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Abstract: Let 𝑓, 𝑔 be completely multiplicative functions, |𝑓(𝑛)| = |𝑔(𝑛)| = 1 (𝑛 ∈ N). Assume
that

1

log 𝑥

∑︁
𝑛≤𝑥

|𝑔([
√
2𝑛])− 𝐶𝑓(𝑛)|

𝑛
→ 0 (𝑥 → ∞).

Then
𝑓(𝑛) = 𝑔(𝑛) = 𝑛𝑖𝜏 , 𝐶 = (

√
2)𝑖𝜏 , 𝜏 ∈ R.
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1 Introduction
This paper is a continuation of [2–5].

A function 𝑓 : N → C belongs to ℳ* if 𝑓(𝑛𝑚) = 𝑓(𝑛)𝑓(𝑚) holds for all 𝑛,𝑚 ∈ N and let

ℳ*
1 :=

{︁
𝑓 ∈ ℳ*

⃒⃒⃒
|𝑓(𝑛)| = 1 𝑛 ∈ N

}︁
.
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We shall write 𝑓( 𝑛
𝑚
) = 𝑓(𝑛)

𝑓(𝑚)
if 𝑓 ∈ ℳ*

1 and 𝑛,𝑚 ∈ N. Let {𝑥} = fractional part of 𝑥 and let

‖𝑥‖ = min({𝑥}, 1− {𝑥}).

In [4] we proved

Theorem A. Let 𝜀(𝑛) ↓ 0, 𝑓, 𝑔 ∈ ℳ*, 𝐶 ∈ C,

|𝑔([
√
2𝑛])− 𝐶𝑓(𝑛)| ≤ 𝜀(𝑛) (𝑛 ∈ N),

furthermore
∞∑︁
𝑛=2

𝜀(𝑛) log log 2𝑛

𝑛
< ∞.

Then 𝑓(𝑛) = 𝑔(𝑛) = 𝑛𝑖𝜏 (𝜏 ∈ R), where 𝐶 = (
√
2)𝑖𝜏 .

The proof was based on the following:

Main lemma. ( [1]) If 𝑓 ∈ ℳ*
1 (𝑛 ∈ N) and

∞∑︁
𝑛=1

|𝑓(𝑛+ 1)− 𝑓(𝑛)|
𝑛

< ∞,

then 𝑓(𝑛) = 𝑛𝑖𝜏 (𝜏 ∈ R).

Recently O. Klurman by using the results of [8] and [9] proved a very important theorem:

Theorem B. ( [6] and [7]) If 𝑓 ∈ ℳ*
1,

1

log 𝑥

∑︁
𝑛≤𝑥

|𝑓(𝑛+ 1)− 𝑓(𝑛)|
𝑛

→ 0 (𝑥 → ∞),

then 𝑓(𝑛) = 𝑛𝑖𝜏 (𝜏 ∈ R).

By using Theorem B we improve Theorem A as follows:

Theorem 1. Let 𝑓, 𝑔 ∈ ℳ*
1,

1

log 𝑥

∑︁
𝑛≤𝑥

|𝑔([
√
2𝑛])− 𝐶𝑓(𝑛)|

𝑛
→ 0 (𝑥 → ∞),

then 𝑓(𝑛) = 𝑔(𝑛) = 𝑛𝑖𝜏 (𝜏 ∈ R), where 𝐶 = (
√
2)𝑖𝜏 .

2 Auxiliary results
Let

𝐽1 =
{︁
𝑛 | {

√
2𝑛} <

1√
2

}︁
and 𝐽2 =

{︁
𝑛 | {

√
2𝑛} >

1√
2

}︁
. (2.1)

Then N = 𝐽1 ∪ 𝐽2.
Let

𝑎𝑛 :=

[︁√
2[
√
2𝑛]

]︁
𝑛

. (2.2)
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We proved in [2] (Lemma 2) that

𝑎𝑛 =

⎧⎨⎩
2𝑛−1
𝑛

if 𝑛 ∈ 𝐽1,

2(𝑛−1)
𝑛

if 𝑛 ∈ 𝐽2.
(2.3)

For some 𝑁 ∈ N, let

ℬ0 = 𝑁 and ℬ𝑗 = 2ℬ𝑗−1 − 1 for all 𝑗 ∈ N.

In [2] (Lemma 3) we proved that either 𝑁 ∈ 𝐽2, or there is a positive 𝑘, for which ℬ𝑘 ∈ 𝐽2. Let
𝑇 (𝑁) := 𝑘 + 1, where 𝑘 is the smallest positive integer for which ℬ𝑘 ∈ 𝐽2. We proved that

2𝑘+1(𝑁 − 1)

𝑁
=

2(ℬ𝑘 − 1)

𝑁
=

(︁ 𝑘−1∏︁
𝑗=0

𝑎ℬ𝑗

)︁
𝑎ℬ𝑘

, (2.4)

furthermore that
𝑇 (𝑁) ≤ 1

log 2
· log 1

‖
√
2(𝑁 − 1)‖

+ 𝑐1, (2.5)

𝑐1 is an explicit constant.
Let 𝛿(𝑛) = 𝑔([

√
2𝑛])− 𝐶𝑓(𝑛), 𝑘 ∈ N. Let

𝒯𝑘 =
{︁
𝑛 ∈ N

⃒⃒⃒
{
√
2𝑛} <

1

𝑘

}︁
.

