,m−1.

Proof. Let vti and wt
i be the i-th rows of Qt

m and Wm,t, by the Definitions 2.1 and 2.2, we have
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Q1
m = Qm =


6 −1 −1 · · · −1 −1

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0

 ,

and

Wm,1 =


Bm,m −

∑m−2
i=0 Bm,1+i −

∑m−2
i=1 Bm,1+i · · · −Bm,m−1

Bm,m−1 −
∑m−3

i=−1Bm,1+i −
∑m−3

i=0 Bm,1+i · · · −Bm,m−2

Bm,m−2 −
∑m−4

i=−2Bm,1+i −
∑m−4

i=−1Bm,1+i · · · −Bm,m−3

...
...

... . . . ...
Bm,1 −

∑−1
i=−m+1 Bm,1+i −

∑−1
i=−m+2 Bm,1+i · · · −Bm,0



=


Bm,m −Bm,m−1 −Bm,m−1 · · · −Bm,m−1

Bm,m−1 0 0 · · · 0

0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0



=


6 −1 −1 · · · −1 −1

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0

 .

Then v11 = w1
1 and v12 = w1

2. Also

Wm,2 =


Bm,m −

∑m−2
i=0 Bm,2+i −

∑m−2
i=1 Bm,2+i · · · −Bm,m−1

Bm,m−1 −
∑m−3

i=−1Bm,2+i −
∑m−3

i=0 Bm,2+i · · · −Bm,m−2

Bm,m−2 −
∑m−4

i=−2Bm,2+i −
∑m−4

i=−1Bm,2+i · · · −Bm,m−3

...
...

... . . . ...
Bm,1 −

∑−1
i=−m+1Bm,2+i −

∑−1
i=−m+2Bm,2+i · · · −Bm,0



=


Bm,m+1 −(Bm,m−1 +Bm,m) −(Bm,m−1 +Bm,m) · · · −Bm,m

Bm,m−1 −Bm,m−1 −Bm,m−1 · · · −Bm,m−1

Bm,m−1 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0

 ,

and
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Q2
m = Qm ×Qm =


6 −1 −1 · · · −1 −1

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0



×


Bm,m −Bm,m−1 −Bm,m−1 · · · −Bm,m−1 −Bm,m−1

Bm,m−1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0



=


6Bm,m −Bm,m−1 −6Bm,m−1 − 1 · · · −6Bm,m−1 − 1 −6Bm,m−1

Bm,m −Bm,m−1 · · · −Bm,m−1 −Bm,m−1

Bm,m−1 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0



=


Bm,m+1 −(Bm,m−1 +Bm,m) −(Bm,m−1 +Bm,m) · · · −Bm,m

Bm,m−1 −Bm,m−1 −Bm,m−1 · · · −Bm,m−1

Bm,m−1 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0

 .

Then v21 = w2
1, v22 = v11 = w1

1 = w2
2 and v23 = v12 = w1

2 = w2
3. By continuing the above process,

m− 3 times, the lemma is proved.

Theorem 2.2. For m ≥ 3 and n ≥ m− 1, we have Qn
m = Wm,n.

Proof. By Lemma 2.1, we have
Qm−1

m = Wm,m−1.

Then by induction on n, we get

(Qm)
n+1

=


6 −1 −1 · · · −1 −1

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0



×


Bm,n+m−1 −(Bm,n + · · ·+Bm,n+m−2) −(Bm,n+1 + · · ·+Bm,n+m−2) · · · −Bm,n+m−2

Bm,n+m−2 −(Bm,n−1 + · · ·+Bm,n+m−3) −(Bm,n + · · ·+Bm,n+m−3) · · · −Bm,n+m−3

Bm,n+m−3 −(Bm,n−2 + · · ·+Bm,n+m−4) −(Bm,n−1 + · · ·+Bm,n+m−4) · · · −Bm,n+m−4

...
...

...
. . .

...
Bm,n −(Bm,n−m+1 + · · ·+Bm,n−1) −(Bm,n−m+2 + · · ·+Bm,n−1) · · · −Bm,n−1
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=


Bm,n+m −(Bm,n+1 + · · ·+Bm,n+m−1) −(Bm,n+2 + · · ·+Bm,n+m−1) · · · −Bm,n+m−1

Bm,n+m−1 −(Bm,n + · · ·+Bm,n+m−2) −(Bm,n+1 + · · ·+Bm,n+m−2) · · · −Bm,n+m−2

Bm,n+m−2 −(Bm,n−1 + · · ·+Bm,n+m−3) −(Bm,n + · · ·+Bm,n+m−3) · · · −Bm,n+m−3

...
...

...
. . .

...
Bm,n+1 −(Bm,n−m+2 + · · ·+Bm,n) −(Bm,n−m+3 + · · ·+Bm,n) · · · −Bm,n


= Wm,n+1.

Example 2.1. We have

Q3
4 =


B4,6 −(B4,5 +B4,4 +B4,3) −(B4,5 +B4,4) −B4,5

B4,5 −(B4,4 +B4,3 +B4,2) −(B4,4 +B4,3) −B4,4

B4,4 −(B4,3 +B4,2 +B4,1) −(B4,3 +B4,2) −B4,3

B4,3 −(B4,2 +B4,1 +B4,0) −(B4,2 +B4,1) −B4,2

 =


203 −42 −41 −35

35 −7 −7 −6

6 −1 −1 −1

1 0 0 0

 .

