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Abstract: The aim of this paper is to introduce the hybrid form of the hyperbolic Horadam
function and to investigate some of its properties such as the generating function. Another aim is
to define hyperbolic Horadam hybrid sine and cosine functions and their symmetrical forms. For
newly defined functions, some properties such as the recursive relations, derivatives, Cassini and
De Moivre type identities are examined. In addition, the quasi-sine Horadam hybrid function and
three-dimensional Horadam hybrid spiral are defined.
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1 Introduction

Number sequences are among the significant subjects of literature on mathematics and many other
sciences [4, 5, 8,12,29,30]. One of these number sequences is the Horadam number sequence
which attracts the attention of researchers because it can be reduced to many famous sequences.
The Horadam number sequence W, (a,b; p,q) (n > 0) is defined by the recursive relation for
fixed a = Wy, b = W and nonzero real numbers p and ¢ [7]

Wn+1 = an + anfl- (1)
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The characteristic equation of the Horadam number sequence W), is
t?—pt—q=0, (2)
and the roots of equation (2) are [7]

/02 1+ 4 /214
&:p—-i— §+ ¢ and B:p—p-i- 7,

3
5 3)
The « and S satisfy the equalities [3]:
o =patq,  BP=pb+a ()
2q + a* + ¢*a~? = p? + 4q, 1—£:%. 4)
a o«
The Binet formula for the Horadam number sequence is
A n_ BA"
w, = 2B (©)
a—p

where A = b — aff and B = b — a« [7]. Considering the equality a5 = —g, the Binet formula in
equation (6) is rewritten as [3]

Aa™ + Bq"a™"

5 , n isodd
Aa™ — (=1)" Bg"a™ o=
w, = A0t = G BetaTt )
Oé—ﬁ AOén—Bané_n ]
, m 1seven.
a—p

The generalized Fibonacci and Lucas number sequences are some of the famous number sequences
which can be reduced from the Horadam number sequence W,, as [3]

w7 n isodd
VP +4q
a — qna—n )
n 1s even

VPE+dq
and
a”+q"a™", n isodd
Vo =Wa(2,pp,q) = ©)

o —q¢"a™", n iseven.

Hybrid numbers have recently become an increasingly significant subject in the discipline of

mathematics [1,2,9, 10, 14, 16,23-28]. The hybrid number system which is a generalization of
complex, hyperbolic and dual numbers was introduced by Ozdemir [13] as

K={a+bi+ce+dh:abec,deRi*=—1=0h*=1ih=hi=ec+i}. (10)

Szynal-Liana [23] described the n-th Horadam hybrid number H,,, whose components are from
Horadam numbers as
Hy, =Wy +iWoi1 + eWinpo + hWgs. (1D
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The Binet formula for H,, is
Aaa™ — BpA™
H, = —, (12)
a—p
where @ = 1 +ia + e + ha® and § = 14 i3 + ¢* + h3® [23]. Considering equation (7), the
Binet formula in equation (12) can be rewritten as

Aaa™ + BBq"a™"

, n isodd
Aaa™ — (=1)" BBq"a™™ a—p
- e (13)
“y Aga” - ng”of” n 1S even
a—p3 ’ ’

Sentiirk et al. [16] investigated the exponentiel generating function, Poisson generating function,
Vajda, Catalan, Cassini, and d’Ocagne identities for the Horadam hybrid numbers. Kilic [9]
introduced k-Horadam hybrid numbers with the help of the k-Horadam numbers, and presented
some of their properties. The author investigated some applications in matrices related to the
k-Horadam hybrid numbers. Kizilates [10] defined the Horadam hybrid polynomials and obtained
some of their special cases. Also some of their properties such as the recurrence relation,
generating function, Binet formula, Catalan, Cassini and d’Ocagne identities are examined in [10].
Another subject that attracts the attention of researchers in many branches of science is
hyperbolic functions. It is clear that the new theory of hyperbolic functions will bring important
new results to mathematics, physics, and other sciences. The classical hyperbolic functions are
sinh (x) = % and cosh (z) = %, (14)
where z € R. We encounter many generalizations of the hyperbolic functions [6, 11, 15, 18-22].
Pandir and Ulusoy [15] defined generalized hyperbolic functions by the formulas

RE _ pqhe RE L g hE
sinh, (§) = % and cosh, () = %,

where s, ¢, and k are any constants and £ is a variable quantity. Hyperbolic Fibonacci and Lucas

(15)

functions are defined by Stakhov and Tkachenko [19], and their symmetrical forms are introduced
by Stakhov and Rozin [20]. Koger et al. [11] described two hyperbolic functions by using the
equations (8) and (9) as