It is clear that
lim
𝑥→∞

1

log 𝑥

∑︁
𝑛∈𝒯𝑘
𝑛≤𝑥

1

𝑛
= 𝐴𝑘 (> 0). (2.6)

If 𝑛 ∈ 𝒯𝑘, then
𝛿(𝑘𝑛) = 𝑔(𝑘)𝑔([

√
2𝑛])− 𝐶𝑓(𝑘)𝑓(𝑛)

and
𝛿(𝑘𝑛)

𝑓(𝑘)
=

𝑔(𝑘)

𝑓(𝑘)
𝑔([

√
2𝑛])− 𝐶𝑓(𝑛), 𝛿(𝑛) = 𝑔([

√
2𝑛])− 𝐶𝑓(𝑛),

and so
lim
𝑥→∞

1

log 𝑥

∑︁
𝑛∈𝒯𝑘
𝑛≤𝑥

⃒⃒⃒ 𝑔(𝑘)
𝑓(𝑘)

− 1
⃒⃒⃒
· |𝑔([

√
2𝑛])| → 0,

which implies that 𝑔(𝑘) = 𝑓(𝑘).
Let Θ1 = {

√
2𝑚},Θ2 = {

√
2 · 2𝑚},Θ3 = {

√
2(2𝑚− 1)}. If

Θ1 ∈
(︁ 1√

2
,
1√
2
(
1√
2
+ 1)

)︁
:= 𝑈,

then
Θ2 = 2Θ1 − 1 <

1√
2
, 0 < Θ3 = Θ2 − (

√
2− 1) <

1√
2

and so 𝑚 ∈ 𝐽2, 2𝑚 − 1 ∈ 𝐽1, 2𝑚 ∈ 𝐽1. Such integers 𝑚 for which Θ1 ∈ 𝑈 can be found, since
{
√
2𝑚} is dense in [0, 1).
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Then there exist positive integers 𝑘1, 𝑘2 such that⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
2ℓ(2𝑚− 2) + 1 ∈

⎧⎨⎩𝐽1 for ℓ < 𝑘1

𝐽2 for ℓ = 𝑘1,

2ℓ(2𝑚− 1) + 1 ∈

⎧⎨⎩𝐽1 for ℓ < 𝑘2

𝐽2 for ℓ = 𝑘2.

Then there exists a suitable 𝛿 > 0 such that if |{
√
2𝑁} −Θ1| < 𝛿, then⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑎𝑁 = 2(𝑁−1)
𝑁

, 𝑁 ∈ 𝐽2

2ℓ(2𝑁 − 2) + 1 ∈

⎧⎨⎩𝐽1 for ℓ < 𝑘1

𝐽2 for ℓ = 𝑘1,

2ℓ(2𝑁 − 1) + 1 ∈

⎧⎨⎩𝐽1 for ℓ < 𝑘2

𝐽2 for ℓ = 𝑘2.

Let 𝑆𝑘 be the set of the integers 𝑛, for which 𝑘 is the non-negative smallest integer for which
ℬ𝑘 ∈ 𝐽2. Let 𝑑𝑛 = [

√
2𝑛]
𝑛

. Then 𝑎𝑛 = 𝑑𝑛 · 𝑑[√2𝑛].

Let 𝐷 = 𝑓(2)𝐶−2. If (2.4) holds, then

𝐷𝑘+1𝑓
(︁𝑁 − 1

𝑁

)︁
=

𝑘∏︁
𝑗=0

𝐶−2𝑓(𝑎ℬ𝑗
),

and so it follows from 𝐷 := 𝑓(2)𝐶−2 that

⃒⃒⃒
𝐷𝑘+1𝑓

(︁𝑁 − 1

𝑁

)︁
− 1

⃒⃒⃒
≤ 𝐵

𝑘∑︁
𝑗=0

⃒⃒⃒
𝐶−1𝑓

(︁
𝑑ℬ𝑗

)︁
− 1

⃒⃒⃒
+𝐵

𝑘∑︁
𝑗=0

⃒⃒⃒
𝐶−1𝑓

(︁
𝑑ℬ[

√
2ℬ𝑗 ]

)︁
− 1

⃒⃒⃒
≤ 2

𝐵

|𝐶|
𝜀(𝑁 − 1).

Here 𝐵 is an absolute constant.
Thus

1

log 𝑥

∑︁
𝑁∈𝑆𝑘
𝑁≤𝑥

1

𝑁

⃒⃒⃒
𝐷𝑘+1𝑓

(︁𝑁 − 1

𝑁

)︁
− 1

⃒⃒⃒
→ 0 (𝑥 → ∞).

Let now 𝑁 ∈ 𝑆0, 2𝑁 − 1 ∈ 𝑆𝑘1 , 2𝑁 ∈ 𝑆𝑘2 . Then

1

log 𝑥

∑︁
𝑁∈𝑆0
𝑁≤𝑥

⃒⃒⃒
𝐷𝑓

(︁
𝑁−1
𝑁

)︁
− 1

⃒⃒⃒
𝑁

→ 0 (𝑥 → ∞),

1

log 𝑥

∑︁
2𝑁−1∈𝑆𝑘1

𝑁≤𝑥

⃒⃒⃒
𝐷𝑘1+1𝑓

(︁
2𝑁−2
2𝑁−1

)︁
− 1

⃒⃒⃒
2𝑁 − 1

→ 0 (𝑥 → ∞),
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1

log 𝑥

∑︁
2𝑁∈𝑆𝑘2
𝑁≤𝑥

⃒⃒⃒
𝐷𝑘2+1𝑓

(︁
2𝑁−2
2𝑁−1

)︁
− 1

⃒⃒⃒
2𝑁

→ 0 (𝑥 → ∞),

and so
1

log 𝑥

∑︁
𝑁≤𝑥

⋆

⃒⃒⃒
𝐷𝑘1+𝑘2+2 −𝐷

⃒⃒⃒⃒⃒⃒
𝑓
(︁

𝑁−1
𝑁

)︁⃒⃒⃒
𝑁

→ 0,

the summation is extended over those 𝑁 for which 𝑁 ∈ 𝑆0, 2𝑁 − 1 ∈ 𝑆𝑘1 , 2𝑁 ∈ 𝑆𝑘2

simultaneously holds. Since
lim
𝑥→∞

1

log 𝑥

∑︁⋆

𝑁≤𝑥

1

𝑁
> 0,

we obtain that
𝐷𝑘1+𝑘2+1 = 1.

One can compute easily that if 𝑚 = 2, then 𝑘1 = 2, 𝑘2 = 1 and if 𝑚 = 14, then 𝑘1 = 𝑘2 = 1.
Thus, 𝐷 = 1 and 𝐶2 = 𝑓(2).

3 Proof of Theorem 1
We shall prove that

1

log 𝑥

∑︁
𝑇 (𝑁)=𝑘
𝑁≤𝑥

⃒⃒⃒
𝑓
(︁

𝑁−1
𝑁

)︁
− 1

⃒⃒⃒
𝑁

→ 0 (𝑥 → ∞) (3.1)

holds for every fixed 𝑘.
We have

𝑓
(︁𝑁 − 1

𝑁

)︁
=

𝑘∏︁
𝑗=0

𝑓(𝑑ℬ𝑗
)𝑓(𝑑ℬ[

√
2ℬ𝑗 ]

),

and so ⃒⃒⃒
𝑓
(︁𝑁 − 1

𝑁

)︁
− 1

⃒⃒⃒
≤ 𝑐

⃒⃒⃒
log 𝑓

(︁𝑁 − 1

𝑁

)︁⃒⃒⃒
≤ 𝑐

𝑘∑︁
𝑗=0

⃒⃒⃒
𝑓(𝑑ℬ𝑗

)− 1
⃒⃒⃒
+ 𝑐

𝑘∑︁
𝑗=0

⃒⃒⃒
𝑓(𝑑ℬ[

√
2ℬ𝑗 ]

)− 1
⃒⃒⃒
.

The assumption of Theorem 1 implies (3.1).
Finally we note that

lim
𝑥→∞

1

log 𝑥

∑︁
𝑇 (𝑁)≥𝑈

𝑁≤𝑥

1

𝑁
= 𝑑(𝑈),

where 𝑑(𝑈) → 0 if 𝑈 → ∞.
We obtain that

1

log 𝑥

∑︁
𝑁≤𝑥

1

𝑁

⃒⃒⃒
𝑓
(︁𝑁 − 1

𝑁

)︁
− 1

⃒⃒⃒
→ 0.

We can apply Theorem B and the proof of Theorem 1 is complete. □
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The following result is a consequence of Theorem 1.

Theorem 2. Let 𝐹,𝐺 be completely additive functions, 𝐴 ∈ R and

1

log 𝑥

∑︁
𝑛≤𝑥

‖𝐺([
√
2𝑛])− 𝐹 (𝑛)− 𝐴‖

𝑛
→ 0 (𝑥 → ∞).

Then 𝐹 (𝑛) = 𝐺(𝑛) = 2𝐴
log 2

log 𝑛 for every 𝑛 ∈ N.
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