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Abstract: We define a generalization of Tribonacci and Tribonacci-Lucas quaternions with
arbitrary Tribonacci numbers and Tribonacci-Lucas numbers coeflicients, respectively. We get
generating functions and Binet’s formulas for these quaternions. Furthermore, several sum
formulas and a matrix representation are obtained.
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1 Introduction

Quaternions have several applications in mathematics, see [13,29,37]. The real quaternion algebra
H has a basis {1, i, j, k} where
iZ=j?=k*=ijk=—-1 and ij=—ji=k

Thus an element ¢ € H can be written as ¢ = a + bi + ¢j + dk. It is a division algebra which
is not commutative. The real quaternion R(q) — (q), where R(q) denotes the real part and
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3(q) denotes the imaginary part of the quaternion, gives the conjugate of ¢ and we denote this
quaternion by ¢*. The multiplication of ¢ and ¢* gives the norm of ¢ and it is denoted by N(q).
Hence for ¢ # 0, its inverse will be

Many researchers are interested in quaternions with components chosen in number sequences.
One of them is given in [18] and called as Fibonacci quaternions. The n-th Fibonacci quaternion
@, is defined by

Qn=F,+F, i+ F, )+ F,.3k, n>0,

where F;, is the n-th Fibonacci number. The n-th Lucas quaternion £, is defined by
ﬁn = Ln + Ln+1i + Ln+2j + Ln+3k7 n > 07

where L,, is the n-th Lucas number. After that, these structures attracted a lot of attention and
various properties of such sequences were studied by many authors, see [4,5,11,12,14-17, 19—
23,25,27,28,30-34,36].

In [6], a generalized Tribonacci sequence {Vn}n>0 is defined with initial conditions Vj = a,
Vi = b, V5 = c and by the recurrence -

Vo=1Vo1 + sV o+ tvn—?n n=>3

for a, b, c integers and r, s,t € R. Then the well-known Tribonacci sequence denoted by {7, },, is
obtained for (r,s,¢) = (1,1,1) and (Vp, V4, Vo) = (1, 1,2), see [9, 10,24]. On the other hand, the
Tribonacci— Lucas sequence { K, }, is obtained for (r, s,¢) = (1,1, 1) and (Vp, V1, V2) = (3,1, 3),
see [38]. For w = #ﬁ and

1+ V19 +3v33+ v19 — 3v/33
3
1+ wv19 + 3v/33 + w?v/19 — 34/33

ﬁ =
3
- 1+ w?v/19 + 3v/33 + wv/19 — 3/33
— 2 ’
the Binet formulea are
an+1 Bn-{—l ,771-‘!-1

T, = + + ; 1

@—Ala—7  B-aB-7 " G-a6-5) W
K, = o"+p"+9", ()

see [38]. Using the sequence {Vn}nzw a quaternion sequence of order 3 is defined by,
Qv,n = Vn + Vn+1i + Vn+2j + Vn+3k7 n Z Oa

see [6]. In [1], several properties of the classical Tribonacci quaternion sequence {7'Q,}
which is defined by

n>0°
TQTL - Tn + ,Tn—i-li + Tn+2j + Tn+3k7 n = 07 (3)
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with Tribonacci number coefficients and the classical Tribonacci—Lucas quaternion sequence
{TQn} , which is defined by
n>0

TQ, =K, + Kyi+ K0 + K3k, n >0, “)

with Tribonacci—Lucas number coeflicients are presented. The Tribonacci quaternion sequence
{T'Q. }n>0 has the following generating function

L r+it+(l+z+a?)j+ 2+ 20+ 27k
B 1—2z—a%—2a3 '

G(x)

Fora=1+ai+ao%+a’k,f=1+pi+ %+ °kand7 = 1+ ~i+ +?j + 7°k, the Binet
formula of the sequences {TQ,, }n>0 and {T'Q,, },>o can be obtained by using Equations (1) and
(2) as

n+1 n+1 n+1
o p = gl

T = G B@=  G=aG=7 o0 =5 "

TQ, = o"a+p"B+4"7,

respectively, see [1,6]. In [26,35], some generalizations of Tribonacci quaternions are defined
and several properties of these quaternions are presented. In [7], another generalization of the
Tribonacci and Tribonacci—Lucas quaternion sequences is defined in the sense of polynomials.