Now, we can get the following corollary from Theorem 2.2.

Corollary 2.1. The determinant of Wm,n is equal to (−1)nm.

Proof. By Theorem 2.2, we have detWm,n = detQn
m = (−1)mn.

Lemma 2.2. Let gB(x) be the generating function of the generalized balancing sequence. Then

gB(x) =
xm−1

1− 6x+ x2 + · · ·+ xm
· (1)

Proof. Let gB(x) be the generating function of the generalized balancing sequence. We have

gB(x) =
∞∑
n=1

Bm,nx
n

= Bm,1x+Bm,2x
2 + · · ·+Bm,m−1x

m−1 +
∞∑

n=m

Bm,nx
n

= xm−1 +
∞∑

n=m

(6Bm,n−1 −Bm,n−2 − · · · −Bm,n−m)x
n

= xm−1 +
∞∑

n=m

6Bm,n−1x
n −

∞∑
n=m

Bm,n−2x
n − · · · −

∞∑
n=m

Bm,n−mx
n

= xm−1 + 6x
∞∑
n=1

Bm,nx
n − x2

∞∑
n=1

Bm,nx
n − · · · − xm

∞∑
n=1

Bm,nx
n

= xm−1 + 6xgB(x) − x2gB(x) − x3gB(x) − · · · − xmgB(x).

Thus,

gB(x) =
xm−1

1− 6x+ x2 + · · ·+ xm
.

Theorem 2.3. The generalized balancing sequence {Bm,n}∞n=0 has the following exponential
representation

gB(x) = xm−1 exp
∞∑
i=1

xi

i
(6− x− · · · − xm−1)i ,̧ (2)

where m ≥ 3.
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Proof. By using (1), we have

ln
gB(x)

xm−1
= − ln(1− 6x+ x2 + · · ·+ xm).

Since

− ln(1− 6x+ x2 + · · ·+ xm) = −[−x(6− x− · · · − xm−1)− 1

2
x2(6− x− · · · − xm−1)2

− · · · − 1

n
xn(6− x− · · · − xm−1)n − · · · ],

we get the result.

Let K(k1, k2, . . . , kv) be a v × v companion matrix as follows

K(k1, k2, . . . , kv) =


k1 k2 · · · kv−1 kv
1 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .

Theorem 2.4 (Chen and Louck, [3]). The (i, j) entry kn
i,j(k1, k2, . . . , kv) in the matrix

Kn(k1, k2, . . . , kv) is given by the following formula

kn
i,j(k1, k2, . . . , kv) =

∑
(t1,t2,...,tv)

tj + tj+1 + · · ·+ tv
t1 + t2 + . . .+ tv

×
(
t1 + t2 + · · ·+ tv

t1, t2, . . . , tv

)
kt1
1 . . . ktv

v , (3)

where the summation is over nonnegative integers satisfying t1 + 2t2 + · · ·+ vtv = n− i+ j,(
t1 + t2 + · · ·+ tv

t1, t2, . . . , tv

)
=

(t1 + t2 + · · ·+ tv)!

t1!t2! . . . tv!

is a multinomial coefficient, and the coefficients in (1) are defined to be 1 if n = i− j.

According to Theorem 2.4, we can obtain following result.

Corollary 2.2. For the generalized balancing sequence {Bm,n}∞n=0, we have

(i) Bm,n =
∑

(t1,t2,··· ,tm)

(
t1 + t2 + · · ·+ tm

t1, t2, . . . , tm

)
6t1(−1)t2+···+tm ,

where the summation is over nonnegative integers satsfying t1 + 2t2 + · · ·+mtm = n−m− 1.

(ii) Bm,n = −
∑

(t1,t2,··· ,tm)

tm
t1 + t2 + · · ·+ tm

(
t1 + t2 + · · ·+ tm
t1, t2, . . . , tm

)
6t1(−1)t2+···+tm ,

where the summation is over nonnegative integers satsfying t1 + 2t2 + · · ·+mtm = n+ 1.

Proof. (i) By Theorem 2.2, for m ≥ 3 and n ≥ m− 1, we have Wm,n = Qn
m. On the other hand,

the (m, 1) entry in the matrix Wm,n is Bm,n. Then for i = m and j = 1, by Theorem 2.4, we
obtain
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Bm,n =
∑

(t1,t2,...,tm)

t1 + t2 + · · ·+ tm
t1 + t2 + · · ·+ tm

×
(
t1 + t2 + · · ·+ tm

t1, t2, . . . , tm

)
6t1(−1)t2+···+tm

=
∑

(t1,t2,...,tm)

(
t1 + t2 + · · ·+ tm

t1, t2, . . . , tm

)
6t1(−1)t2+···+tm .

For the proof of (ii), we know that the (m − 1,m) entry in the matrix W n
m is −Bm,n. Then for

i = m− 1 and j = m, by Theorem 2.4, we obtain

−Bm,n =
∑

(t1,t2,...,tm)

tm
t1 + t2 + · · ·+ tm

(
t1 + t2 + · · ·+ tm
t1, t2, . . . , tm

)
6t1(−1)t2+···+tm .

This completes the proof of corollary.

3 Blocking method on the generalized balancing matrix

Here, we construct a blocking method by using the generalized balancing matrix. For this, we
consider P as a message matrix of order 3m and explain the symbols of this coding method. For
1 ≤ i ≤ m2, we present Ei and Ci as follows

Ei :=

ei1 ei2 ei3
ei4 ei5 ei6
ei7 ei8 ei9

 , Ci :=

ci1 ci2 ci3
ci4 ci5 ci6
ci7 ci8 ci9

 .

For the blocking matrix P , we pursue the following five steps.

• Step 1. The matrix P is divided into submatrices Ci(1 ≤ i ≤ m2) of 3 × 3 from left to right.
Note that if the number of entries are less, then the rest of the entries are set to zero.

• Step 2. We define c and n such that c is the number of C ,
is and we get n by the following relation:

n =

{
2, if c ≤ 4,

⌊ c
3
⌋, if c > 4.

• Step 3. By using Table 1, we obtain cis, 1 ≤ s ≤ 9.
• Step 4. For 1 ≤ i ≤ m2, we get determinant Ci and denote by di.
• Step 5. Construct the block matrix W := [di, c

i
s]s∈{1,2,4,5,6,7,8,9}.

Now, we get the decoding matrix by pursuing the following four steps.

• Step 1. We calculate Qn
3 and put following relations:

Qn
3 =

B3,n+2 −(B3,n+1 +B3,n) −B3,n+1

B3,n+1 −(B3,n +B3,n−1) −B3,n

B3,n −(B3,n−1 +B3,n−2) −B3,n−1

 →

a1 a2 a3
a4 a5 a6
a7 a8 a9

 .
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• Step 2. For 1 ≤ i ≤ m2, let

ci4a1 + ci5a4 + ci6a7 7−→ ei4,

ci4a2 + ci5a5 + ci6a8 7−→ ei5,

ci4a3 + ci5a6 + ci6a9 7−→ ei6,

ci7a1 + ci8a4 + ci9a7 7−→ ei7,

ci7a2 + ci8a5 + ci9a8 7−→ ei8,

ci7a3 + ci8a6 + ci9a9 7−→ ei9.

• Step 3. For 1 ≤ i ≤ m2, we get di

di = (ci1a1 + ci2a4 + yia7)(e
i
5e

i
9 − ei6e

i
8)− (ci1a2 + ci2a5 + yia8)(e

i
4e

i
9 − ei6e

i
7)

+ (ci1a3 + ci2a6 + yia9)(e
i
4e

i
8 − ei5e

i
7).

• Step 4. We put yi = ci3 and construct Ci. Thus, we obtain the message P .

Example 3.1. Let a message P be

“mathematics is beautiful and the mother of sciences”.

We have

P =



m a t h e m a t i

c s 0 i s 0 b e a

u t i f u l 0 a n

d 0 t h e 0 m o t

h e r 0 o f 0 s c

i e n c e s . 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0


,

and submatrices Ci, 1 ⩽ i ⩽ 9, are as follows

C1 =

m a t

c s 0

u t i

 , C2 =

h e m

i s 0

f u l

 , C3 =

a t i

b e a

0 a n

 ,

C4 =

d 0 t

h e r

i e n

 , C5 =

h e 0

0 o f

c e s

 , C6 =

m o t

0 s c

. 0 0

 ,

C7 =

0 0 0

0 0 0

0 0 0

 , C8 =

0 0 0

0 0 0

0 0 0

 , C9 =

0 0 0

0 0 0

0 0 0

 .

By noting that 1 ≤ i ≤ 9, we get c = 9 and n = 3. So, by using Definition 1.1 and Table 1, we
have
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C1 =

m a t

c s 0

u t i

 =

16 4 3

6 22 2

24 23 12

 , C2 =

h e m

i s 0

f u l

 =

11 8 16

12 22 2

9 24 15

 ,

C3 =

a t i

b e a

0 a n

 =

4 23 12

5 8 4

2 4 17

 , C4 =

d 0 t

h e r

i e n

 =

 7 2 23

11 8 21

12 8 17

 ,

C5 =

h e 0

0 o f

c e s

 =

11 8 2

2 18 9

6 8 22

 , C6 =

m o t

0 s c

. 0 0

 =

16 18 23

2 22 6

3 2 2

 ,

C7 =

0 0 0

0 0 0

0 0 0

 =

3 3 3

3 3 3

3 3 3

 , C8 =

0 0 0

0 0 0

0 0 0

 =

3 3 3

3 3 3

3 3 3

 ,

C9 =

0 0 0

0 0 0

0 0 0

 =

3 3 3

3 3 3

3 3 3

 .

We calculate det(Ci) := di, for i = 1, 2, . . . , 9.

d1 = −5578 ≡ 22 (mod 28), d2 ≡ 26 (mod 28), d3 ≡ 17 (mod 28),

d4 ≡ 2 (mod 28), d5 ≡ 16 (mod 28), d6 ≡ 10 (mod 28),

d7 ≡ 0 (mod 28), d8 ≡ 0 (mod 28), d9 ≡ 0 (mod 28).

Then, by Step 5, we have the block matrix W :

W =



22 16 4 6 22 2 24 13 12

26 11 8 12 22 2 9 24 15

17 4 23 5 8 4 2 4 17

2 7 2 11 8 21 12 8 17

16 11 8 2 18 9 6 8 22

10 16 18 2 22 6 3 2 2

0 3 3 3 3 3 3 3 3

0 3 3 3 3 3 3 3 3

0 3 3 3 3 3 3 3 3


.

Now, we get decoding. Since n = 3, we have

Q3
3 =

B3,5 −(B3,4 +B3,3) −B3,4

B3,4 −(B3,3 +B3,2) −B3,3

B3,3 −(B3,2 +B3,1) −B3,2

 =

203 −41 −35

35 −7 −6

6 −1 −1

 →

a1 a2 a3
a4 a5 a6
a7 a8 a9

 .

512



For 1 ≤ i ≤ 9, we obtain

e14 = 2000, e15 = −402, e16 = −344, e17 = 5749, e18 = −1157, e19 = −990,

e24 = 3218, e25 = −648, e26 = −554, e27 = 2757, e28 = −552, e29 = −474,

e34 = 1319, e35 = −265, e36 = −227, e37 = 648, e38 = −127, e39 = −111,

e44 = 2639, e45 = −528, e46 = −454, e47 = 2818, e48 = −565, e49 = −485,

e54 = 1090, e55 = −217, e56 = −187, e57 = 1630, e58 = −324, e59 = −280,

e64 = 1212, e65 = −242, e66 = −208, e67 = 691, e68 = −139, e69 = −119,

e74 = 732, e75 = −147, e76 = −126, e77 = 732, e78 = −147, e79 = −126,

e84 = 732, e85 = −147, e86 = −126, e87 = 732, e88 = −147, e89 = −126,

e94 = 732, e95 = −147, e96 = −126, e97 = 732, e98 = −147, e99 = −126.

For 1 ≤ i ≤ 9, by using

di = (ci1a1 + ci2a4 + yia7)(e
i
5e

i
9 − ei6e

i
8)− (ci1a2 + ci2a5 + yia8)(e

i
4e

i
9 − ei6e

i
7)

+ (ci1a3 + ci2a6 + yia9)(e
i
4e

i
8 − ei5e

i
7),

we get

y1 = 23, y2 = 16, y3 = 12, y4 = 23, y5 = 2, y6 = 23, y7 = 3, y8 = 3, y9 = 3.

We put

y1 = c13 = 23, y2 = c23 = 16, y3 = c33 = 12, y4 = c43 = 23, y5 = c53 = 2,

y6 = c63 = 2, y7 = c73 = 3, y8 = c83 = 3, y9 = c93 = 3.

Thus,

C1 =

16 4 3

6 22 2

24 23 12

 =

m a t

c s 0

u t i

 , C2 =

11 8 16

12 22 2

9 24 15

 =

h e m

i s 0

f u l


C3 =

4 23 12

5 8 4

2 4 17

 =

a t i

b e a

0 a n

 , C4 =

 7 2 23

11 8 21

12 8 17

 =

d 0 t

h e r

i e n

 ,

C5 =

11 8 2

2 18 9

6 8 22

 =

h e 0

0 o f

c e s

 , C6 =

16 18 23

2 22 6

3 2 2

 =

m o t

0 s c

. 0 0

 ,

C7 =

3 3 3

3 3 3

3 3 3

 =

0 0 0

0 0 0

0 0 0

 , C8 =

3 3 3

3 3 3

3 3 3

 =

0 0 0

0 0 0

0 0 0

 ,

C9 =

3 3 3

3 3 3

3 3 3

 =

0 0 0

0 0 0

0 0 0

 .
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So,

P =



m a t h e m a t i

c s 0 i s 0 b e a

u t i f u l 0 a n

d 0 t h e 0 m o t

h e r 0 o f 0 s c

i e n c e s . 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0


.

Table 1. English Alphabet

a b c d e f g h i j

n+ 1 n+ 2 n+ 3 n+ 4 n+ 5 n+ 6 n+ 7 n+ 8 n+ 9 n+ 10

k l m n o p q r s t

n+ 11 n+ 12 n+ 13 n+ 14 n+ 15 n+ 16 n+ 17 n+ 18 n+ 19 n+ 20

u v w x y z . 0 − −
n+ 21 n+ 22 n+ 23 n+ 24 n+ 25 n+ 26 n+ 27 n − −

4 Coding and decoding on the generalized balancing matrix

Here, we discuss coding and decoding on the generalized balancing matrix Qn
m and get its error

detection and correction.
For m ≥ 3, we represent Pm in the form of a square matrix Pm = (pij)m×m, where i, j =

1, 2, . . . ,m. We put the matrix Qn
m as a coding matrix and its inverse matrix Q−n

m as a decoding
matrix. We name the transformation Pm ×Qn

m = E as generalized balancing matrix coding and
the transformation E ×Q−n

m = Pm as generalized balancing matrix decoding.
Also, the matrix E is given as a code matrix. We have

E = Pm ×Qn
m

=


p11 p12 · · · p1m
p21 p22 · · · p2m
...

