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Abstract: Let f, g be completely multiplicative functions, | f(n)| = |g(n)| = 1 (n € N). Assume
that

=0 (z— 00).

1 Von]) = Cf(n
logmzlg([ ]) = Cf(n)

n
n<x

Then
f(n)=g(n)=n", C=((/2)",7eR.
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1 Introduction

This paper is a continuation of [2-5].
A function f : N — C belongs to M* if f(nm) = f(n)f(m) holds for all n,m € N and let

’{::{fE/\/l* 1f(n)] =1 neN}.
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We shall write f(2) = J{((ZL)) if f € Mjandn,m € N. Let {x} = fractional part of = and let
] = min({z}, 1 —{z}).

In [4] we proved
Theorem A. Lete(n) |0, f,g € M*, C €C,

9([V2n]) = Cf(n)] < (n) (n€N),

furthermore

- log log 2
Zs(n) oglog2n _

n
n=2

Then f(n) = g(n) = n'" (7 € R), where C' = (\/2)"".
The proof was based on the following:

Main lemma. ([1]) If f € M} (n € N) and

< 00,

> n+1)— f(n
lef( if()l

then f(n) =n'" (7 € R).
Recently O. Klurman by using the results of [8] and [9] proved a very important theorem:

Theorem B. ([6] and [7]) If f € M3,

=0 (z — o),

1 T [f(n+1) = f(n)]
log x n
n<x
then f(n) =n'" (1 € R).
By using Theorem B we improve Theorem A as follows:

Theorem 1. Let f,g € M7,
L s lolly2a) - Cf)]

log x n
g n<z

0 (x — o0),

then f(n) = g(n) =n'" (1 € R), where C = (v/2)"".

2 Auxiliary results

Let
le{n]{\/ﬁn}<%} and = {n | (V2n} > %} (2.1)
Then N = J; U Js.
Let
[Valv2n]]
Uy 1= (2.2)
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We proved in [2] (Lemma 2) that

% if neJ,
ay, = (2.3)
if ne JQ.

For some N € N, let
By=N and B;=2B;_;—1 forall je&N.

In [2] (Lemma 3) we proved that either N € .J,, or there is a positive k, for which By € J,. Let
T(N) := k + 1, where k is the smallest positive integer for which By, € Jo. We proved that

k+1( N _ _ k-1
2 (x 1):2(813\7 1)=(jH0aBj)an (2.4)

furthermore that

1 1
T(N) < - log + cq, 2.5
M= gz B A ) T 2
c1 1s an explicit constant.
Let §(n) = g([v2n]) — C'f(n), k € N. Let
1
Ti={ne N‘{\/in} < E}‘
It is clear that 1 .
li —=A 0). 2.6
;cggolog:l,‘;cn v (>0) (26)

If n € T, then _
d(kn) = g(k)g([v2n]) — Cf (k) [(n)
and

5;f1~?>) B %g([ﬂnn = Cf(n), 8(n) = g([v2n) = Cf(n),

and so

Z\f’; 1] lg(van)] = 0,

x~>oo log X LE

which implies that g(k) = f(k).
Let ©; = {V2m},0, = {V/2-2m},03 = {V2(2m — 1)}. If

O, € (%, %(% + 1)) =U,

then

1 1
O, 2@1—1<\/_0<@3 @2—(\/5—1)<E

and som € Jy,2m — 1 € J;,2m € J;. Such integers m for which ©; € U can be found, since
{v/2m} is dense in [0, 1).

350



Then there exist positive integers ki, ko such that

(

J; for £ <k
2@m—2)+1elt !
Jy  for 0 = kq,
J; for £ <k
o@m—1)+1ed "t ?
JQ for gzk’g

\

Then there exists a suitable § > 0 such that if [{+/2N} — ©,| < 6, then

(o =N Neg,
Jy for €<k
2AON -2 +1elt T
Jo for 0 =kq,
Jy for 0 <k
22N —1)+1e " ’
| Jy  for 0 = k.

Let Sy, be the set of the integers n, for which £ is the non-negative smallest integer for which
By € Jo. Letd, = 2L Thena, = d, - d\y5,.

Let D = f(2)C~2. If (2.4) holds, then

Dk f ( ) HC QfCLB

and so it follows from D := f(2)C~? that

(5 = = B3t () <+ B[ (0)
j=0

B
<2—g(N —1).
C]
Here B is an absolute constant.

Thus
1

logz 4= N’

Letnow N € 5y,2N — 1 € Sk,,2N € Sk,. Then

k“f(E) —1‘ — 0 (z — 00).

N

N-1
1 - [PA() -]
— —
log x Z N 0 (x = o0),
NeSy
N<z
ki1 g 2N—2
! () -1
— Z i — 0 (z — o0),
log 2N —1
2N-1€5,
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g [P
T o0

log x ohvesy, 2N
N<z
and so
Dki+ka+2 _ D‘ ‘f(ﬁ) ‘
1 *
> =0
10ng<ac N

T — 00),

the summation is extended over those N for which N € S5p,2N — 1 € S, ,2N € S,

simultaneously holds. Since

1 * 1
i — >0
Pt longNgzN ’
we obtain that
Dk1+k2+1 — 1.

One can compute easily that if m = 2, then k; = 2,k = 1 and if m = 14, then k; = ky = 1.

Thus, D = 1 and C? = f(2).

3 Proof of Theorem 1

We shall prove that

log s N
N<z
holds for every fixed k.
We have i
N -1
(=)= [1 s, )
j:
and so

1(557) -1 = s (55|

The assumption of Theorem 1 implies (3.1).
Finally we note that

1 1
lim — =d(U),
z—o0 log x T%;U N

N<z

where d(U) — 0if U — oo.
‘We obtain that

SR o

log x =

We can apply Theorem B and the proof of Theorem 1 is complete.
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The following result is a consequence of Theorem 1.
Theorem 2. Let F', G be completely additive functions, A € R and

LS~ GOVI) = P = 4]

log x n
&) n<x

T — 00).

Then F(n) = G(n) = 24 logn for every n € N.

= log 2
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