05236 . q2$a72x a2:(:+1 —q

and cU (z) = :
VD% +4q VP +4q

where « € R. Furthermore, the authors defined the symmetrical forms of sU (z) and cU (x) by

2:13+1a72171

sU (x) = (16)

the formulas

x T

a® — qxaf a® — q:taf

V/P? + 4q Vpr+4q

Considering the similarity between the Binet formulas in equation (7) and generalized hyperbolic

sUs (x) = and cUs(z) = (17)

functions in equation (15), Bahsi and Solak [3] defined the hyperbolic Horadam functions which
are called hyperbolic Horadam sine and cosine functions as

A 2 B 2x . —2x A 2c+1 B 2x+1 ,,—2z—1
sW(x) = a ¢ and W (x) = a ¢« , (18)

VP +4q Vp?+4q
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where « is as equation (3) and x € R. They also introduced the symmetrical hyperbolic Horadam
sine and cosine functions by the formulas

Aa® — Ba®a~® Aa® Bao*a~*
sWs(z) = a ¢4 and cWs(z) = ¥ roge (19)

/P? 4 4q \/ P2+ 4q

Motivated by the above papers, we first define hyperbolic Horadam hybrid function and

examine some of its properties, such as the generating function. Next, we introduce the hyperbolic
Horadam hybrid sine and cosine functions and their symmetrical forms. We also investigate
some of their properties such as the recursive relations, derivatives, Cassini and De Moivre
type identities. Finally, we describe the hybrid forms of the quasi-sine Horadam function and
three-dimensional Horadam spiral.

2 Main results

Definition 2.1. Hyperbolic Horadam hybrid function is defined as

Aaa® — (=1)" BAg¢*a™*

HW () — A2 = (U Bbga™
VP?+4q

where z € R, @ = 1 +ia+ea® + ha?, f = 1418+ €6* + h3°, a and (3 are as in equation (3).

(20)

Note that, a, 8, @ and 8 will be used as in Definition 2.1 through out the paper. If the
hyperbolic Horadam function in [3] is expressed as

_ Aa® — (-1)" B¢*a™"

W (x) NG , 2D
where x € R, then it is clear that the following relation is true
HW () =W (z) +iW (x+ 1)+ eW (z + 2) + hW (z + 3). (22)
Moreover, the recurrence relation
HW (x) =pHW (x — 1) + ¢HW (z — 2) (23)

is valid. Hyperbolic Horadam hybrid function is reduced to some functions such as generalized
hyperbolic Fibonacci hybrid functions

Qaz _ (—1)xﬁq$06_z

HU (z) = (24)
() i
and generalized hyperbolic Lucas hybrid functions

HV (x) = aa” 4 (=1)" fg"a™". (25)

Theorem 2.1. The generating function for the hyperbolic Horadam hybrid function is

- HW (0) 4+t (HW (1) — HW (0))

G(t) = HW (x)t* = . 26
=2 HW (@) R— (26)
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Proof. Considering equation (23), we have
(1—pt—qt>)G(t) =1 —pt—qt?) (HW (0)+ HW (1)t + HW (0) >+ ...)

= HW (0)+ HW (1)t + HW (2)t* + HW (3) 3 + . ..
—pHW (0)t —pHW (1) t* — pHW (2)t* — ...
—qHW (0)t* — gHW (1) t3 — gHW (2)t* — . ..

=HW (0)+ HW (1)t + HW (2) 2+ HW (3) 3 + ...
—pHW (0)t — (pHW (1) + gHW (0)) 2
— (pHW (2) + qHW (1)) t* — ...

=HW (0)+ HW (1)t — pHW (0) ¢
= HW (0) +t(HW (1) — pHW (0)). O]
Definition 2.2. Hyperbolic Horadam hybrid sine and cosine functions are respectively defined as

AQOZ%U - BﬁquOéfo

sHW (x) = (27)
VP*+4q
and A 2x+1 B 2x+1 2z—1
cHW (2) = = bq , (28)
VP* +4q
where x € R.

Now, we define the symmetrical forms of the functions defined in Definition 2.2.

Definition 2.3. Symmetrical hyperbolic Horadam hybrid sine and cosine functions are respectively

defined as
Aaa® — BBq*a™®

sHWs(x) = (29)
(z) o
and 1 B3
cHW s (x) = = (30)
(x) oy
where x € R.

The relation between the hyperbolic Horadam hybrid function and symmetrical hyperbolic
Horadam hybrid sine and cosine functions is

cHWs(x) x isodd
HW (z) =
sHWs(x) x iseven.