... . . . ...
pm1 pm2 · · · pmm



×


Bm,n+m−1 −(Bm,n + · · ·+Bm,n+m−2) −(Bm,n+1 + · · ·+Bm,n+m−2) · · · −Bm,n+m−2

Bm,n+m−2 −(Bm,n−1 + · · ·+Bm,n+m−3) −(Bm,n + · · ·+Bm,n+m−3) · · · −Bn+m−3

Bm,n+m−3 −(Bm,n−2 + · · ·+Bm,n+m−4) −(Bm,n−1 + · · ·+Bm,n+m−4) · · · −Bm,n+m−4

...
...

...
. . .

...
Bm,n −(Bm,n−m+1 + · · ·+Bm,n−1) −(Bm,n−m + · · ·+Bm,n−1) · · · −Bm,n−1
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=


e11 e12 · · · e13
e21 e22 · · · e2m
...

... . . . ...
em1 em2 · · · emm

 .

The entries of E, e11, e12, . . . , emm and det(Pm) are sent throught the channel. Assuming that
the transmitted sequence is received with no errors, E can be multiplied by Q−n

m to recover the
message matrix. Then, we have

Pm = E ×Q−n
m

=


e11 e12 · · · e1m
e21 e22 · · · e2m
...

... . . . ...
em1 em2 · · · emm



×


Bm,n+m−1 −(Bm,n + · · ·+Bm,n+m−2) −(Bm,n+1 + · · ·+Bm,n+m−2) · · · −Bm,n+m−2

Bm,n+m−2 −(Bm,n−1 + · · ·+Bm,n+m−3) −(Bm,n + · · ·+Bm,n+m−3) · · · −Bn+m−3

Bm,n+m−3 −(Bm,n−2 + · · ·+Bm,n+m−4) −(Bm,n−1 + · · ·+Bm,n+m−4) · · · −Bm,n+m−4

...
...

...
. . .

...
Bm,n −(Bm,n−m+1 + · · ·+Bm,n−1) −(Bm,n−m + · · ·+Bm,n−1) · · · −Bm,n−1


−1

=


p11 p12 · · · p1m
p21 p22 · · · p2m
...

... . . . ...
pm1 pm2 · · · pmm

 .

Example 4.1. Let m = 3, n = 4 and

P3 =

1 2 4

2 4 3

1 0 2

 .

We have

Q4
3 =

B3,6 −(B3,5 +B3,4) −B3,5

B3,5 −(B3,4 +B3,3) −B3,4

B3,4 −(B3,3 +B3,2) −B3,3

 =

1177 −238 −203

203 −41 −35

35 −7 −6

 .

By the above notations, we have

E = P3 ×Q4
3 =

1 2 4

2 4 3

1 0 2

×

1177 −238 −203

203 −41 −35

35 −7 −6

 =

1723 −348 −297

3271 −661 −564

1274 −252 −215

 .

Also, we obtain

P3 = E ×Q−4
3

=

1723 −348 −297

3271 −661 −564

1274 −252 −215

×

 1 −7 7

−7 43 −14

14 −91 57

 =

1 2 4

2 4 3

1 0 2

 .
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4.1 Relations among the code matrix elements

Here, we obtain the relations among the code matrix element considering the basic property that
detQn

m = (−1)nm. Then by using Corollary 2.1, we have

detE = det(Pm ×Qn
m) = detPm × detQn

m = (−1)nm × detPm.

Suppose that m = 3 and n is an even positive number. Then we have

E = P3 ×Qn
3

=

p11 p12 p13
p21 p22 p23
p31 p32 p33

×

B3,n+2 −(B3,n+1 +B3,n) −B3,n+1

B3,n+1 −(B3,n +B3,n−1) −B3,n

B3,n −(B3,n−1 +B3,n−2) −B3,n−1


=

e11 e12 e13
e21 e22 e23
e31 e32 e33

 ,

and

P3 = E ×Q−n
3

=

e11 e12 e13
e21 e22 e23
e31 e32 e33

×

B3,n+2 −(B3,n+1 +B3,n) −B3,n+1

B3,n+1 −(B3,n +B3,n−1) −B3,n

B3,n −(B3,n−1 +B3,n−2) −B3,n−1


−1

=

p11 p12 p13
p21 p22 p23
p31 p32 p33

 ,

where

Q−n
3 =

B2
3,n−1 −B3,nB3,n−2 −B3,n−1B3,n +B3,n−2B3,n+1 B2

3,n −B3,n−1B3,n+1

B3,n+1B3,n−1 −B2
3,n B3,nB3,n+1 −B3,n+2B3,n−1 B3,n+2B3,n −B2

3,n+1

a b c

 ,

in which

a = B2
3,n +B3,nB3,n−1 −B3,n+1B3,n−1 −B3,n+1B3,n−2,

b = B3,n+2B3,n−1 +B3,n+2B3,n−2 −B3,nB3,n+1 −B2
3,n,

c = B2
3,n+1 +B3,nB3,n+1 −B3,nB3,n+2 −B3,n+2B3,n−1.

