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Abstract: This is the first part of a two-part paper. Our paper was motivated by two classical
papers: A paper of Sir Charles Wheatstone published in 1844 on representing certain powers of
an integer as sums of arithmetic progressions and a paper of J. J. Sylvester published in 1882 for
determining the number of ways a positive integer can be represented as the sum of a sequence of
consecutive integers. There have been many attempts to extend Sylvester Theorem to the number
of representations for an integer as the sums of different types of sequences, including sums of
certain arithmetic progressions. In this part of the paper, we will make yet one more extension: We
will describe a procedure for computing the number of ways a positive integer can be represented
as the sums of all possible arithmetic progressions, together with an example to illustrate how
this procedure can be carried out. In the process of doing this, we will also give an extension of
Wheatstone’s work. In the second part of the paper, we will continue on the problems initiated
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by Wheatstone by studying certain relationships among the representations for different powers
of an integer as sums of arithmetic progressions.
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1 Introduction

Motivated by the well-known fact that the square of a natural number can be represented as
the sum of consecutive odd integers, Sir Charles Wheatstone, a fellow of the Royal Society of
London and the inventor of the Wheatstone’s bridge for measuring electrical resistance, published
a paper [12] in 1844, showing various ways of representing the power N* of a positive integer
N as sums of arithmetic progressions for £ < 4. In 1882, J. J. Sylvester stated in [11, Section
17, pp. 265-266] that the number of ways a positive integer /N may be represented as the sum
of consecutive positive integers is equal to the number of odd factors of IV that exceed 1 (see
also [6, Vol. 2, Chapter 3, p. 139]). This result is known as the Sylvester Theorem (see [2]).
A special consequence of this theorem is that a power of 2 cannot be represented as the sum
of any sequence of consecutive positive integers. In this two-part paper, we will deal with the
problems initiated in both Wheatstone’s and Sylvester’s work in the same framework of arithmetic
progressions, and extend both of their results.

Since the outset of the 20th century, many authors tried to extend Sylvester Theorem in different
ways. For instance, Thomas E. Mason in his paper of 1912 [9], allowed the consecutive integers
to include zero and negative terms. In 1930, Laurens E. Bush studied the problem of representing
a positive integer as sums of arithmetic progressions of a given common difference, for both
progressions of positive terms and for progressions including zero and negative terms (see [4]).
In particular, he extended Sylvester Theorem on the impossibility of representing a power of 2 as
the sum of any arithmetic progressions of an odd common difference ( [4, the corollary on top of
p- 356]). For more recent publications see [1-3,5, 8], and [10]. However, in all these extensions,
the authors considered, as Bush did, the arithmetic progressions of a given common difference
d. In Part I of this paper, we will try to build up a procedure for finding the number of ways a
positive integer NV can be represented as the sum of an arithmetic progression of positive terms
of any common difference d > 1. Our results require somewhat different methods. We believe
that our extension might be more in line with Sylvester’s original intention, since almost all the
80 pages of his paper [11] were devoted to the problem of partitioning of positive integers. To
investigate the ways a positive integer can be partitioned into terms of arithmetic progressions, we
should consider arithmetic progressions of all possible common differences.

To prepare for our investigations, we will first determine in Section 2, for a given positive
integer N, the values of r and d for which N can be represented as the sum of an arithmetic
progression consisting of r terms that has d as its common difference (Theorem 2.1). With this
theorem, we will extend Wheatstone’s work in Section 3 (see Theorems 3.1, 3.2 and 3.3) and lay
the foundation for our general procedure for determining the number of ways a positive integer /N
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can be represented as the sums of different arithmetic progressions.The general procedure will be
described in Section 5, and an example for illustrating the procedure will be given in Section 5.
In part II of this paper [7], we will continue on the problems initiated by Wheatstone, by studying
certain relationships among the representations of different powers of an integer.

2 Generating the sum of an arithmetic progression

As indicated in the introductory section, the problem of representing an integer as sums of
arithmetic progressions has a long history. Some of our results in this section, though appear
in a new form, may have already been covered by, or can be proved easily from, the existing
publications. However, we will still give a self-contained account here since it would be easier for
the reader if all the relevant facts are collected in one place.

It is also because the results of the existing publications are not stated in a form suitable for
our purpose: We need to look for the sums of arithmetic progressions for which the parities of the
number of the terms  and the common difference d are important. The existing publications are
either too general or not going far enough.

In the following, by a representation of an integer /N, we mean a representation of N as the
sum of an arithmetic progression. We will let S(a,r,d) to represent the sum of an arithmetic
progression, beginning with the term a > 1, consisting of r terms, and with a common difference
d . We will require d > 0 and r» > 1 to rule out the trivial cases. We will call a pair of positive
factors r and s of N complementary if rs = N.

Theorem 2.1. Let N be a positive integer. The existence of a representation N = S(a,r,d),
depending on whether r|N, can be characterized by exactly one of the following two cases:

1). 7|N. In this case, either d is even or r is odd and %(7‘ — 1)d < s, where s is the
complementary factor of r in N. Conversely, if N = rs for some integers r and s such that r > 1
and §(r — 1)d < s, then N = S(a,r,d) for some integer a > 1. Furthermore, in this case, the
first term a of the representation N = S(a,r,d) isa = s — 3(r — 1)d.

2). v N. In this case, d is odd and r is even. Write r = 2rq, then 19| N. Let sy be the
complementary factor of rq, then sq is an odd integer with sy > (2ro — 1)d. Conversely, if ro
and sy are a pair of complementary factors of N satisfying the following conditions: a) r = 2rq
does not divide N and b) sq is an odd integer satisfying so > (2ro — 1)d, then N = S(a,r,d)
for some integer a > 1. In this case, the first term of the representation N = S(a,r,d) is
a = 3[so — (2ro — 1)d].

Proof. We first show that if N = S(a, r, d) for some positive integers a, r, and d, then depending
on whether 7|V or r 1 N, there are two possibilities as described in the theorem. Suppose
N = S(a,r,d),ie.,

N=a+(a+d)+---+]a+ (r—1)d]
:Ta+%r(r—1)d

— o+ %(r ~ 1)),
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Note that 7| N if and only if [@ 4 $(r — 1)d] is an integer. Since a is an integer, 7| N if and only if
either r is odd or d is even, and r + N if and only if 7 is even and d is odd.

In the case when r is odd or d is even, the complementary factor s of r is given by
s = [a+ 3(r — 1)d]. Since a > 1, we must have 3(r — 1)d < s.

Conversely, let 7 > 1 be a factor of [V with s as its complementary factor, then for any integer
d > 1 such that a) either r is odd or d is even and b) %(r — 1)d < s. We will show that there
exists a representation of N = S(a,r, d) with the given integers r and d where a is some integer
greater than or equal to 1. Since by the condition a), %(r — 1)d is a positive integer. By condition

b), a = s — 3(r — 1)d is also a positive integer. Then

a+(a+d)+(a+2d)+---+(a+(r—1)d):m—FQd
:r[a+%(r—1)d}
:T[s—%(r—l)d—l—%(r—l)d]
= N.

Thus, N = S(a,r,d). In this case, the first term of S(a,r,d)isa = s — 1(r — 1)d.

Now, consider the case when N = S(a,r,d) for some positive integers a, r and d such that
r 1 N. From the proof above,  is even and d is odd. In this case, let r = 2r, for some positive
integer r¢, and let M and M + d be the two middle terms in the sum S(a, 7, d). These two middle
terms add up to 2M + d. The two terms closest to these two middle terms, M — d and M + 2d,
again have a sum of 2M + d. If we collect all the terms of the sum in pairs, one preceding the
terms already considered and one succeeding them, there are r, such pairs, each of which has
a sum of 2M + d. Thus, N = rq(2M + d), and hence, ro| N, with its complementary factor
so = (2M + d). From this, we conclude that s, is odd and M = £(sy — d). Since M is the roth
term in the progression, M = a + (ro — 1)dora = M — (1o — 1)d. Since a > 0, we must have
M > (ro — 1)d. Now substitute 3(so — d) for M in this inequality and also in the equality for a
and simplify, we will get both (2ro — 1)d < sp and a = 3[sy — (2r¢ — 1)d].

Conversely, let positive integers » = 2ry and d be given such that d is odd and N = rsy,
where s is an odd integer and (2ry — 1)d < s¢. Note that in this case, r { N. This is because that
since N = roso = r(so/2) but s is an odd integer. Let a = 1[sy — (2ro — 1)d]. Note that a is a
positive integer and then

r(r—1)
a+(a+d)+(a+2d)+---+ (a+ (r—1)d) :m+Td
=r[a+3(r—1)d]
=29 [2(s0 — (2ro — 1)d) + 1(2rg — 1)d]
= ToSo

= N.

Again, N = S(a,r,d), and in this case, a = 3[so — (2ro — 1)d]. O
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As a corollary of this theorem, we will give a stronger form of Bush’s extension of the
forbidden representations for the powers of 2, not only for odd common differences, but also for
odd numbers of terms. This result will be extended further in our Corollary 3.1, which will impose
more restrictions on the arithmetic progressions whose sums can be a power of 2.

Corollary 2.1. None of the representations for a power 2%, with k > 1, can have an odd common

difference d or can consists of an odd number of terms.

Proof. Consider a power 2 with & > 1. If 28 = S(a, r, d), we claim that r and d must both be
even. First note that r cannot be an odd integer. This is because by Theorem 2.1, if 7 is odd, then
r|2*. Since we do not allow the trivial case of r = 1, 7 = 2/ for some positive integer 7, and thus,
r is even. Say, r = 2ry. Now, if d is odd, by the proof of Theorem 2.1, 2k = 145, for some odd
integer sg > (2ry — 1)d. This is impossible. We conclude that d is even. U

3 Representing the power of a prime as the sum

of an arithmetic progression

For a positive integer N, we will let #(/V,7) be the number of ways that N may have a
representation consisting of r terms, and let # (V) be the sum of #(V, r) for all possible r > 1.
In this section, we will first show how Wheatstone’s work in [12] can be extended. We will
then compute, for a given power p* of a prime p, the possible values of r for which p* can be
represented as the sum of an arithmetic progression consisting of r terms. We will then determine
both # (p*, ) for all such r and #(p”*). These computations can also be considered as extensions
of Wheatstone’s work, and they will also be used in building our general procedures.

The main result in [12] is the observation that for a positive integer N, any power N*, k > 2,
can always be represented as the sum of an arithmetic progression consisting of N terms. However,
instead a proof, Wheatstone only showed some examples for k£ < 4: with 2 examples for k = 2
and 4, and 3 examples for £ = 3 (there is a second example for £ = 2, but it involves fractions).
No mentioning of the number of ways this can be done. In our next theorem, we will prove
Wheatstone’s Theorem, together with a computation for the number of ways this can be done and
for the construction method for these representations.

Theorem 3.1. Let N and k be any two integers > 2. N* always has a representation consisting

of N terms. In fact, #(N* N) = Vﬁ;ilJ Each integer 1,2, . .., {2%:1 gives rise to a value

of d for such an expression, and for each such d, the arithmetic progression can be constructed by

letting the initial term a be a = N*~!' — J(N — 1)d.

Proof. Let N and k be two integers specified by the theorem. Since N|N*, the cofactor for N is
s = N*~1. By the equivalence

1 o Nk-1
~(N —1)d < NF1 d
2< Jd < oSN

and the fact that d is an integer, we may claim that, by Theorem 2.1, there exists a representation

of N¥ consisting of N terms if and only if d < V]]\\;:IJ . But for an V and £ > 2, it is certainly
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true that % > 1. Thus, foreachd = 1,2, ..., V%ilj, there is a representation of N k of
N terms. By Theorem 2.1 again, for each such d, the initial term of the representation is given
by a = N1 — %(N — 1)d. The arithmetic progression can easily be constructed by keeping
adding d to each successive term beginning with a until all the N terms of the progression are

obtained. ]

We now return to our computations of #(p*, r) and #(p*). First note that 1 and 2 cannot be
represented as a sum of any arithmetic progression consisting of more than one term, and thus,
#(N) = 0 for N = 1 or 2. The following lemma shows that any integer N > 3 can always be
represented as such a sum.

Lemma 3.1. Any integer N > 3 always has a representation consisting of two terms, and
#(N,2) = |5(N —1)|. Furthermore, the difference d between these two terms is of the same
parity as that of N: If N is odd, d may take the values of 1,3,..., N — 2. If N is even, d may
take the values of 2,4,..., N — 2.

Proof. Let an integer N > 3 be given. /V has a representation consisting of two terms if and only
if N = a+ (a + d), where a is the first term of the progression and d is the common difference.
This condition is equivalent to d = N — 2a for some integer @ > 1. From this, we conclude that
a necessary and sufficient condition for d to be an integer > 1 is @ < N/2. Thus, a can be any
integer 1,2, ..., [$(N —1)| andd = N — 2a. Consequently, #(N,2) = [2(N —1)].

Since d = N — 2a, the common difference d is of the same parity as that of N. Thus, if V is
odd, d may take the values of 1, 3, ..., N — 2. If N is even, d may take the values of 2, 4, ...,

N —2. []

We might observe in passing that since we do not allow r = 1, for any positive integer N > 3,
the shortest length r for N = S(a,r,d) is = 2. We now study the problem of determining the
number of ways the power of a prime can be represented as sums of arithmetic progressions. We
now begin with the prime p = 2. As noted above that 2 cannot be represented as a sum of any
arithmetic progression consisting of more than one term. We now consider the representations

2% = S(a,r,d) for k > 1.

Theorem 3.2. For k > 1, 28 = S(a,r,d) if and only if r = 27 for some integer j, with
1 < j < |k/2|. For each such j, let l; be the integer such that 0 < l; < j and k = l; (mod j).

k=i _olj . ; .

There are 2 2;__12 > different ways for 28 = S(a, 27, d). Each of these representations corresponds
. . . . k—j_olj L

to an even integer d = 2d, with dy being one of the integers 1,2, . . ., 2 2;_12 ~, and the initial term

of the representation for such a dy is given by a = 28=3 — (27 — 1)dy. The arithmetic progression
can then be found by adding repeatedly d(= 2dy) to a until we obtain all the 27 terms of the

progression. In particular,

R/2) opi o
k=i — 2l
#2 =D 1

Furthermore, the longest r in the representation of 28 = S(a,r,d) is for r = 218/2],
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Proof. Consider a power 2 with k > 2. If 28 = S(a,r,d), by Corollary 2.1, d must be even.
Write d = 2d,, for some positive integer dy. By Theorem 2.1, r|2k. Since r > 1, r = 27 for some
positive integer j, and s = 2¢77, where s is the complementary factor of 7 in 2¥. The condition
$(r —1)d < s now becomes (2/ — 1)dy < 2¥77. In particular, (2/ — 1) < 2¥~7. This implies
that 1 < j < |k/2]. Now, let /; be the integer such that 0 < [; < j and k = [; (mod j), then
0<1l; <j<|k/2]. From (27 — 1)dy < 277, we have

d 2)

ok=i k=i _9li 4 9l ol k==l 1 2k

< = = - =27 - - .
021 2 —1 ( 2 —1 )+2J—1
2l

2k =il 4
] 2]’_1 )

We contend that the first term, 2% ( 5T
or equal to 1. This is because that since £ = [, (mod j) and j < |k/2], kK — j — [; is a positive
multiple of j, and thus, 2/ — 1 is a factor of 2577~ — 1. As for the term ;—jl, we first consider
the case that [; = 0. In this case 29 1 o 1. Now, assume that [; > 0 and 2l > 1. Since

) > 271 21—-1 —
j>1;, 275 —1>1and

> ,is an integer and the second term is less than

27 — 2l =2l (297 — 1) > 24 > 1,0r, 20 —1 > 24, 3)

L k—j—1.
Thus, 0 < 2?11 < 1 when [; > 0. Now, since both d and 2% <%> are integers, and

k==l 1\ _ ok—i_9Y
271 = T2

0< ;ljl < 1, from the inequality (2), we may conclude that dy < 2% <

In fact, it is not difficult to show that

2k=i — 2l
291
According to Theorem 2.1, 2 = S(a,r,d) for some r = 2/ if and only if dj is less than or

2k—i_2lj
27 —1

2% = S(a,27,2dy). Thus, there are exactly ka_;_’flj different ways to write 2¥ = S(a, 2?, d) with

this j, or #(2%,27) = Qk;f:flj for 1 < j < |k/2]. The formula for the first term a of the
progression follows from Theorem 2.1. Collecting #:(2*, 27) for all such j, we have the Formula

(1). This finishes the proof. O

1
5(r—1)d<3 & dy < “4)

equal to , and each of these values of dy will give rise to a different representation of

Corollary 3.1. Let k > 2 be an integer. If 28 = S(a,r,d) for some arithmetic progression, then
both r and d are even. Furthermore, all the term of S(a,r,d) are of the same parity, and these
terms are even if and only if the common difference d = 0 (mod 4).

Proof. By Corollary 2.1, if k > 2 and 2¢ = S(a, r, d), then both 7 and d are even. All terms of an
arithmetic progression with an even d must be of the same parity. Thus, if 2¢ = S(a,r, d), all the
terms of S(a,r, d) are all even or are all odd, depending on whether its first term a is even or odd.
But a = 2879 — (29 — 1)dy. Thus, a is even if and only if d, is even. But d = 2d,. Consequently,
all the terms of S(a, r, d) are even if and only if d = 0(mod 4). O

Remark 3.1. Our Theorem 3.2, together with Corollary 3.1, may be considered as an extension
of Sylvester Theorem for the powers of 2 since they specify not only what kind of arithmetic
progressions can have a sum which is a power of 2, but also how many of them can there be for
a given power of 2. We now consider the case of p* = S(a,r,d), and our next theorem can be

considered as an extension of Sylvester Theorem for powers of an odd prime.
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Theorem 3.3. Let p be an odd prime and k an integer > 1. Depending on whether r|p* or not,
there are two types of representations for p* = S(a,r,d):

1. M The only way for p* = S(a,r,d) with v|p* is when k > 1 and r = p’ for some j
such that 1 < j < |k/2|. For each such j, let l; be the integer such that 0 < l; < j
and k = l; (mod j). There are 2 <pk;:flj> many ways for p* = S(a,p’,d). Each of
the integers 1,2,3,...,2 (p
progression whose sum equals to p*, and the initial term a of the progression for this d is
given by a = p*7 — Z(p? — 1)d.

2. vt pk. In this case, r = 2p’ for some j with 0 < j < |k/2]. Each odd integer < ka_jflj

kfjiph
pi—1

> gives rise to a value of d for a different arithmetic

2p7—1
gives rise to a value of d for a distinct representation p* = S(a,2p?, d). These are the only
possible values for d for this v = 2p’. For each of these representations, the initial term
a is given by a = %(pk*j — (2p7 — 1)d). Thus, #(p*,2p7) = L% <p2kz:jj:11 + 1>J, where
0<yj<|k/2]

Collecting all the terms above, we have

[k/2] ke L b
1 Pt — pli 1 /p¥ 7 —1
k k
=|= -1 2 —— — | =—+1 . 5
#n=po -0+ 2 (5) p (= )]) o

where the summation is zero if k = 1.

Proof. 1. