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Abstract: Assume that 7, is the n-th term of Tribonacci sequence and F,, is the m-th term of
Padovan sequence. In this paper we solve the equation 7;, = F,, completely.
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1 Introduction

There are many valuable studies about finding common terms of number sequences in the literature.
By the motivation of these papers, we solve the equation

B, =T,. (1)

Here, the terms P, and 7}, are the m-th Padovan number and n-th Tribonacci number, respectively.
Now, we present the definitions of these sequences.

For m > 0, the Padovan sequence is defined by the recurrence relation P, 3= F,,,11 + P,
with the initials Py = P, = P, = 1. The first few terms of the sequence of Padovan are

1,1,1,2,2,3,4,5,7,9,12,16,21, 28,37, . . ..
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Its characteristic equation, 2° — x — 1 = 0, has one real root ¢ = 1.324 ... and two conjugate
complex roots b and b = c.
The Binet-type formula of Padovan sequence is

P, = S,a™ + Spb™ + S.c™ 2)

(b—1)(c—1) g _ (a—1)(c—1) g _ (a—1)(b—1)
(a=c)(a=0"" (b=c)(b—a)’" (c—a)(c—b)
The Padovan sequence is named after Richard Padovan [7]. Shannon, Atanassov, Dimitrov and

where S, = for all m > 0.

Kritsana [1, 8, 9] studied the combinatorial identities of Padovan sequence and Pell-Padovan
sequence.

For all n > 0, Tribonacci sequence {7}, } is given by the recurrence T;,13 = Ty, 10+ Ty + 1)
with the initial values Ty, = 0, T} = T, = 1. Its characteristic equation, 2° — 22 — 2 — 1 = 0
has one real root a and two conjugate complex roots 3 and - such that o € (1.83,1.84) and
|B]= 7| <1.In 1982, Spickerman [10] defined the Binet Formula of Tribonacci numbers as
= o + > + -

@=Fa-7" B-aE-7 " G-ab-f)

for all n > 0.
Recently, Dresden and Du [3] gave the another form the term of Tribonacci sequence as

(0-Da"?  (B-1F | =1y

T, =
4o — 6 45 —6 4y —6
for all n > 0.
Put ¢, = 4024116 = 0.61. Then, the member of Tribonacci sequence satisfy
n—1 . 1
T, =co@" " +e, with e, < —7 foralln > 1. 3)
an

Now, we give our result.

Theorem 1.1. Assume that T, is the n-th term of Tribonacci sequence and P,, is the m-th term
of Padovan sequence. The solutions of the equation P,, =T,, arel) = P, =1,T) = P, =1,
T2:P1:1,T2:P2:1, T3:P3:2,,T3:P4:2, T4:P6:4,T5:P8:7.

2 Preliminary results

In this section, we give several lemmas which will be useful later.

Lemma 2.1. Forn > 2, and m > 2, we have

Y and a™? < P, <a™ L.

QA" < T, <o
Proof. The proof of the first inequality is in [2] and second one is in [5]. O]

Let v be an algebraic number of degree d over () with minimal primitive polynomial, where
the leading coefficient a is positive.
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The logarithmic weight of 7 is given by
1 d
h(y) = 5 (bg ao + ;bg(max{h’! , 1})> , @)
where ¢, i = 1, ..., d denote the conjugates of 7. Now, we present the theorem of Matveev [6].

Lemma 2.2. Let K be a set of numbers of order D over Q. Let v1,7s,7s, - .., be positive real

numbers of K and by, by, bs, . . ., b, be nonzero integers. Let
A=t = L (5)
The number B is obtained as
B > max {[bi], [ba|, [bs] ..., |be]} - (6)

Ay, Ao, A, . .., Ay are real numbers such thatA; > max { Dh(7;), [log ;| ,0.16} . If A # 0, then
the inequality

A>exp{—1.4-30"°t""D*(1 +log D)(1 + log B)Aj Ay A - - A, } @)
holds.

By using the Baker method in Matveev Theorem, an upper limit is obtained. To reduce this
bound, we will use the following lemma, which is given by Pethd and Dujella. [4]

Lemma 2.3. Let y be a real number, M be a positive integer and p/q be a convergent of the
continued fraction of v such that ¢ > 6 M. Let A, B, i be real numbers with the conditions A > 0
and B > 1. Let € is defined such as € :=|| uq || —M || vq
from the nearest integer. Under the assumptions, if € > 0, there is no solution for the inequality

, where || . || denotes the distance

O<|my—n—pu|<AB™ (8)

in positive integers m,n with m < M and m > log(Aq/¢€)/log B.