Hence, we have

detQn
3 = B3,n+2B

2
3,n−1−B3,nB3,n−2B3,n+2−2B3,nB3,n−1B3,n+1+B2

3,n+1B3,n−2+B3
3,n = 1, (4)

and

p11 = e11(B
2
3,n−1 −B3,nB3,n−2) + e12(B3,n+1B3,n−1 −B2

3,n)

+ e13(B
2
3,n +B3,nB3,n−1 −B3,n+1B3,n−1 −B3,n+1B3,n−2) ≥ 0, (5)

p12 = e11(−B3,n−1B3,n +B3,n−2B3,n+1) + e12(B3,nB3,n+1 −B3,n+2B3,n−1)

+ e13(B3,n+2B3,n−1 +B3,n+2B3,n−2 −B3,nB3,n+1 −B2
3,n) ≥ 0, (6)

p13 = e11(B
2
3,n −B3,n−1B3,n+1) + e12(B3,n+2B3,n −B2

3,n+1)

+ e13(B
2
3,n+1 +B3,nB3,n+1 −B3,nB3,n+2 −B3,n+2B3,n−1) ≥ 0, (7)
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p21 = e21(B
2
3,n−1 −B3,nB3,n−2) + e22(B3,n+1B3,n−1 −B2

3,n)

+ e23(B
2
3,n +B3,nB3,n−1 −B3,n+1B3,n−1 −B3,n+1B3,n−2) ≥ 0, (8)

p22 = e21(−B3,n−1B3,n +B3,n−2B3,n+1) + e22(B3,nB3,n+1 −B3,n+2B3,n−1)

+ e23(B3,n+2B3,n−1 +B3,n+2B3,n−2 −B3,nB3,n+1 −B2
3,n) ≥ 0, (9)

p23 = e21(B
2
3,n −B3,n−1B3,n+1) + e22(B3,n+2B3,n −B2

3,n+1)

+ e23(B
2
3,n+1 +B3,nB3,n+1 −B3,nB3,n+2 −B3,n+2B3,n−1) ≥ 0, (10)

p31 = e31(B
2
3,n−1 −B3,nB3,n−2) + e32(B3,n+1B3,n−1 −B2

3,n)

+ e33(B
2
3,n +B3,nB3,n−1 −B3,n+1B3,n−1 −B3,n+1B3,n−2) ≥ 0, (11)

p32 = e31(−B3,n−1B3,n +B3,n−2B3,n+1) + e32(B3,nB3,n+1 −B3,n+2B3,n−1)

+ e33(B3,n+2B3,n−1 +B3,n+2B3,n−2 −B3,nB3,n+1 −B2
3,n) ≥ 0, (12)

p33 = e31(B
2
3,n −B3,n−1B3,n+1) + e32(B3,n+2B3,n −B2

3,n+1)

+ e33(B
2
3,n+1 +B3,nB3,n+1 −B3,nB3,n+2 −B3,n+2B3,n−1) ≥ 0. (13)

Dividing both sides of (5), (6) and (7) by e11 > 0, we have

e13
e11

(B2
3,n +B3,nB3,n−1 −B3,n+1B3,n−1 −B3,n+1B3,n−2) ≥

e12
e11

(−B3,n+1B3,n−1 +B2
3,n) + (−B2

3,n−1 +B3,nB3,n−2), (14)

e13
e11

(−B3,n+2B3,n−1 −B3,n+2B3,n−2 +B3,nB3,n+1 +B2
3,n) ≤

e12
e11

(B3,nB3,n+1 −B3,n+2B3,n−1)

+ (−B3,n−1B3,n +B3,n−2B3,n+1), (15)

and

e13
e11

(B2
3,n+1 +B3,nB3,n+1 −B3,nB3,n+2 −B3,n+2B3,n−1) ≥

e12
e11

(−B3,n+2B3,n +B2
3,n+1) + (−B2

3,n +B3,n−1B3,n+1).

Let

A1 = (B2
3,n +B3,nB3,n−1 −B3,n+1B3,n−1 −B3,n+1B3,n−2),

A2 = (−B3,n+2B3,n−1 −B3,n+2B3,n−2 +B3,nB3,n+1 +B2
3,n),

A3 = (B2
3,n+1 +B3,nB3,n+1 −B3,nB3,n+2 −B3,n+2B3,n−1).

By considering 33 = 27 cases for A1 >=< 0, A2 >=< 0 and A3 >=< 0, we discuss some of
27 cases.
Case 1. A1 > 0, A2 > 0, A3 > 0. Then by using (14), we have

e13
e11

≥ u, (16)

where

u =
e12
e11

(
−B3,n+1B3,n−1 +B2

3,n

A1

) + (
−B2

3,n−1 +B3,nB3,n−2

A1

).
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From (15), we get
e13
e11

≤ v, (17)

where
v =

e12
e11

(
B3,nB3,n+1 −B3,n+2B3,n−1

A2

) + (
−B3,n−1B3,n +B3,n−2B3,n+1

A2

).

From (16) we have
e13
e11

≥ w, (18)

where

w =
e12
e11

(
−B3,n+2B3,n +B2

3,n+1

A3

) + (
−B2

3,n +B3,n−1B3,n+1

A3

). (19)

By using (4), from (16) and (17), we have

e11
e12

≥ min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (20)

Hence, using (4), from (16) and (18), we have

e11
e12

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (21)

Thus,

min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

} ≤ e11
e12

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (22)

Similarly, we have

min {B3,n+1 +B3,n

B3,n+1

,
B3,n +B3,n−1

B3,n

,
B3,n−1 +B3,n−2

B3,n−1

} ≤ e12
e13

≤ max {B3,n+1 +B3,n

B3,n+1

,
B3,n +B3,n−1

B3,n

,
B3,n−1 +B3,n−2

B3,n−1

},

and

min {−B3,n+2

B3,n+1

,
−B3,n+1

B3,n

,
−B3,n

B3,n−1

} ≤ e11
e13

≤ max {−B3,n+2

B3,n+1

,
−B3,n+1

B3,n

,
−B3,n

B3,n−1

}.

Case 2. A1 = 0, A2 > 0, A3 > 0. Since A1 = 0, from (14) we have

e11
e12

≥ min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (23)

Using (4) and A1 = 0, from (15) and (16), we obtain

e11
e12

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (24)
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From (23) and (24), we have

min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

} ≤ e11
e12

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (25)

Case 3. A1 < 0, A2 < 0, A3 < 0. Then by using (14), we have
e13
e11

≤ u, (26)

where

u =
e12
e11

(
−B3,n+1B3,n−1 +B2

3,n

A1

) + (
−B2

3,n−1 +B3,nB3,n−2

A1

).

From (15), we get
e13
e11

≥ v, (27)

where
v =

e12
e11

(
B3,nB3,n+1 −B3,n+2B3,n−1

A2

) + (
−B3,n−1B3,n +B3,n−2B3,n+1

A2

).

From (16), we have
e13
e11

≤ w, (28)

where

w =
e12
e11

(
−B3,n+2B3,n +B2

3,n+1

A3

) + (
−B2

3,n +B3,n−1B3,n+1

A3

).

By using (4), from (26) and (27), we have
e11
e12

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (29)

Hence, using (4), from (26) and (28), we have
e11
e12

≥ min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (30)

Thus,

min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

} ≤ e11
e12

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (31)

Similarly, we have

min {B3,n+1 +B3,n

B3,n+1

,
B3,n +B3,n−1

B3,n

,
B3,n−1 +B3,n−2

B3,n−1

} ≤ e12
e13

≤ max {B3,n+1 +B3,n

B3,n+1

,
B3,n +B3,n−1

B3,n

,
B3,n−1 +B3,n−2

B3,n−1

},

and

min {−B3,n+2

B3,n+1

,
−B3,n+1

B3,n

,
−B3,n

B3,n−1

} ≤ e11
e13

≤ max {−B3,n+2

B3,n+1

,
−B3,n+1

B3,n

,
−B3,n

B3,n−1

}.

Similarly, we can prove the rest of the cases.
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Therefore, for i = 1, 2, 3, we have

min { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

} ≤ ei1
ei2

≤ max { −B3,n+2

B3,n+1 +B3,n

,
−B3,n+1

B3,n +B3,n−1

,
−B3,n

B3,n−1 +B3,n−2

}. (32)

min {B3,n+1 +B3,n

B3,n+1

,
B3,n +B3,n−1

B3,n

,
B3,n−1 +B3,n−2

B3,n−1

} ≤ ei2
ei3

≤ max {B3,n+1 +B3,n

B3,n+1

,
B3,n +B3,n−1

B3,n

,
B3,n−1 +B3,n−2

B3,n−1

}, (33)

and

min {−B3,n+2

B3,n+1

,
−B3,n+1

B3,n

,
−B3,n

B3,n−1

} ≤ ei1
ei3

≤ max {−B3,n+2

B3,n+1

,
−B3,n+1

B3,n

,
−B3,n

B3,n−1

}. (34)

Now, for any value of m, the generalized relations among the code matrix elements are

min { −Bm,n+k

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

: k = 0, 1, . . . ,m− 1} ≤ ei1
ei2

≤ max { −Bm,n+k

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

: k = 0, 1, . . . ,m− 1}, (35)

min { −Bm,n+k

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

: k = 0, 1, . . . ,m− 1} ≤ ei1
ei3

≤ max { −Bm,n+k

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

: k = 0, 1, . . . ,m− 1}, (36)

...

min { −Bm,n+k

Bm,n+k−1 +Bm,n+k−2

: k = 0, 1, . . . ,m− 1} ≤ ei1
ei(m−1)

≤ max { −Bm,n+k

Bm,n+k−1 +Bm,n+k−2

: k = 0, 1, . . . ,m− 1}, (37)

min {−Bm,n+k

Bm,n+k−1

: k = 0, 1, . . . ,m− 1} ≤ ei1
eim

≤ max {−Bm,n+k

Bm,n+k−1

: k = 0, 1, . . . ,m− 1}, (38)

min {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

: k = 0, 1, . . . ,m− 1} ≤ ei2
ei3

≤ max {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

: k = 0, 1, · · · ,m− 1}, (39)

min {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m−1

: k = 0, 1, . . . ,m− 1} ≤ ei2
ei4

≤ max {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m−1

: k = 0, 1, . . . ,m− 1}, (40)
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min {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

Bm,n+k−1

: k = 0, 1, . . . ,m− 1} ≤ ei2
eim

≤ max {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m+1

Bm,n+k−1

: k = 0, 1, . . . ,m− 1}, (41)

min { Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m−1

: k = 0, 1, . . . ,m− 1} ≤ ei3
ei4

≤ max { Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m−1

: k = 0, 1, . . . ,m− 1}, (42)

min { Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m−2

: k = 0, 1, . . . ,m− 1} ≤ ei3
ei5

≤ max { Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m−2

: k = 0, 1, . . . ,m− 1}, (43)

...

min {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

Bm,n+k−1

: k = 0, 1, . . . ,m− 1} ≤ ei3
eim

≤ max {Bm,n+k−1 +Bm,n+k−2 + · · ·+Bm,n+k−m

Bm,n+k−1

: k = 0, 1, . . . ,m− 1}, (44)

...

min {Bm,n+k−1 +Bm,n+k−2

Bm,n+k−1

: k = 0, 1, . . . ,m− 1} ≤
ei(m−1)

eim

≤ max {Bm,n+k−1 +Bm,n+k−2

Bm,n+k−1

: k = 0, 1, . . . ,m− 1}. (45)

Therefore, it is clear that the determinant of the initial message Pm is connected to the
determinant of the code message E. So, we obtain the determinant of the matrix Pm. The det(Pm)

is treated as a controller of entries of the code matrix E received from the communication channel.
After receiving the code matrix E and computing the determinant of Pm, we will compute the
determinant of E. Then, we will compare them. If det(E) = ± det(Pm), this means that the
matrix E has passed through the communication channel without error. Otherwise, according to
the order of the matrix E, we have m×m “single”, “double”, ..., “m2-fold” errors. Thus,(

m2

1

)
+

(
m2

2

)
+ · · ·+

(
m2

m2

)
= 2m

2 − 1.

For example, let m = 3. According to the matrix E of order 3 × 3, we have “single”,
“double”, ..., “nine-fold” errors. The first assumption is that there exists only one error in the
matrix E received from the communication channel. It is clear that there are nine different cases
for it as follows

(1)

 a e2 e3
e4 e5 e6
e7 e8 e9

 , (2)

e1 b e3
e4 e5 e6
e7 e8 e9

 , (3)

e1 e2 c

e4 e5 e6
e7 e8 e9

 ,

(4)

e1 e2 e3
d e5 e6
e7 e8 e9

 , (5)

e1 e2 e3
e4 e e6
e7 e8 e9

 , (6)

e1 e2 e3
e4 e5 f

e7 e8 e9

 ,
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(7)

e1 e2 e3
e4 e5 e6
g e8 e9

 , (8)

e1 e2 e3
e4 e5 e6
e7 h e9

 , (9)

e1 e2 e1
e4 e5 e6
e7 e8 i

 ,

where a, b, . . . , i are the possible “destroyed” entries.
From det(E) = (−1)nm × det(Pm), we have

(1) a(e5e9 − e6e8)− e2(e4e9 − e6e7) + e3(e4e8 − e5e7) = (−1)nm × detPm,

(2) e1(e5e9 − e6e8)− b(e4e9 − e6e7) + e3(e4e8 − e5e7) = (−1)nm × detPm,

...

(9) e1(e5i− e6e8)− e2(e4i− e6e7) + e3(e4e8 − e5e7) = (−1)nm × detPm.

In a similar way, we will obtain a double error for the matrix E. For example, we consider a
bivariate case for the matrix E as follows a b e3

e4 e5 e6
e7 e8 e9

 ,

that possible cases are
(
9

2

)
= 36. Similarly, we obtain “triple”, “four-fold”, ..., “nine-fold”

errors, for which the total number of cases is(
9

1

)
+

(
9

2

)
+ · · ·+

(
9

9

)
= 29 − 1.

Therefore, there are 29 − 1 = 511 errors. By using detE = (−1)3n detP3 and the relations
(32)–(34), we can correct up to “single”, “double”, ..., “eight” errors except “nine” errors. Thus,
we get that the correcting ability of the method is equal to 510

511
= 0.9980 ≈ 99.8%.

In general, for sufficiently large values of m, by the above method we obtain that the correcting
ability of the generalized balancing matrix coding is equal to

2m
2 − 2

2m2 − 1
≈ 1 = 100%.

5 Conclusion

Coding theory is one of the most important and direct applications of the generalized balancing
matrix. We obtain the following results.

1. For m = 3, the correcting ability of errors is equal to 99.80%.

2. The correcting ability of this method increases with the increasing of m. Then for enough
large values of m, the correcting ability is approximately equal to 100%.

3. The generalized balancing matrix coding/decoding is calculated very quickly by computer.
Also, the correcting ability and detection ability of this coding method is very high in
comparison to a classical algebraic coding-decoding method.
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