Furthermore, there are the following relations between the symmetrical hyperbolic Horadam sine
and cosine functions and their hybrid forms

sHWs(z) = sWs(z) + isWs(x + 1) + esWs(x + 2) + hsWs(z + 3), (31)
cHW s(x) = cWs(z) + icWs(x 4+ 1) + ecWs(x + 2) + heW s(x + 3). (32)
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Theorem 2.2. The recursive relations for the symmetrical hyperbolic Horadam hybrid sine and
cosine functions are

(i) sHWs(z+2) =pcHWs(x + 1) + gsHW s (z),
(ii) cHWs (x +2) = psHWs (x + 1) + qcHW s ().

Proof. Considering equations (4) and (5), we have

(1)

Aaa®tt + BBg* a1 Aaa® — BBg*a™™
pcHWs (x + 1)+ gsHW s () :p( — Be >+q< — b >

P*+4q P* +4q

Aaa® (pa+ q) + BBg¢* ™ (B — 1)
_ — Q
VP* +4g
Aga:r+2 _ Béqm+2a—x—2

- VD? +4q

=sHWs(z+2).

(i1) The proof is similar to the proof of (i). ]

Theorem 2.3. The Cassini identities for the symmetrical hyperbolic Horadam hybrid sine and
cosine functions are

(i) (sHWs (m))2 —cHWs(x+1)cHWs(x — 1) = —ABg@qul,

(ii) (cHWs (2))? — sHWs (z+1) sHW s (z — 1) = ABafq* .

Proof. (i)

(sHWs (x))> — cHW s (z +1) cHW s (z — 1)

(Aga” — Bﬁq”oﬁ’f)2
a P*+4q

(Agaerl + Béqaﬂrlafxfl) (Agaa:fl + B@qx71a71+1)
p® +4q

—ABafq" ! (20 + P 4 o?)
a P +4q
= —ABgﬁqw_l.

(i) The proof is similar to the proof of (i). [l

Theorem 2.4. The Pythagorean Theorem for the symmetrical hyperbolic Horadam hybrid sine
and cosine functions is

4ABqg*af

(dﬂvs@»Q—(ﬂﬂys@»Q_-5711;. (33)
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Proof. The proof is clear from Definition 2.3. [l

Theorem 2.5. The De Moivre type identities for the symmetrical hyperbolic Horadam hybrid sine
and cosine functions are

24a \"!
(i) (cHWs(z)+sHWs (z))" = ( — ) (cHWs (nx) + sHW's (nx)),
(cHWs (x) = (= ( (

(ii) (cHWs (z) — sHWs (x))" ( 20 )n_l(HW (nx) — sHW s (nx))
i) (c s(x)—s s(x)' = —= c s(nz)—s s (nx)).
Vptdg

Proof. (1)
(cHW s (z) + sHW s (x))"
Aaa® + BBq*a™® N Aaa® — BBg*a™® "
a VP2 +4q p? + 4q
B 2A0a” "
VD* +4q
n—1
B 2Ax 2Aaa™
VP +4q Vp?+4q
- QAQ n—1 AQO&WE —i—BéquOé_mc N AQO&WE o Béqn:ca—nx
PP+ 4g V1?4 4q VP? 4 4q
n—1
2A
= 222 (cHW s (nx) + sHW's (nx)) .
VP*+4q
(i1) The proof is similar to the proof of (i). L]

Theorem 2.6. The n-th derivatives of the symmetrical hyperbolic Horadam hybrid sine and
cosine functions are

BBq*a™", nisodd
(i) (sHWs ()™ =

TN Z (n ()"
(In(a))" sHW s (z) — (1 <O‘))2 (@) BBq"a™", nis even,
p*+4q
)" n(a))”
((In ()" sHW s(x) + (1 (a\z?ﬁ—i_i]( ) BBq*a™", nisodd

(i) (cHWs(z))™ =

BBq*a™", mniseven.
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Proof.

(i) We use the induction method on n. Since
oW _ Aaa® — BBq"a™" /
(S S(‘T)) - \/m
_ Aaa®In(a) — Bfg"a™" (In(q) — In(a))
- N
— n(a) Aaa® + BBq*a™" B B@q“””ofxl (
=In(w v N n(q
(L) 41
=In(a)cHWs(z) — . (O‘) n©) BB¢ o™
PP+
and
q /
v Ago® + Bfgta~® In (5) tine) o,
(sHWs(z))" = (ln (o) N - E BBq
g Aaa®In (o) + BBg"a~" (In (g) — In (a))
e NCEST
In (g) +In ()
BN T Bfg o™ (In(g) — In(a))
_ (In(a))? Aaa® — B¢ a™" N BBg"a~" (In(g) In (a))
o N VP g
BBq"a™® q\?2 9
_\/ﬁ (ln (&) +1In(¢)In(a) — (In(a)) )

, (n(3) -ty
= (In(a))" sHW s (x) — \/m BBq*a™",

the result is true for n = 1 and n = 2. Suppose that k is an odd number and the result is

true for n = k. For the even number n = k + 1:
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(<5st<x>)<k>)' — [ (n () cHWS (2) - (n

B T —T
N TR
~ (n(a  Aaa®In (o) + BBg"a~" (In (q) — In ()
p*+4q
(hl(%))kJr(hl(a)kB T (] 1

Aaa® — Bfg*a™"

_q k+1 4
o)+ EE
(in (2))“1 — (In (a))*!
_ 6] BBad*a "%,
p?+4q éq

Now, suppose that & is an even number and the result is true for n = k. Finally, we must
show that the result is true for the odd number n = k + 1:

g k_ n{«o k
((sHWs(x))<k>>’ — | n (@) sHWs (2) - (1 (a)332+i (@)

p Aaa®In (o) — BBg*a™ (In(q) — In (@)

VP? +4q

BBq¢*a™*

= (In(a))

(in (g))k ~ (n (o))"
N VP? +4q
Aaa® + BBq¢*a™"

Vp? +4q

q\\*! k+1
)

VP*+4q

Bpg*a™* (In(g) —In(a))

= (In ()"

3 The quasi-sine Horadam hybrid function
and the three-dimensional Horadam hybrid spiral

Bahsi and Solak [3] defined the quasi-sine Horadam function as

WW (z) = Aa® — cos (mx) B¢ a~ ’ (34)

VP?+4q

for x € R, by using the equality (—1)" = cos (7).
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The three-dimensional Horadam spiral is defined by the formula

CWW (2) = Aa® — cos (mx) Bg*a~ L (rx) B¢ a~

p? + 4q \/ P2+ 4q

Ao+ ie”@_””)qua_””
p® +4q

for z € Rand i®> = —1, [3].

Now, we give the definitions of the hybrid forms of the quasi-sine Horadam function and

three-dimensional Horadam spiral, respectively.

Definition 3.1. The function

Aaa® — cos (mz) BA¢*a™
VP* +4q

is called quasi-sine Horadam hybrid function, where x© € R.

HWW (z) =

Considering equation (13), we note that HWW (n) = H,, for all integer n.

The quasi-sine Horadam hybrid functions have some relations such as
HWW (z+2) =pHWW (z+ 1) + gHWW ()

and

(HWW (2))* = HWW (x+ 1) HWW (z — 1) = —ABafq" " cos () .

Definition 3.2. The three-dimensional Horadam hybrid spiral is defined as

CHWW (r) — Aaa® — cos (mz) B¢ a™ N isin (mx) BBq o™

p®+4q VP? +4q
Aaa® + ie(377) Bpg"a™"

VP? +4q 7

NI

where x € R and i®> = —1.

(35)

(36)

(37)

Note that the real part of the three-dimensional Horadam hybrid spiral equals to quasi-sine

Horadam hybrid function.

Theorem 3.1. The recurrence relation for the three-dimensional Horadam hybrid spiral is

CHWW (z +2) = p)CHWW (z + 1) + CHWW (x).
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Proof.

pCHWW (x4 1) + ¢qCHWW (x)

N

Aao +ie"E DB taet  Aaa” i) Bgra
VP?+4q P2+ 4q
Aad® (pa+ q) + Z'e—ichﬁqz-Ha—x—l (pe_m% + i a)

VP*+4q

Aaa® (pa+ q) + ie”"™ BBg" M a™ ! (a—p) i
VP +4q
3m
N 2 ZBqu+2Oé_x_2
p* +4q
Agozx'm 4 iem(%ﬂkz) Bﬁqx+2a_x_2
p* +4q
= CHWW (z +2). 0

N |=

—imx
Aaa®™? +ie

+

Additionally, we give the system of equations depend on the three-dimensional Horadam

hybrid spiral as
Aaa® —cos (mx) B¢ a™ "
y(x) — — = — (39)
Vp?+4q VP +4q
and

o () = sin (7z) Bfg ™" w0

VP2 +4q

for the real and imaginary axes Y and Z, respectively. Then,

A T B X —T
(m—ﬁ) + 2 (2)? = (%) . 1)

We note that equation (41) corresponds to the hybrid form of the Metallic Shofar in [17].

4 Conclusion

In this paper, we first defined a special type of hybrid numbers whose components are from the
hyperbolic Horadam functions and gave some of its properties. Next, we introduced hyperbolic
Horadam hybrid sine and cosine functions and their symmetrical forms. We examined some
properties of these functions such as the recursive relations, derivatives, Pythagorean Theorem,
Cassini and De Moivre type identities. Additionally, we described the hybrid forms of the quasi-
sine Horadam function and three-dimensional Horadam spiral.
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