3 Proof of the Theorem

Firstly, assume that m < 8. In this case, we see that 2,4 and 7 are the solutions that exceed 1 of
the equation 7,, = F,,. So, we assume m > 8. We write the Binet formulas of Tribonacci and
Padovan sequences in the equation (1). Then

ot te, = S,a™+ Sb™ + S.cm 9)

follows which gives
coa" = S,a™ = Spb" 4 S — e,

After dividing both sides by S,a™, we obtain

S0+ Scc™ — ey

n—1g—1_—-m
c, " STt — 1
“ “ S,am
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Then

Spb™ + S.c™ — e,
|caa"_15’a_1a_m — 1| ‘ b0+ D€ ¢ (10)
S,a™
- Spb™ S.cm n en
S,am™ S,am™ S,am™
1/2  1/2 1 2
R (1D
a a a a
holds. Let
A= coa™ S e — 1 (12)

To show A # 0, we contrary assume A = 0. It yields that ¢,S;! = a™a!™™. It is obvious
that @ and « are algebraic integers. 1/« is also algebraic integer since 1/« is the root of the
monic polynomial z® + 22 + z — 1. Since product of algebraic integers is also algebraic integer,
then it requires that a™(1/a" ') = a™(a'™") is an algebraic integer. But this is a contradiction.
Because the minimal polynomial —1 + 72z — 287222 + 7050022 — 1169872z* + 1274715225 —
9012467225 + 40556102427 — 10364337282% + 10364337282 of ¢,.S, ! is not monic, 0 ¢, S, "
is not an algebraic integer, but an algebraic number. We arrive to the claimed fact A # 0.

LetK = Q(a, a, S, ¢o)- Sincec, € Q(«)and S, € Q(a), then we have [Q(«v, a, Sy, ¢o) : Q] =
[Q(a,a) : Q] = [Q(a,a) : Q(a)] [Q(a) : Q] = 9. This gives that D = 9. Take t = 4.

Let

Y1 = Cq, by =1,

Yo = q, by =n—1,
Y3 = Sa, by = —1
T4 = aQ, b4 =—-m

Since the leading coefficients of the minimal polynomial of ¢, and S, are 44 and 23, then
logarithmic weights of c,, , S, and a are obtained as follows

1 1
h(ca) = 3 [log 44 + log(max {c,, 1})] = 3 log44 = 1.26
1 1
ha) = 3 [log1+loga +logl+logl] = 3 log v 22 0.201
1 1
h(S,) = 3 [log 23 + log(max {S,, 1})] = 3 log 23 = 1.044
1 1
h(a) = 3 [log1+loga+logl+logl] = 3 loga =2 0.093.
So, we choose A;, Ay, Az and A, as
A1 > max {9h(c,),log ey, 0,16} = 11.34 A =11.35
Ay > max {9h(«), loga, 0,16} = 1.809 Ay =181
Az > max {9h(S,), log S,, 0,16} = 9.396 A3 =94
Ay > max {9h(a), loga, 0,16} = 0.837 Ay = 0.84.

Now, we make a decision about B. If we use the inequalities in (2.1) together, we see that

"2 <T,=P, <am
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After taking logarithm of both sides, we get the inequality
0.6(n —2) < 0.29(m — 1),
yielding
n—1<m. (13)
So, B =m.
If we write all the values in the inequality (7), then we get the following inequality by using
(7) and (10),
2
— > exp (—1.4-3074"°9*(1 +log 9)(1 + logm) - 11.35 - 1.81 - 9.4 - 0.84) .
am
After taking logarithm of both sides, the inequality
log2 —mloga > —1.4-3074*59?(210g 9)(1 4+ logm) - 11.35 - 1.81 - 9.4 - 0.84
holds. This yields
m < 6.78 - 10" log m,

where we use 1 +log9 < 2log9 and 1 + logm < 2logm. So, we obtain
m < 3.21-10%.
From now on, we will apply the Lemma 2.3. Let M = 3.21 - 10%°. Assume that A > 0. So,
log(c,a" 1S ta™™) < glos(caa” 155 a™™) _ (14)

holds. Combining (12) and (14),

log(co™ 1S a™™) < —

am

follows. If A < 0, the inequality ‘eA — 1‘ < % holds as m > 8. This yields that e/*l < 2 and
4

A] < e —1=eMet —1] < —.

am

In this case, A
Al < —
am

is obtained. The fact that n < m gives that

4
|(n —1)loga — mloga + logc, —log S,| < —.
am

Together withn — 1 < m, we get
|(n — 1) logae — mloga + log ¢, — log S,| < 2a~""Y,
After dividing by log a, we obtain

log o m+log(ca/5a) - 4 1)

1 _
(n=1) log a log a log a
If we choose
:logoz’ :log(ca/Sa)’ = 4 . B—ua
log a log a log a

on (8), and ¢,, be the denominator of the n-th convergent of the continued fraction of . We choose

g39 = 2160781423075809077554 > 6M

358



and € :=|| ugso || —M || vg39 ||= 0.0569 . . .. By the result of Dujella and Pethd (Lemma 2.3), we
get
m > log(Aq/e€)/log B = 194.328.

Som < 194. A quick calculation by Mathematica shows that there is no solution of the equation

T, = P,, for 9 < m < 194. So, the proof is completed. O
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