One of the common features of all these studies is that the coefficients of the studied quaternion
sequences consist of consecutive terms of the selected number sequences. There are also some
studies which takes the coefficients of quaternions from the number sequences randomly. In
[8], a new class of quaternions whose coefficients are arbitrarily selected from the Fibonacci
and Fibonacci-Lucas number sequences is defined. For arbitrary integers p, ¢ and r, the n-th
unrestricted Fibonacci and Lucas quaternions are defined by,

an,r,s) = F,+ Fneri + FnJrrj + FnJrska 5
Enp,T,S) = Ln+ Ln+pi + Ln—l—rj + Ln+sk7 (6)
respectively, [8]. By definitions, choosing p = r = s = —n we get the n-th Fibonacci and n-th
Lucas numbers. For p = 1, r = s = —n in (5), we obtain the n-th Gaussian Fibonacci number.

We also get the classical n-th Fibonacci and Lucas quaternions from (5) and (6) as follows

Fi29
£n1,2,3) _ 'Cna

see [8]. In [2], the coefficients of quaternions are chosen from Pell and Pell-Lucas numbers
and in [3] the coefficients of quaternions are chosen from Fibonacci and Lucas hyper-complex
numbers randomly. Inspiring from these studies, we will define a new class of quaternions whose
coeflicients are arbitrarily chosen from the Tribonacci and Tribonacci—Lucas number sequences
in this paper. We also investigate several properties and identities of defined sequences.
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2 Unrestricted Tribonacci and Tribonacci-Lucas quaternions

In this section, a generalization of the classical Tribonacci quaternions and Tribonacci—Lucas
quaternions are defined and their Binet’s formulas and generating functions are obtained. Let p,
and s be arbitrary positive integers throughout the paper.

Definition 1. The n-th unrestrlcted Tribonacci quaternion Q(p 5) and n-th unrestricted
Tribonacci—Lucas quaternion Qn ) are defined by

QP = T, + Tyipi + Toird + Tursk,
Q™) = Ky + Kppipl + K + Kok
For n > 0, we have
Qilp_i_gs) np+r28 + Q (p, 7”5 + lep,r‘,s)’
and
QUL = QN + QI + Q).
By definitions, we get the well-known sequences by taking special values for p, 7 and s such as:

Qi = T,

n

le,fn,fn) — Tn + iTn+17
o = TQ,
lel,2,3) - TQH?

where 1'Q),, and TQn are defined in (3) and (4). We now present the Binet formulas and generating
functions of Q" and QP

Theorem 2.1. Q,, P79 has the following generating function

g(x) Q(prs) (Qgpvrzs) _ (prs)) + T ( (p,’,.s) _ Qgprrvs) _ épvrvs)) .

l—2—a%— SB3
Proof. Let the generating function of ") be
G(x) = Q" + QP x + QP a? o 4 QPrIgm 4
Then the result is obtained by computing G(z) — 2G(z) — 22G(x) — 2°G(x). O

Let
H(.T): Q(p,r,s)_i_Qprs)x_i_Qprsw +"'+Q£lp’r’s)xn+"‘

We can also obtain the generating function for O7""*) by computing H(z) — 2H(z) — 22H(z) —
z3H(z) as follows:

H(z) = Q(pm) (QgpmS) _ (pTS)) + 22(04 3(piris) QSPW,S) _ (()Pﬂ"as)).

1—x—m2—x3
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Theorem 2.2. Fora = 1+a’i+a"j+a’k, =1+ i+ ")+ Bkandy = 1+Pi+7"j+7°k,
the Binet formulce are given by

Q(p,T,S) s ot ﬁn+1 5 N ,ynJrl
- (@=B)a=7"" B-a)B=7"" G-a)-8"
Qﬁlp,r,s) — oz"g—i— 5nﬁ+ fynl

Proof. We use the Equations (1) and (2) and the Definition 1 to obtain the corresponding Binet

formula.

QWP — Ty 4 Tpypi 4 Tir + Ty sk
_ an—l—l N ﬁn+1 N ,yn+1
(a=B)a=v) B-a)B—7) O—-a)v—-5)
n+p+1 n+p+1 n+p+1
+(— P + )i
(a=B)a—v) B-a)B—7) O-—a)v-75)
n+r+1 n+r+1 n+r+1
+ ( a + g + 7 )J
(a=B)a=v) B-a)B-7) G-—a)ly—5)
an—i—s—i—l 6n+5+1 ,Yn—i-s—i—l
k
@ ae= " Fat =y T a6 =)
— amt . rs s ﬁn+1 . - s
= (a_ﬁ)(a_v)(1+a?’1+aj+a k) + (ﬁ—a)(ﬁ_7)<1+ﬁpl+5‘]+ﬁ k)
,Yn—i—l be . i
hman g T
B an+1 ﬁn+1 ,ynJrl
BT [CE) S R R A ey ey
The Binet formula for O™ can be obtained similarly. ]

3 Some identities of unrestricted Tribonacci
and Tribonacci-Lucas quaternions

In this part, we will present some identities of Q%" and O""). Since p,r, s are arbitrary

positive integers we obtain some identities given in [1] for p = 1,7 = 2, s = 3. We give the
proofs of the first identities given in theorems and the other ones can be obtained similarly.

Theorem 3.1. (Qlpm))2 = o, QlPrs) _ Qprs)(Qprs)yx, )
QU+ (g = o,
Qgp,r,s) _ lep,r,s) + 2Q£lp_77“1,s) + 3Q£lp_,r2,s)

Proof. Using the definition, we can obtain (7) as follows
(ngpms)y = T’I’2L o Tg—i—p - T3+r o T3+8 + QTN(Tn-i-pi + Tn-H"j + Tn-i—sk)
= 2Tn (Tn + Tn+pi + Tn+rj + Tn+sk> - (Ti + Tz—&-p + T3+r + T3+s>
— 2TnQ7(lp,r,s) . Q%p,r,s)(g%p,r,s))*
Hence we get the result. ]
314



Theorem 3.2. s
Q(p—i—l,?“-‘rl,s'f‘l) — QSZ’H ) _ Th1— T, o, @®)
QUrlr+lstl) lepfis) — K, 1 — K,_o.

Proof. We give the proof of (8). By definition,

Q,(lpﬂ’rﬂ’sﬂ) =T+ Togppril + Togrg1] + Thgsink
= (Tn-i-l — T — Tn—?) + Tn+1+pi + Tn+1+rj + Tn+l+sk
= in+1 + Tn+1+pi + Tn+1+7’j + Tn+1+sk - (Tn—l + Tn—2)

- QilpJ’:l’S) - Tn—l - Tn—2- u
Theorem 3.3.
QY — Qraf, — Qi 4 o) ©)
Qgii) - QPTS K Q(p’TS)C _'_0271 m
QU = K, QU — K, Qrm) 4+ Q)

QP = T 5 QP 4 (T g + Tu0) QP + T 1 QP n>0,m > 3.
where
and
QQn—m = C12nfm + iCanmfl +j02n7m72 + k02n7m73-

Proof. Since the Tribonacci numbers and Tribonacci—Lucas numbers satisfy the following equalities,

Tern = TmKn - TmfnCn + Tmf2n7
Km+n = KmKn - Km—ncn + CZn—ma

see [38], we have

QP = T + Tonpnipd + Tnrd + Ttnesk
= (T Kp — TonnChn + Trn—an) + (Tt p K — Tt p—nCr + Tinpp—20)i
+ (TerrKn m+r nC + Terr Zn) (Tm+sK m+sfnCn + Tm+872n>k
= (Tm + Tm-i—pi + Tm—i—r.] + Tm+sk)Kn - (Tm—n + Tm—n-i-pl + Tm—n+rj + Tm—n+sk)Cn
+ (Tm on + Don—on4pl + Tm 2n+rj + Tn—on+sk)
= QUK - QUC, + Ol a

m2n

The following theorem gives some finite sum identities of defined quaternions.

Theorem 3.4.

n N Q(p,r,s)+Qn 7,8 Qprs Q(prs
ZQQ”) = : , (10)

ZQ(I)’T s Q%’L’:i + Qprs i Qgp,r,s) + Qgp,r,s)
2 )

315



Z Q) G + Q) 4 QP — Q)

2k+1 9 J

3n—1

ZQp,Ts) _ ZQprs prs)

Qgﬁj_; . (prs +3Q (prys) Qgp,r,s)

2 )
Z Qlprs) QP 4 Q) 4 3olrr) — Qi)
4 .

Proof. We give the proof of (10) by induction on n. The equality holds for n = 0, since

oy _ QP 4 QP 4 Qi) — Q)
Qy " = ; .

Suppose the equality holds for n = m. Let n = m + 1. Then,

m+1 m

PW S p T, s p ]
DT =3 QT+,
k=0 k=0

From the hypothesis, we can write

m rs) s Qig,r,s) + Q%,T‘,S) + Q(p,r,s) N Q(p,r,s) s
ZQI(C, + n€+1 = = 9 : 2 + 15,-1—1
k=0
Qs + Q™ + Q™ — 9™ 4 200
2
oy + Qi + o — o™
9 .

Hence, the results follows by induction. ]

Let

R, = 3Tp1—T, (n>0)
Rn = Rn + RnJrli + Rn+2j + Rn+3k

and let forn > 2

Un = Tnfl + Tnf2
Un = Un + Un+1i + Un+2j + Un+3ka

with initial conditions Uy = U; = 0. Using the definitions of these sequences, we define the
related quaternion sequences as follows:

Rgp,r,s) — Rn + Rneri + Rn+rj -+ Rn+sk7
uép,r,s) = Un + Un+pi + Un-‘r?“j + Un+5k'
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Theorem 3.5.

Zu,ﬁp”“’s) = QP — Q) — 1, (11)
uprs u(p’rs) + Qprs Q(p,r,s)
Z Q (p,m,8) _ n+2 n+1 2
2 )
Z RY™ = QU+ 20 — QY — 20,
Z ugp s) p 7,5) Q(p \Ty8) + Z/{ép,r,s)7
St = Q- o U -
Proof. We give the proof of (11).
Z u]ip,r,s) _ u (p,r,s) + ulp ,T,S) . uép,rvs)
k=0
= (UO + Upi + U?”j + Usk) + (Ul + Up—Hi + Ur—Hj + U8+1k)
+ ct + (Un + Up+ni + Ur+nj + U5+nk)
= (Uo+ Ui+ +Un) + U+ Upir -+ Upg)i
‘l’ (Ur + Ur+1 + Tt ‘I‘ U7~+n)j + (US + U5+1 + T + U5+n)k
Since Y, Uy, = Th,01 — 1, we get
ZU(’””) = (Tugr = ) + [(Tuipsr — 1) = (T, = D)
+[(Tosrr = 1) = (L = Dl + (Lo — 1) = (T — D]k
= (Tn+1 + Tn+p+1i + Tn+7"+1j + Tn+s+1k) - (Tpi + Trj + Tsk) —1
= QU — o — 1. .
4 A matrix representation

For Qn , We present a matrix generator as follows.
Theorem 4.1. Let
01 0 Q (p,r,s) Q(p s) (()p,r,s) Qgp,r,s) . (()p,r,s) gp,r,s)
U=10 0 1| andQ = Q(()p” Qgpﬂ”»S) _ Qgp,m) QgpmS)
1 1 1 Qgp,r,s) Qgp,r,s) + Qgp,r,s) Qép,r,s)
Then for k > 2, we have
Ql(f)—,rl,s) Q p 7,8) + Q p 7,) ngp,r,s)
k __ (p,r,s) \T5S) ,7,S) (p,r,9)
Qut= g o +Qp Lo
oryY Qi+ o QY

317



Proof. For k = 2,

Qé TS) Q (p,r,s) QO \T,S) Qgp,r,s) B Qé \T,S) Qgp,r,s) 00 1
QU? = épﬂ" 18) Q(Pﬂ" 18) Q&Pﬂ" 5) Q(P 111
() o) | glor) Qo | |1 9 9
B Qgp,r,s) Q(p JT,S) 4 Q (p,r,s) QQ \T,S)
— Q(pvr 5) (P,'f s _|_ Q p,’l‘ s (p,T‘ s + Q p,r S + QO )Ty S

2
Q0 4 gl 4 ) 292prs>+g(prs>+g(prs) QQWS 20 4 Q)

-Qgparvs) Qgpvr’s) + Q(()p»rvs) Qépvas)

_ Qé JT,S) Qgp,r,s) + Qgp,r,s) Qz(), ,T,8) 7
éparvs) Qgpvr15) + Qgvavs) Qipvrvs)

which is true. Suppose

k— 1 + Q k

QUk: _ Q(p ,T,S) Qk ,r s) + Q p,r s) ijr“ls)
o ol + ol ol

is true. Then

QUk:—‘rl — QUk

Q p,rs Q(prs) Q(p,r ,S) Q](f ,7,8)7] 01 0

= I(ﬂw*s) Q(PTS) + Q(W 18) Q}(ﬁrrl,S) 00 1
ol o+ gl ory”] r 11
Qprs Q(prs) + Q(p,rs) Qk;;rls

- et opvar op
Qkp+72 Qs + Q) Qkﬁ:3 i

Hence, the proof is completed. [

5 Conclusion

Quaternion sequences and their several properties have been studied by many researchers. The
coeflicients of these sequences are commonly chosen from the number sequences with characteristic
polynomial of degree two. One of the well known number sequence with characteristic polynomial
of degree three is known as Tribonacci sequence. Recently, quaternions with components chosen
from Tribonacci numbers have also attracted attention, [1,6,7,26,35]. We can see that one of
the common property of the studies on Tribonacci quaternions is that the coefficients consist of
consecutive terms of the Tribonacci number sequence. We define quaternion sequences whose
coeflicients are arbitrarily chosen from the Tribonacci and Tribonacci—Lucas number sequences
based on the ideas in the articles which takes the similar forms for generalized Fibonacci quaternion
sequences, see [2,3,8]. We obtain some properties and several identities of these sequences.
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