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1 Introduction
In 2007, Falcón and Plaza [5] introduced a generalization of Fibonacci sequence called 𝑘-Fibonacci
sequence {𝐹𝑘,𝑛}𝑛≥0 as

𝐹𝑘,0 = 0, 𝐹𝑘,1 = 1, 𝐹𝑘,𝑛 = 𝑘𝐹𝑘,𝑛−1 + 𝐹𝑘,𝑛−2, 𝑛 ≥ 2, 𝑘 ∈ R. (1.1)

Later on, in 2011, Falcón [4] extended this generalization to the Lucas sequence and introduced
𝑘-Lucas sequence {𝐿𝑘,𝑛}𝑛≥0 defined as

𝐿𝑘,0 = 2, 𝐿𝑘,1 = 𝑘, 𝐿𝑘,𝑛 = 𝑘𝐿𝑘,𝑛−1 + 𝐿𝑘,𝑛−2, 𝑛 ≥ 2, 𝑘 ∈ R. (1.2)

The characteristic equation corresponding to the above recurrence relations is

𝛽2 − 𝑘𝛽 − 1 = 0 (1.3)

with roots 𝛽1 =
𝑘 +

√
𝑘2 + 4

2
and 𝛽2 =

𝑘 −
√
𝑘2 + 4

2
having the following relations:

𝛽1 + 𝛽2 = 𝑘, 𝛽1𝛽2 = −1, 𝛽1 − 𝛽2 =
√
𝑘2 + 4. (1.4)

The Binet forms of 𝑘-Fibonacci and 𝑘-Lucas sequences are given by

𝐹𝑘,𝑛 =
𝛽𝑛
1 − 𝛽𝑛

2

𝛽1 − 𝛽2

and 𝐿𝑘,𝑛 = 𝛽𝑛
1 + 𝛽𝑛

2 ,

respectively. The first few terms of 𝑘-Fibonacci and 𝑘-Lucas sequences are shown in the next
Table 1.

Table 1. The first few terms of 𝑘-Fibonacci and 𝑘-Lucas sequences

𝑛 𝐹𝑘,𝑛 𝐿𝑘,𝑛

0 0 2

1 1 𝑘

2 𝑘 𝑘2 + 2

3 𝑘2 + 1 𝑘3 + 3𝑘

4 𝑘3 + 2𝑘 𝑘4 + 4𝑘2 + 2

5 𝑘4 + 3𝑘2 + 1 𝑘5 + 5𝑘3 + 5𝑘

6 𝑘5 + 4𝑘3 + 3𝑘 𝑘6 + 6𝑘4 + 9𝑘2 + 2

In 2015, Ramírez [7] introduced a new sequence of quaternions with coefficients being the
𝑘-Fibonacci and 𝑘-Lucas numbers and studied their properties. The 𝑘-Fibonacci quaternions 𝐷𝑘,𝑛

and the 𝑘-Lucas quaternions 𝑃𝑘,𝑛 are defined by the equations

𝐷𝑘,𝑛 = 𝐹𝑘,𝑛 + 𝐹𝑘,𝑛+1𝑒1 + 𝐹𝑘,𝑛+2𝑒2 + 𝐹𝑘,𝑛+3𝑒3, 𝑛 ≥ 0, (1.5)

and

𝑃𝑘,𝑛 = 𝐿𝑘,𝑛 + 𝐿𝑘,𝑛+1𝑒1 + 𝐿𝑘,𝑛+2𝑒2 + 𝐿𝑘,𝑛+3𝑒3, 𝑛 ≥ 0, (1.6)

where the basis 𝑒1, 𝑒2, 𝑒3 satisfies the properties

𝑒21 = 𝑒22 = 𝑒23 = 𝑒1𝑒2𝑒3 = −1.
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In general, a quaternion with real coefficients is of the form 𝑞 = 𝑎 + 𝑏𝑒1 + 𝑐𝑒2 + 𝑑𝑒3, where
{1, 𝑒1, 𝑒2, 𝑒3} is the quaternion basis satisfying

𝑒21 = 𝑒22 = 𝑒23 = −1, 𝑒1𝑒2 = −𝑒2𝑒1 = 𝑒3, 𝑒2𝑒3 = −𝑒3𝑒2 = 𝑒1, 𝑒3𝑒1 = −𝑒1𝑒3 = 𝑒2. (1.7)

Ramírez derived many properties of 𝑘-Fibonacci and 𝑘-Lucas quaternions, some of which are
restated here:

∙ The Binet formulae are

𝐷𝑘,𝑛 =
𝛼̂𝛽𝑛

1 − 𝛽𝛽𝑛
2

𝛽1 − 𝛽2

and 𝑃𝑘,𝑛 = 𝛼̂𝛽𝑛
1 + 𝛽𝛽𝑛

2 , (1.8)

where 𝛼̂ = 1 + 𝛽1𝑒1 + 𝛽2
1𝑒2 + 𝛽3

1𝑒3 and 𝛽 = 1 + 𝛽2𝑒1 + 𝛽2
2𝑒2 + 𝛽3

2𝑒3.

∙ The Catalan’s identity for the 𝑘-Fibonacci quaternions is

𝐷𝑘,𝑛−𝑟𝐷𝑘,𝑛+𝑟 −𝐷2
𝑘,𝑛 = (−1)𝑛−𝑟+1(2𝐹𝑘,𝑟𝐷𝑘,𝑟 − 𝐿𝑘,2𝐹𝑘,2𝑟𝑒3). (1.9)

∙ The Cassini’s identity is given by

𝐷𝑘,𝑛−1𝐷𝑘,𝑛+1 −𝐷2
𝑘,𝑛 = (−1)𝑛(2𝐷𝑘,1 − 𝑒3(𝑘

3 + 2𝑘)). (1.10)

∙ The d’Ocagne’s identity is given by

𝐷𝑘,𝑟+1𝐷𝑘,𝑛 −𝐷𝑘,𝑟𝐷𝑘,𝑛+1 =
(−1)𝑚(𝛽𝛼̂𝛽𝑛−𝑚

1 − 𝛼̂𝛽𝛽𝑛−𝑚
2 )

𝛽1 − 𝛽2

. (1.11)

We proceed with some concepts that will be needed later. Consider an isotropic vector
(𝑥, 𝑦, 𝑧) ∈ C3, where C3 is the three dimensional space referred to as a system of orthogonal
coordinates. Then the vector (𝑥, 𝑦, 𝑧) satisfies 𝑥2 + 𝑦2 + 𝑧2 = 0. Two numbers 𝜂1 and 𝜂2 can be
associated with this vector as

𝑥 = 𝜂21 − 𝜂22, 𝑦 = 𝑖(𝜂21 + 𝜂22), 𝑧 = −2𝜂1𝜂2.

By solving the above equations, we get

𝜂1 = ±
√︂

𝑥− 𝑖𝑦

2
and 𝜂2 = ±

√︂
−𝑥− 𝑖𝑦

2
.

This leads to a definition of a spinor as introduced by Cartan [1]

𝜂 =

[︃
𝜂1
𝜂2

]︃
. (1.12)

A spinor 𝜂 conjugate to 𝜂 is defined by (Cartan [1])

𝜂 = 𝑖𝐴𝜂, (1.13)

where 𝜂 is complex conjugate of 𝜂 and 𝐴 =

[︃
0 1

−1 0

]︃
.

In 1984, Vivarelli [8] defined a linear and injective correspondence between the quaternions
and spinors. Let the sets of quaternions and spinors be denoted as H and S, respectively. Then
the correspondence is defined as below.

324



Definition 1.1. Let 𝜑 : H → S be any correspondence between a quaternion 𝑞 = 𝑎+ 𝑏𝑒1 + 𝑐𝑒2 +

𝑑𝑒3 ∈ H and a spinor 𝜂 =

[︃
𝜂1
𝜂2

]︃
∈ S. It is given by

𝜑(𝑎+ 𝑏𝑒1 + 𝑐𝑒2 + 𝑑𝑒3) =

[︃
𝑑+ 𝑖𝑎

𝑏+ 𝑖𝑐

]︃
≡ 𝜂. (1.14)

Also, Vivarelli [8] has defined the correspondence between the product of two quaternions
and a spinor product matrix given by

𝑞𝑝 → −𝑖𝑄̂𝑃, (1.15)

where 𝑃 is the spinor corresponding to the quaternion 𝑞 and 𝑄̂ is the complex unitary square
matrix defined as [︃

𝑑+ 𝑖𝑎 𝑏− 𝑖𝑐

𝑏+ 𝑖𝑐 −𝑑+ 𝑖𝑎

]︃
. (1.16)

Finally, the mate of a spinor 𝜂 introduced by Castillo [2] is

𝜂 = −𝐴𝜂. (1.17)

Erişir and Güngör [3] introduced the Fibonacci spinors using Fibonacci quaternions and studied
their algebra. In this paper, we generalize the concept of the Fibonacci spinors by introducing
the 𝑘-Fibonacci and 𝑘-Lucas spinors. Starting with the Binet formulas we present their basic
properties, such as Cassini’s identity, Catalan’s identity, d’Ocagne’s identity, Vajda’s identity, and
Honsberger’s identity. In addition, we discuss their generating functions. Finally, we obtain sum
formulae and relations between 𝑘-Fibonacci and 𝑘-Lucas spinors.

2 𝑘-Fibonacci spinors
In this section, we define the 𝑘-Fibonacci spinor sequence {𝐹𝑆𝑘,𝑛}𝑛≥0 and its conjugates.
Moreover, we obtain its Binet type formula, generating function and some interesting identities.

Consider the correspondence between the set of 𝑘-Fibonacci quaternions denoted as F and the
set of spinors S. Using Definition 1.1, the correspondence 𝜑 : F → S is defined as

𝜑(𝐹𝑘,𝑛 + 𝐹𝑘,𝑛+1𝑒1 + 𝐹𝑘,𝑛+2𝑒2 + 𝐹𝑘,𝑛+3𝑒3) =

[︃
𝐹𝑘,𝑛+3 + 𝑖𝐹𝑘,𝑛

𝐹𝑘,𝑛+1 + 𝑖𝐹𝑘,𝑛+2

]︃
= 𝐹𝑆𝑘,𝑛. (2.1)

Note that this transformation is linear and injective but not surjective and hence not bĳective.
If 𝐷𝑘,𝑛 = 𝐹𝑘,𝑛−𝐹𝑘,𝑛+1𝑒1 −𝐹𝑘,𝑛+2𝑒2 −𝐹𝑘,𝑛+3𝑒3 is the conjugate of the quaternion 𝐷𝑘,𝑛, then the
𝑘-Fibonacci spinor 𝐹𝑆*

𝑘,𝑛 corresponding to 𝐷𝑘,𝑛 is

𝐹𝑆*
𝑘,𝑛 =

[︃
−𝐹𝑘,𝑛+3 + 𝑖𝐹𝑘,𝑛

−𝐹𝑘,𝑛+1 − 𝑖𝐹𝑘,𝑛+2

]︃
.

Now, by the above defined transformation we introduce a sequence of 𝑘-Fibonacci spinors
recursively given in the following definition.
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Definition 2.1. For 𝑛 ≥ 0, the 𝑘-Fibonacci spinor sequence {𝐹𝑆𝑘,𝑛} is defined recursively by

𝐹𝑆𝑘,𝑛+2 = 𝑘𝐹𝑆𝑘,𝑛+1 + 𝐹𝑆𝑘,𝑛, (2.2)

with 𝐹𝑆𝑘,0 =

[︃
𝑘2 + 1

1 + 𝑖𝑘

]︃
and 𝐹𝑆𝑘,1 =

[︃
𝑘3 + 2𝑘 + 𝑖

𝑘 + 𝑖(𝑘2 + 1)

]︃
.

From (2.2) we note that the characteristic equation for 𝑘-Fibonacci spinors is same as of
𝑘-Fibonacci sequence (1.3) and hence the roots are 𝛽1 and 𝛽2 satisfying the relations in (1.4).
Complex conjugate of 𝐹𝑆𝑘,𝑛 can be written as

𝐹𝑆𝑘,𝑛 =

[︃
𝐹𝑘,𝑛+3 − 𝑖𝐹𝑘,𝑛

𝐹𝑘,𝑛+1 − 𝑖𝐹𝑘,𝑛+2

]︃
.

The spinor conjugate to the 𝑘-Fibonacci spinor 𝐹𝑆𝑘,𝑛 equals

𝑆𝑘,𝑛 = 𝑖𝐴𝑆𝑘,𝑛 =

[︃
𝐹𝑘,𝑛+2 + 𝑖𝐹𝑘,𝑛+1

−𝐹𝑘,𝑛 − 𝑖𝐹𝑘,𝑛+3

]︃
,

where we have used (1.13). Also, from (1.17) the mate of 𝐹𝑆𝑘,𝑛 is given by

𝑆𝑘,𝑛 = −𝐴𝑆𝑘,𝑛 =

[︃
−𝐹𝑘,𝑛+1 + 𝑖𝐹𝑘,𝑛+2

𝐹𝑘,𝑛+3 − 𝑖𝐹𝑘,𝑛

]︃
.

Theorem 2.1 (Binet formula). For 𝑛 ≥ 0, we have

𝐹𝑆𝑘,𝑛 =
1√

𝑘2 + 4

[︃
𝛽3
1 + 𝑖

𝛽1 + 𝑖𝛽2
1

]︃
𝛽𝑛
1 − 1√

𝑘2 + 4

[︃
𝛽3
2 + 𝑖

𝛽2 + 𝑖𝛽2
2

]︃
𝛽𝑛
2 . (2.3)

Proof. We know that the characteristic equation for the 𝑘-Fibonacci spinor sequence {𝐹𝑆𝑘,𝑛} is
the same as the characteristic equation for the 𝑘-Fibonacci sequence. Hence, we can write

𝐹𝑆𝑘,𝑛 = 𝐴𝛽𝑛
1 +𝐵𝛽𝑛

2 , (2.4)

with 𝐴 and 𝐵 to be determined. We have

𝐹𝑆𝑘,0 = 𝐴+𝐵 =

[︃
𝑘2 + 1

1 + 𝑖𝑘

]︃
and 𝐹𝑆𝑘,1 = 𝐴𝛽1 +𝐵𝛽2 =

[︃
𝑘3 + 2𝑘 + 𝑖

𝑘 + 𝑖(𝑘2 + 1)

]︃
.

After some necessary calculations, we get

𝐴 =
1√

𝑘2 + 4

[︃
𝛽3
1 + 𝑖

𝛽1 + 𝑖𝛽2
1

]︃
and 𝐵 = − 1√

𝑘2 + 4

[︃
𝛽3
2 + 𝑖

𝛽2 + 𝑖𝛽2
2

]︃
.

This completes the proof.

With the help of the Binet formula, we can also extend the 𝑘-Fibonacci spinor sequence
{𝐹𝑆𝑘,𝑛} in the negative direction. This is shown in the next theorem.
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Theorem 2.2. For 𝑛 ≥ 0, we have

𝐹𝑆𝑘,−𝑛 = (−1)𝑛

[︃
𝐹𝑘,𝑛−3 − 𝑖𝐹𝑘,𝑛

𝐹𝑘,𝑛−1 − 𝑖𝐹𝑘,𝑛−2

]︃
. (2.5)

Proof. Using the fact that 𝛽1𝛽2 = −1, we have 𝛽−𝑛
1 = (−1)𝑛𝛽𝑛

2 and 𝛽−𝑛
2 = (−1)𝑛𝛽𝑛

1 . Upon
replacing 𝑛 by −𝑛 in (2.4), we obtain

𝐹𝑆𝑘,−𝑛 = 𝐴𝛽−𝑛
1 +𝐵𝛽−𝑛

2

= 𝐴(−1)𝑛𝛽𝑛
2 +𝐵(−1)𝑛𝛽𝑛

1

= (−1)𝑛(𝐴𝛽𝑛
2 +𝐵𝛽𝑛

1 ).

Since 𝐴 =
1√

𝑘2 + 4

[︃
𝛽3
1 + 𝑖

𝛽1 + 𝑖𝛽2
1

]︃
and 𝐵 = − 1√

𝑘2 + 4

[︃
𝛽3
2 + 𝑖

𝛽2 + 𝑖𝛽2
2

]︃
, we finally get

𝐹𝑆𝑘,−𝑛 = (−1)𝑛

[︃
[−(𝑘3 + 2𝑘)𝐹𝑘,𝑛 + (𝑘2 + 1)𝐹𝑘,𝑛+1]− 𝑖𝐹𝑘,𝑛

(−𝑘𝐹𝑘,𝑛 + 𝐹𝑘,𝑛+1) + 𝑖[−(𝑘2 + 1)𝐹𝑘,𝑛 + 𝑘𝐹𝑘,𝑛+1]

]︃

= (−1)𝑛

[︃
𝐹𝑘,𝑛−3 − 𝑖𝐹𝑘,𝑛

𝐹𝑘,𝑛−1 − 𝑖𝐹𝑘,𝑛−2

]︃
.

Theorem 2.3 (Cassini’s identity). For 𝑛 ∈ N, we have

𝑆𝑘,𝑛−1𝐹𝑆𝑘,𝑛+1 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 = (−1)𝑛

[︃
−2𝐹𝑘,1 + 𝑖𝐹𝑘,4

−2𝐹𝑘,3 + 𝑖2𝐹𝑘,2

]︃
. (2.6)

Proof. For 𝑛,𝑚 ∈ N let 𝐷𝑘,𝑛 = 𝐹𝑘,𝑛 + 𝐹𝑘,𝑛+1𝑒1 + 𝐹𝑘,𝑛+2𝑒2 + 𝐹𝑘,𝑛+3𝑒3 and 𝐷𝑘,𝑚 = 𝐹𝑘,𝑚 +

𝐹𝑘,𝑚+1𝑒1 + 𝐹𝑘,𝑚+2𝑒2 + 𝐹𝑘,𝑚+3𝑒3 be two 𝑘-Fibonacci quaternions, respectively. Then by (1.15),
we can write

𝐷𝑘,𝑛𝐷𝑘,𝑚 = −𝑖𝑆𝑘,𝑛𝐹𝑆𝑘,𝑚,

where 𝑆𝑘,𝑛 =

[︃
𝐹𝑘,𝑛+3 + 𝑖𝐹𝑘,𝑛 𝐹𝑘,𝑛+1 − 𝑖𝐹𝑘,𝑛+2

𝐹𝑘,𝑛+1 + 𝑖𝐹𝑘,𝑛+2 −𝐹𝑘,𝑛+3 + 𝑖𝐹𝑘,𝑛

]︃
and 𝐹𝑆𝑘,𝑚 =

[︃
𝐹𝑘,𝑚+3 + 𝑖𝐹𝑘,𝑚

𝐹𝑘,𝑚+1 + 𝑖𝐹𝑘,𝑚+2

]︃
. Thus,

we have

𝐷𝑘,𝑛−1𝐷𝑘,𝑛+1 −𝐷2
𝑘,𝑛 = −𝑖𝑆𝑘,𝑛−1𝐹𝑆𝑘,𝑛+1 + 𝑖𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 = −𝑖(𝑆𝑘,𝑛−1𝐹𝑆𝑘,𝑛+1 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛).

Now using Cassini’s identity for the 𝑘-Fibonacci quaternions (1.10), we have

−𝑖(𝑆𝑘,𝑛−1𝐹𝑆𝑘,𝑛+1 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛) = (−1)𝑛

[︃
𝐹𝑘,4 + 𝑖2𝐹𝑘,1

2𝐹𝑘,2 + 𝑖2𝐹𝑘,3

]︃
or equivalently

𝑆𝑘,𝑛−1𝐹𝑆𝑘,𝑛+1 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 = (−1)𝑛

[︃
−2𝐹𝑘,1 + 𝑖𝐹𝑘,4

−2𝐹𝑘,3 + 𝑖2𝐹𝑘,2

]︃
.

Note that if we substitute 𝑘 = 1 in (2.6), we get Cassini’s identity for the ordinary Fibonacci
spinors as derived in [3].
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Theorem 2.4 (Catalan’s identity). For 𝑛 ∈ N, we have

𝑆𝑘,𝑛−𝑟𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 = (−1)𝑛−𝑟+1

[︃
−2𝐹 2

𝑘,𝑟 + 𝑖
(︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+3 − (𝑘2 + 2)𝐹𝑘,2𝑟

)︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+2 + 𝑖2𝐹𝑘,𝑟𝐹𝑘,𝑟+1

]︃
. (2.7)

Proof. We already know that

𝐷𝑘,𝑛−𝑟𝐷𝑘,𝑛+𝑟 −𝐷2
𝑘,𝑛 = −𝑖𝑆𝑘,𝑛−𝑟𝐹𝑆𝑘,𝑛+𝑟 + 𝑖𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 = −𝑖(𝑆𝑘,𝑛−𝑟𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛).

Now using Catalan’s identity for the k-Fibonacci quaternions (1.9), we get

−𝑖(𝑆𝑘,𝑛−𝑟𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛) = (−1)𝑛−𝑟+1

[︃(︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+3 − (𝑘2 + 2)𝐹𝑘,2𝑟

)︀
+ 𝑖2𝐹 2

𝑘,𝑟

2𝐹𝑘,𝑟𝐹𝑘,𝑟+1 + 𝑖2𝐹𝑘,𝑟𝐹𝑘,𝑟+2

]︃
or equivalently

𝑆𝑘,𝑛−𝑟𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 = (−1)𝑛−𝑟+1

[︃
−2𝐹 2

𝑘,𝑟 + 𝑖
(︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+3 − (𝑘2 + 2)𝐹𝑘,2𝑟

)︀
−2𝐹𝑘,𝑟𝐹𝑘,𝑟+2 + 𝑖2𝐹𝑘,𝑟𝐹𝑘,𝑟+1

]︃
.

Theorem 2.5 (d’Ocagne’s identity). For 𝑛, 𝑟 ∈ N, we have

𝑆𝑘,𝑟+1𝐹𝑆𝑘,𝑛 − 𝑆𝑘,𝑟𝐹𝑆𝑘,𝑛+1 = (−1)𝑟

[︃
−2𝐹𝑘,𝑛−𝑟 + 𝑖

(︀
𝐹𝑘,𝑛−𝑟+3 + 𝐹𝑘,𝑛−𝑟−1

)︀
−2𝐹𝑘,𝑛−𝑟+2 + 𝑖2𝐹𝑘,𝑛−𝑟+1

]︃
. (2.8)

Proof. By the expression (1.11), we write

𝐷𝑘,𝑟+1𝐷𝑘,𝑛 −𝐷𝑘,𝑟𝐷𝑘,𝑛+1 =
(−1)𝑟(𝛽𝛼̂𝛽𝑛−𝑚

1 − 𝛼̂𝛽𝛽𝑛−𝑚
2 )

𝛽1 − 𝛽2

.

Using the values of 𝛼̂𝛽 and 𝛽𝛼̂ and Definition 1.5, we rewrite the above expression as

𝐷𝑘,𝑟+1𝐷𝑘,𝑛 −𝐷𝑘,𝑟𝐷𝑘,𝑛+1 = (−1)𝑟
(︀
2𝐷𝑘,𝑛−𝑟 + (𝐹𝑘,𝑛−𝑟−1 − 𝐹𝑘,𝑛−𝑟+3)𝑒3

)︀
.

Now, we have

𝐷𝑘,𝑟+1𝐷𝑘,𝑛 −𝐷𝑘,𝑟𝐷𝑘,𝑛+1 = −𝑖𝑆𝑘,𝑟+1𝐹𝑆𝑘,𝑛 + 𝑖𝑆𝑘,𝑟𝐹𝑆𝑘,𝑛+1 = −𝑖(𝑆𝑘,𝑟+1𝐹𝑆𝑘,𝑛 − 𝑆𝑘,𝑟𝐹𝑆𝑘,𝑛+1).

And thus, we get

−𝑖(𝑆𝑘,𝑟+1𝐹𝑆𝑘,𝑛 − 𝑆𝑘,𝑟𝐹𝑆𝑘,𝑛+1) = (−1)𝑟

[︃(︀
𝐹𝑘,𝑛−𝑟+3 + 𝐹𝑘,𝑛−𝑟−1

)︀
+ 𝑖2𝐹𝑘,𝑛−𝑟

2𝐹𝑘,𝑛−𝑟+1 + 𝑖2𝐹𝑘,𝑛−𝑟+2

]︃
or equivalently

𝑆𝑘,𝑟+1𝐹𝑆𝑘,𝑛 − 𝑆𝑘,𝑟𝐹𝑆𝑘,𝑛+1 = (−1)𝑟

[︃
−2𝐹𝑘,𝑛−𝑟 + 𝑖

(︀
𝐹𝑘,𝑛−𝑟+3 + 𝐹𝑘,𝑛−𝑟−1

)︀
−2𝐹𝑘,𝑛−𝑟+2 + 𝑖2𝐹𝑘,𝑛−𝑟+1

]︃
.

Theorem 2.6 (Honsberger’s identity). For 𝑛, 𝑟 ∈ N, we have

𝑆𝑘,𝑛+1𝐹𝑆𝑘,𝑟+𝑆𝑘,𝑛𝐹𝑆𝑘,𝑟−1=

[︃
−
(︀
𝐹𝑘,𝑛+𝑟+𝐹𝑘,𝑛+𝑟+2+𝐹𝑘,𝑛+𝑟+4+𝐹𝑘,𝑛+𝑟+6

)︀
+𝑖2𝐹𝑘,𝑛+𝑟+3

−2𝐹𝑘,𝑛+𝑟+2 + 𝑖2𝐹𝑘,𝑛+𝑟+1

]︃
. (2.9)
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Proof. Here, we make use of the identity

𝐷𝑘,𝑛+1𝐷𝑘,𝑟 +𝐷𝑘,𝑛𝐷𝑘,𝑟−1 = 2𝐷𝑘,𝑛+𝑟 +
(︀
𝐹𝑘,𝑛+𝑟 + 𝐹𝑘,𝑛+𝑟+2 + 𝐹𝑘,𝑛+𝑟+4 + 𝐹𝑘,𝑛+𝑟+6

)︀
in conjunction with (1.15), to get

𝐷𝑘,𝑛+1𝐷𝑘,𝑟 +𝐷𝑘,𝑛𝐷𝑘,𝑟−1 = −𝑖𝑆𝑘,𝑛+1𝐹𝑆𝑘,𝑟 + 𝑖𝑆𝑘,𝑛𝐹𝑆𝑘,𝑟−1 = −𝑖(𝑆𝑘,𝑛+1𝐹𝑆𝑘,𝑟 + 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑟−1).

This produces

−𝑖(𝑆𝑘,𝑛+1𝐹𝑆𝑘,𝑟 + 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑟−1) =

[︃
2𝐹𝑘,𝑛+𝑟+3 + 𝑖

(︀
𝐹𝑘,𝑛+𝑟 + 𝐹𝑘,𝑛+𝑟+2 + 𝐹𝑘,𝑛+𝑟+4 + 𝐹𝑘,𝑛+𝑟+6

)︀
2𝐹𝑘,𝑛+𝑟+1 + 𝑖2𝐹𝑘,𝑛+𝑟+2

]︃
and the proof is completed.

Theorem 2.7 (Vajda’s identity). For 𝑛,𝑚, 𝑟 ∈ N, we have

𝑆𝑘,𝑛+𝑚𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛+𝑚+𝑟 = (−1)𝑛𝐹𝑘,𝑚

[︃
−2𝐹𝑘,𝑟 + 𝑖

(︀
𝐹𝑘,𝑟+3 − 𝑘2𝐿𝑘,𝑟

)︀
−2𝐹𝑘,𝑟+2 + 𝑖2𝐹𝑘,𝑟+1

]︃
. (2.10)

Proof. Using (1.15), we may write

𝐷𝑘,𝑛+𝑚𝐷𝑘,𝑛+𝑟 −𝐷𝑘,𝑛𝐷𝑘,𝑛+𝑚+𝑟 = −𝑖(𝑆𝑘,𝑛+𝑚𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛+𝑚+𝑟)

as well as
𝐷𝑘,𝑛+𝑚𝐷𝑘,𝑛+𝑟 −𝐷𝑘,𝑛𝐷𝑘,𝑛+𝑚+𝑟 = (−1)𝑛𝐹𝑘,𝑚

(︀
2𝐷𝑘,𝑟 − 𝑘2𝐿𝑘,𝑟𝑒3

)︀
.

Thus,

−𝑖(𝑆𝑘,𝑛+𝑚𝐹𝑆𝑘,𝑛+𝑟 − 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛+𝑚+𝑟) = (−1)𝑛𝐹𝑘,𝑚

[︃(︀
𝐹𝑘,𝑟+3 − 𝑘2𝐿𝑘,𝑟

)︀
+ 𝑖2𝐹𝑘,𝑟

2𝐹𝑘,𝑟+1 + 𝑖2𝐹𝑘,𝑟+2

]︃
and the proof is completed.

Theorem 2.8 (Generating function). The generating function for the 𝑘-Fibonacci spinor sequence
{𝐹𝑆𝑘,𝑛} is

𝐺𝑘(𝑥) =
1

1− 𝑘𝑥− 𝑥2

[︃
𝑘2 + 𝑥𝑘 + 1 + 𝑖𝑥

1 + 𝑖(𝑘 + 𝑥)

]︃
. (2.11)

Proof. By definition, the generating function for the 𝑘-Fibonacci spinor sequence {𝐹𝑆𝑘,𝑛} is

𝐺𝑘(𝑥) =
∞∑︁
𝑛=0

𝐹𝑆𝑘,𝑛𝑥
𝑛.

If we multiply the recurrence relation (2.2) by 𝑥𝑛+2 and sum from zero to infinity, we get
∞∑︁
𝑛=0

𝐹𝑆𝑘,𝑛+2𝑥
𝑛+2 − 𝑘

∞∑︁
𝑛=0

𝐹𝑆𝑘,𝑛+1𝑥
𝑛+2 −

∞∑︁
𝑛=0

𝐹𝑆𝑘,𝑛𝑥
𝑛+2 = 0.

This is simply

(𝐺𝑘(𝑥)− 𝐹𝑆𝑘,0 − 𝐹𝑆𝑘,1𝑥)− 𝑥𝑘(𝐺𝑘(𝑥)− 𝐹𝑆𝑘,0)− 𝑥2𝐺𝑘(𝑥) = 0

or
𝐺𝑘(𝑥)− 𝑥𝑘𝐺𝑘(𝑥)− 𝑥2𝐺𝑘(𝑥) = 𝐹𝑆𝑘,0 + (𝐹𝑆𝑘,1 − 𝑘𝐹𝑆𝑘,0)𝑥.

The proof is completed upon inserting the initial values.
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Theorem 2.9 (Finite sum formulae). The sums of the first 𝑛 terms of the 𝑘-Fibonacci spinor
sequence {𝐹𝑆𝑘,𝑛} equal

1.
∑︀𝑛

𝑗=1 𝐹𝑆𝑘,𝑗 =
1
𝑘
[𝐹𝑆𝑘,𝑛+1 + 𝐹𝑆𝑘,𝑛 − (𝐹𝑆𝑘,0 + 𝐹𝑆𝑘,1)],

2.
∑︀𝑛

𝑗=1 𝐹𝑆𝑘,2𝑗 =
1
𝑘
[𝐹𝑆𝑘,2𝑛+1 − 𝐹𝑆𝑘,1],

3.
∑︀𝑛

𝑗=1 𝐹𝑆𝑘,2𝑗−1 =
1
𝑘
[𝐹𝑆𝑘,2𝑛 − 𝐹𝑆𝑘,0].

Proof. These finite sum identities can be proved by using the corresponding sum identities for
𝑘-Fibonacci sequences (see [5, 6]). For instance, the first identity follows from

∑︀𝑛
𝑗=1 𝐹𝑘,𝑗 =

1
𝑘
[𝐹𝑘,𝑛+1 + 𝐹𝑘,𝑛 − 1], while the second identity uses

∑︀𝑛
𝑗=1 𝐹𝑘,2𝑗 =

1
𝑘
[𝐹𝑘,2𝑛+1 − 1], and the third

identity follows from
∑︀𝑛

𝑗=1 𝐹𝑘,2𝑗−1 =
1
𝑘
[𝐹𝑘,2𝑛].

3 𝑘-Lucas spinors
In this section, we introduce the 𝑘-Lucas spinor sequence {𝐿𝑆𝑘,𝑛} analogous to the 𝑘-Fibonacci
spinor sequence {𝐹𝑆𝑘,𝑛} and state the basic properties of this sequence like Binet formula,
Cassini’s identity, Catalan’s identity and so on.

Let 𝑃𝑘,𝑛 = 𝐿𝑘,𝑛 + 𝐿𝑘,𝑛+1𝑒1 + 𝐿𝑘,𝑛+2𝑒2 + 𝐿𝑘,𝑛+3𝑒3 be the 𝑘-Lucas quaternion. Then the
corresponding 𝑘-Lucas spinor is given by

𝜑(𝐿𝑘,𝑛 + 𝐿𝑘,𝑛+1𝑒1 + 𝐿𝑘,𝑛+2𝑒2 + 𝐿𝑘,𝑛+3𝑒3) =

[︃
𝐿𝑘,𝑛+3 + 𝑖𝐿𝑘,𝑛

𝐿𝑘,𝑛+1 + 𝑖𝐿𝑘,𝑛+2

]︃
= 𝐿𝑆𝑘,𝑛. (3.1)

The 𝑘-Lucas spinor 𝐿𝑆*
𝑘,𝑛 corresponding to the conjugate 𝑃 𝑘,𝑛 = 𝐿𝑘,𝑛 − 𝐿𝑘,𝑛+1𝑒1 − 𝐿𝑘,𝑛+2𝑒2 −

𝐿𝑘,𝑛+3𝑒3 of 𝑃𝑘,𝑛 is

𝐿𝑆*
𝑘,𝑛 =

[︃
−𝐿𝑘,𝑛+3 + 𝑖𝐿𝑘,𝑛

−𝐿𝑘,𝑛+1 − 𝑖𝐿𝑘,𝑛+2

]︃
.

Definition 3.1. For 𝑛 ≥ 0, 𝑘-Lucas spinor sequence {𝐿𝑆𝑘,𝑛}𝑛≥0 is defined recursively by

𝐿𝑆𝑘,𝑛+2 = 𝑘𝐿𝑆𝑘,𝑛+1 + 𝐿𝑆𝑘,𝑛, (3.2)

with the initial values

𝐿𝑆𝑘,0 =

[︃
(𝑘3 + 3𝑘) + 𝑖2

𝑘 + 𝑖(𝑘2 + 2)

]︃
and 𝐿𝑆𝑘,1 =

[︃
(𝑘4 + 4𝑘2 + 2) + 𝑖𝑘

(𝑘2 + 2) + 𝑖(𝑘3 + 3𝑘)

]︃
.

The complex conjugate of 𝐿𝑆𝑘,𝑛 is 𝐿𝑆𝑘,𝑛 =

[︃
𝐿𝑘,𝑛+3 − 𝑖𝐿𝑘,𝑛

𝐿𝑘,𝑛+1 − 𝑖𝐿𝑘,𝑛+2

]︃
.

The spinor conjugate to the 𝑘-Lucas spinor𝐿𝑆𝑘,𝑛 is𝐿𝑆𝑘,𝑛 = 𝑖𝐴𝐿𝑆𝑘,𝑛 =

[︃
𝐿𝑘,𝑛+2 + 𝑖𝐿𝑘,𝑛+1

−𝐿𝑘,𝑛 − 𝑖𝐿𝑘,𝑛+3

]︃
.

Finally, the mate of 𝐿𝑆𝑘,𝑛 can be written as 𝐿𝑆𝑘,𝑛 = −𝐴𝐿𝑆𝑘,𝑛 =

[︃
−𝐿𝑘,𝑛+1 + 𝑖𝐿𝑘,𝑛+2

𝐿𝑘,𝑛+3 − 𝑖𝐿𝑘,𝑛

]︃
.
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Theorem 3.1 (Binet formula). For 𝑛 ≥ 0, we have

𝐿𝑆𝑘,𝑛 =

[︃
𝛽3
1 + 𝑖

𝛽1 + 𝑖𝛽2
1

]︃
𝛽𝑛
1 +

[︃
𝛽3
2 + 𝑖

𝛽2 + 𝑖𝛽2
2

]︃
𝛽𝑛
2 . (3.3)

Proof. Consider the expression 𝐿𝑆𝑘,𝑛 = 𝐴𝛽𝑛
1 + 𝐵𝛽𝑛

2 . Then using the initial values in (3.2), we
obtain

𝐴+𝐵 =

[︃
(𝑘3 + 3𝑘) + 𝑖2

𝑘 + 𝑖(𝑘2 + 2)

]︃
and 𝐴𝛽1 +𝐵𝛽2 =

[︃
(𝑘4 + 4𝑘2 + 2) + 𝑖𝑘

(𝑘2 + 2) + 𝑖(𝑘3 + 3𝑘)

]︃
.

Solving for 𝐴 and 𝐵, respectively, gives the Binet form as required.

The extension of the 𝑘-Lucas spinor sequence 𝐿𝑆𝑘,𝑛 to negative subscripts is accomplished in
the same way as it was done for the 𝑘-Fibonacci spinor sequence.

Theorem 3.2. For 𝑛 ≥ 0, we have

𝐿𝑆𝑘,−𝑛 = (−1)𝑛

[︃
−𝐿𝑘,𝑛−3 + 𝑖𝐿𝑘,𝑛

𝐿𝑘,𝑛−1 + 𝑖𝐿𝑘,𝑛−2

]︃
. (3.4)

Proof. Use the fact 𝛽1𝛽2 = −1 in Theorem 3.1.

Theorem 3.3 (Cassini’s identity). For 𝑛 ∈ N, we have

𝑆
′

𝑘,𝑛−1𝐿𝑆𝑘,𝑛+1 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛 = (−1)𝑛+1(𝑘2 + 4)

[︃
−2 + 𝑖(𝑘3 + 2𝑘)

−2(𝑘2 + 1) + 𝑖2𝑘

]︃
. (3.5)

Proof. From (1.15), we have

𝑃𝑘,𝑛−1𝑃𝑘,𝑛+1 − 𝑃 2
𝑘,𝑛 = −𝑖𝑆

′

𝑘,𝑛−1𝐿𝑆𝑘,𝑛+1 + 𝑖𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛 = −𝑖(𝑆
′

𝑘,𝑛−1𝐿𝑆𝑘,𝑛+1 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛).

Using the Cassini’s identity 𝑃𝑘,𝑛−1𝑃𝑘,𝑛+1 − 𝑃 2
𝑘,𝑛 = (−1)𝑛+1(𝑘2 + 4)(2𝐷𝑘,1 − (𝑘3 + 2𝑘)𝑒3),

we may write

𝑆
′

𝑘,𝑛−1𝐿𝑆𝑘,𝑛+1 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛 = (−1)𝑛+1(𝑘2 + 4)

[︃
−2𝐹 2

𝑘,1 + 𝑖
(︀
2𝐹𝑘,1𝐹𝑘,4 − (𝑘2 + 2)𝐹𝑘,2

)︀
−2𝐹𝑘,1𝐹𝑘,3 + 𝑖2𝐹𝑘,1𝐹𝑘,2

]︃
or

𝑆
′

𝑘,𝑛−1𝐿𝑆𝑘,𝑛+1−𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛 = (−1)𝑛+1(𝑘2+4)

[︃
−2 + 𝑖(𝑘3 + 2𝑘)

−2(𝑘2 + 1) + 𝑖2𝑘

]︃
.

Theorem 3.4 (Catalan’s identity). For 𝑛 ∈ N, we have

𝑆
′

𝑘,𝑛−𝑟𝐿𝑆𝑘,𝑛+𝑟−𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛=(−1)𝑛−𝑟+2(𝑘2+4)

[︃
−2𝐹 2

𝑘,𝑟 + 𝑖
(︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+3−(𝑘2 + 2)𝐹𝑘,2𝑟

)︀
−2𝐹𝑘,𝑟𝐹𝑘,𝑟+2 + 𝑖2𝐹𝑘,𝑟𝐹𝑘,𝑟+1

]︃
. (3.6)
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Proof. The Catalan identity for the 𝑘-Lucas quaternions is given by

𝑃𝑘,𝑛−𝑟𝑃𝑘,𝑛+𝑟 − 𝑃 2
𝑘,𝑛 = (−1)𝑛−𝑟+2(𝑘2 + 4)(2𝐹𝑘,𝑟𝐷𝑘,𝑟 − 𝐿𝑘,2𝐹𝑘,2𝑟𝑒3).

Thus,

𝑆
′

𝑘,𝑛−𝑟𝐿𝑆𝑘,𝑛+𝑟 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛 = 𝑖(−1)𝑛−𝑟+2(𝑘2 + 4)

[︃(︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+3 − (𝑘2 + 2)𝐹𝑘,2𝑟

)︀
+ 𝑖2𝐹 2

𝑘,𝑟

2𝐹𝑘,𝑟𝐹𝑘,𝑟+1 + 𝑖2𝐹𝑘,𝑟𝐹𝑘,𝑟+2

]︃

= (−1)𝑛−𝑟+2(𝑘2 + 4)

[︃
−2𝐹 2

𝑘,𝑟 + 𝑖
(︀
2𝐹𝑘,𝑟𝐹𝑘,𝑟+3 − (𝑘2 + 2)𝐹𝑘,2𝑟

)︀
−2𝐹𝑘,𝑟𝐹𝑘,𝑟+2 + 𝑖2𝐹𝑘,𝑟𝐹𝑘,𝑟+1

]︃
,

as required.

Theorem 3.5 (d’Ocagne’s identity). For 𝑛, 𝑟 ∈ N, we have

𝑆
′

𝑘,𝑟+1𝐿𝑆𝑘,𝑛 − 𝑆
′

𝑘,𝑟𝐿𝑆𝑘,𝑛+1 = (−1)𝑟+1(𝑘2 + 4)

[︃
−2𝐹𝑘,𝑛−𝑟 + 𝑖

(︀
𝐹𝑘,𝑛−𝑟+3 + 𝐹𝑘,𝑛−𝑟−1

)︀
−2𝐹𝑘,𝑛−𝑟+2 + 𝑖2𝐹𝑘,𝑛−𝑟+1

]︃
. (3.7)

Proof. From (1.15), we have

𝑃𝑘,𝑟+1𝑃𝑘,𝑛 − 𝑃𝑘,𝑟𝑃𝑘,𝑛+1 = −𝑖𝑆
′

𝑘,𝑟+1𝐿𝑆𝑘,𝑛 + 𝑖𝑆
′

𝑘,𝑟𝐿𝑆𝑘,𝑛+1 = −𝑖(𝑆
′

𝑘,𝑟+1𝐿𝑆𝑘,𝑛 − 𝑆
′

𝑘,𝑟𝐿𝑆𝑘,𝑛+1).

Next, the d’Ocagne’s identity for the 𝑘-Lucas quaternions is

𝑃𝑘,𝑟+1𝑃𝑘,𝑛 − 𝑃𝑘,𝑟𝑃𝑘,𝑛+1 = (−1)𝑟+1(𝑘2 + 4)
(︀
2𝐷𝑘,𝑛−𝑟 + (𝐹𝑘,𝑛−𝑚−1 − 𝐹𝑘,𝑛−𝑚+3)𝑒3

)︀
.

Combining these two identities yields

−𝑖(𝑆
′

𝑘,𝑟+1𝐿𝑆𝑘,𝑛 − 𝑆
′

𝑘,𝑟𝐿𝑆𝑘,𝑛+1) = (−1)𝑟+1(𝑘2 + 4)

[︃(︀
𝐹𝑘,𝑛−𝑟+3 + 𝐹𝑘,𝑛−𝑟−1

)︀
+ 𝑖2𝐹𝑘,𝑛−𝑟

2𝐹𝑘,𝑛−𝑟+1 + 𝑖2𝐹𝑘,𝑛−𝑟+2

]︃

which is the stated result.

Theorem 3.6 (Honsberger’s identity). For 𝑛, 𝑟 ∈ N, we have

𝑆
′

𝑘,𝑛+1𝐿𝑆𝑘,𝑟+𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑟−1=(𝑘2+4)

[︃
−
(︀
𝐹𝑘,𝑛+𝑟+𝐹𝑘,𝑛+𝑟+2+𝐹𝑘,𝑛+𝑟+4+𝐹𝑘,𝑛+𝑟+6

)︀
+𝑖2𝐹𝑘,𝑛+𝑟+3

−2𝐹𝑘,𝑛+𝑟+2 + 𝑖2𝐹𝑘,𝑛+𝑟+1

]︃
.

(3.8)

Proof. Using the identity

𝑃𝑘,𝑛+1𝑃𝑘,𝑟 + 𝑃𝑘,𝑛𝑃𝑘,𝑟−1 = (𝑘2 + 4)
[︀
2𝐷𝑘,𝑛+𝑟 +

(︀
𝐹𝑘,𝑛+𝑟 + 𝐹𝑘,𝑛+𝑟+2 + 𝐹𝑘,𝑛+𝑟+4 + 𝐹𝑘,𝑛+𝑟+6

)︀]︀
and (1.15), we have

𝑃𝑘,𝑛+1𝑃𝑘,𝑟 + 𝑃𝑘,𝑛𝑃𝑘,𝑟−1 = −𝑖𝑆
′

𝑘,𝑛+1𝐿𝑆𝑘,𝑟 + 𝑖𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑟−1

= −𝑖(𝑆
′

𝑘,𝑛+1𝐿𝑆𝑘,𝑟 + 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑟−1).
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So, − 𝑖(𝑆
′

𝑘,𝑛+1𝐿𝑆𝑘,𝑟 + 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑟−1)

= (𝑘2 + 4)

[︃
2𝐹𝑘,𝑛+𝑟+3 + 𝑖

(︀
𝐹𝑘,𝑛+𝑟 + 𝐹𝑘,𝑛+𝑟+2 + 𝐹𝑘,𝑛+𝑟+4 + 𝐹𝑘,𝑛+𝑟+6

)︀
2𝐹𝑘,𝑛+𝑟+1 + 𝑖2𝐹𝑘,𝑛+𝑟+2

]︃

= (𝑘2 + 4)

[︃
−
(︀
𝐹𝑘,𝑛+𝑟 + 𝐹𝑘,𝑛+𝑟+2 + 𝐹𝑘,𝑛+𝑟+4 + 𝐹𝑘,𝑛+𝑟+6

)︀
+ 𝑖2𝐹𝑘,𝑛+𝑟+3

−2𝐹𝑘,𝑛+𝑟+2 + 𝑖2𝐹𝑘,𝑛+𝑟+1

]︃
.

Theorem 3.7 (Vajda’s identity). For 𝑛,𝑚, 𝑟 ∈ N, we have

𝑆
′

𝑘,𝑛+𝑚𝐿𝑆𝑘,𝑛+𝑟 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛+𝑚+𝑟 = (−1)𝑛(𝑘2 + 4)𝐹𝑘,𝑚

[︃
−2𝐹𝑘,𝑟 + 𝑖

(︀
𝐹𝑘,𝑟+3 − 𝑘2𝐿𝑘,𝑟

)︀
−2𝐹𝑘,𝑟+2 + 𝑖2𝐹𝑘,𝑟+1

]︃
. (3.9)

Proof. From (1.15) it is easy to see that

𝑃𝑘,𝑛+𝑚𝑃𝑘,𝑛+𝑟 − 𝑃𝑘,𝑛𝑃𝑘,𝑛+𝑚+𝑟 = −𝑖(𝑆
′

𝑘,𝑛+𝑚𝐿𝑆𝑘,𝑛+𝑟 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛+𝑚+𝑟)

and
𝑃𝑘,𝑛+𝑚𝑃𝑘,𝑛+𝑟 − 𝑃𝑘,𝑛𝑃𝑘,𝑛+𝑚+𝑟 = (−1)𝑛(𝑘2 + 4)𝐹𝑘,𝑚

(︀
2𝐷𝑘,𝑟 − 𝑘2𝐿𝑘,𝑟𝑒3

)︀
.

Hence, we can conclude that

−𝑖(𝑆
′

𝑘,𝑛+𝑚𝐿𝑆𝑘,𝑛+𝑟 − 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛+𝑚+𝑟) = (−1)𝑛(𝑘2 + 4)𝐹𝑘,𝑚

[︃(︀
𝐹𝑘,𝑟+3 − 𝑘2𝐿𝑘,𝑟

)︀
+ 𝑖2𝐹𝑘,𝑟

2𝐹𝑘,𝑟+1 + 𝑖2𝐹𝑘,𝑟+2

]︃
.

Theorem 3.8 (Generating function). The generating function for the 𝑘-Lucas spinors {𝐿𝑆𝑘,𝑛} is

𝐻𝑘(𝑥) =
1

1− 𝑘𝑥− 𝑥2

[︃
[(𝑘3 + 3𝑘) + 𝑥(𝑘2 + 2)] + 𝑖(2− 𝑘𝑥)

(𝑘 + 2𝑥) + 𝑖(𝑘2 + 2 + 𝑘𝑥)

]︃
. (3.10)

Proof. The proof is essentially a copy of the proof of Theorem 2.8 (with different initial values)
and omitted.

Theorem 3.9 (Finite sum formulae). The sums of the first 𝑛 terms of the 𝑘-Lucas spinor sequence
{𝐿𝑆𝑘,𝑛} are given by

1.
∑︀𝑛

𝑗=1 𝐿𝑆𝑘,𝑗 =
1
𝑘

[︀
𝐿𝑆𝑘,𝑛+1 + 𝐿𝑆𝑘,𝑛 − 2(𝐹𝑆𝑘,0 + 𝐹𝑆𝑘,1)

]︀
,

2.
∑︀𝑛

𝑗=1 𝐿𝑆𝑘,2𝑗 =
1
𝑘
[𝐿𝑆𝑘,2𝑛+1 − 2𝐹𝑆𝑘,0],

3.
∑︀𝑛

𝑗=1 𝐿𝑆𝑘,2𝑗−1 =
1
𝑘
[𝐿𝑆𝑘,2𝑛 − 2𝐹𝑆𝑘,1].

Proof. Using the relation 𝐿𝑆𝑘,𝑛 = 𝐹𝑆𝑘,𝑛−1 + 𝐹𝑆𝑘,𝑛+1 and the sum 1. in Theorem 2.9, we may
write
𝑛∑︁

𝑗=1

𝐿𝑆𝑘,𝑗 =
𝑛∑︁

𝑗=1

𝐹𝑆𝑘,𝑗−1 +
𝑛∑︁

𝑗=1

𝐹𝑆𝑘,𝑗+1

=
1

𝑘

[︀
𝐹𝑆𝑘,𝑛 + 𝐹𝑆𝑘,𝑛−1 − (𝐹𝑆𝑘,0 + 𝐹𝑆𝑘,1)

]︀
+

1

𝑘

[︀
𝐹𝑆𝑘,𝑛+2 + 𝐹𝑆𝑘,𝑛+1 − (𝐹𝑆𝑘,0 + 𝐹𝑆𝑘,1)

]︀
=

1

𝑘

[︀
𝐹𝑆𝑘,𝑛 + 𝐹𝑆𝑘,𝑛+2 + 𝐹𝑆𝑘,𝑛−1 + 𝐹𝑆𝑘,𝑛+1 − 2(𝐹𝑆𝑘,0 + 𝐹𝑆𝑘,1)

]︀
=

1

𝑘

[︀
𝐿𝑆𝑘,𝑛+1 + 𝐿𝑆𝑘,𝑛 − 2(𝐹𝑆𝑘,0 + 𝐹𝑆𝑘,1)

]︀
.

The remaining two identities can be easily derived using 𝐿𝑆𝑘,𝑛 = 𝐹𝑆𝑘,𝑛−1 + 𝐹𝑆𝑘,𝑛+1 and the
sum identities 2. and 3. in Theorem 2.9.
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4 Combinatorial properties
We conclude with some identities relating 𝑘-Fibonacci and 𝑘-Lucas spinors. These identities can
be proved by using the relations of 𝑘-Fibonacci and 𝑘-Lucas numbers. So, we only state these
identities and omit the proofs.

Theorem 4.1. The following identities hold true:

1. 𝑆𝑘,𝑛𝐹𝑆𝑘,𝑛 =

[︃
−(2𝐹 2

𝑘,𝑛 − (𝑘2 + 2)𝐹𝑘,2𝑛+3) + 𝑖
(︀
2𝐹𝑘,𝑛𝐹𝑘,𝑛+3

)︀
−(2𝐹𝑘,𝑛𝐹𝑘,𝑛+2) + 𝑖(2𝐹𝑘,𝑛𝐹𝑘,𝑛+1)

]︃
,

2. 𝑆
′

𝑘,𝑛𝐿𝑆𝑘,𝑛 =

[︃
−(2𝐿2

𝑘,𝑛 − (𝑘2 + 2)(𝑘2 + 4)𝐹𝑘,2𝑛+3) + 𝑖
(︀
2𝐿𝑘,𝑛𝐿𝑘,𝑛+3

)︀
−(2𝐿𝑘,𝑛𝐿𝑘,𝑛+2) + 𝑖(2𝐿𝑘,𝑛𝐿𝑘,𝑛+1)

]︃
,

3. 𝑆𝑘,𝑛𝐹𝑆*
𝑘,𝑛 = 𝑖

[︃
(𝑘2 + 2)𝐹𝑘,2𝑛+3

0

]︃
,

4. 𝑆
′

𝑘,𝑛𝐿𝑆
*
𝑘,𝑛 = 𝑖

[︃
(𝑘2 + 2)(𝑘2 + 4)𝐹𝑘,2𝑛+3

0

]︃
,

5. 𝐹𝑆𝑘,𝑛 + 𝐹𝑆*
𝑘,𝑛 = 𝑖

[︃
2𝐹𝑘,𝑛

0

]︃
,

6. 𝐿𝑆𝑘,𝑛 + 𝐿𝑆*
𝑘,𝑛 = 𝑖

[︃
2𝐿𝑘,𝑛

0

]︃
.

Theorem 4.2. The following identities hold true:

1. 𝐹𝑆𝑘,𝑛−1 + 𝐹𝑆𝑘,𝑛+1 = 𝐿𝑆𝑘,𝑛,

2. 𝐿𝑆𝑘,𝑛−1 + 𝐿𝑆𝑘,𝑛+1 = 5𝐹𝑆𝑘,𝑛,

3. 𝐹𝑆𝑘,𝑛 + 𝐿𝑆𝑘,𝑛 = 2𝐹𝑆𝑘,𝑛+1,

4. 𝐹𝑆𝑘,𝑛+𝑚 + (−1)𝑚𝐹𝑆𝑘,𝑛−𝑚 = 𝐿𝑘,𝑚𝐹𝑆𝑘,𝑛,

5. 𝐹𝑆𝑘,𝑛+𝑚 − (−1)𝑚𝐹𝑆𝑘,𝑛−𝑚 = 𝐹𝑘,𝑚𝐿𝑆𝑘,𝑛,

6. 𝐿𝑆𝑘,𝑛+𝑚 + (−1)𝑚𝐿𝑆𝑘,𝑛−𝑚 = 𝐿𝑘,𝑚𝐿𝑆𝑘,𝑛,

7. 𝐿𝑆𝑘,𝑛+𝑚 − (−1)𝑚𝐿𝑆𝑘,𝑛−𝑚 = 5𝐹𝑘,𝑚𝐹𝑆𝑘,𝑛,

8. 𝑘𝐹𝑆𝑘,𝑛+𝑚 = 𝐹𝑘,𝑚+1𝐹𝑆𝑘,𝑛+1 − 𝐹𝑘,𝑚−1𝐹𝑆𝑘,𝑛−1,

9. 𝐹𝑆𝑘,𝑚+𝑛 = 𝐹𝑘,𝑚𝐹𝑆𝑘,𝑛+1 + 𝐹𝑘,𝑚−1𝐹𝑆𝑘,𝑛.
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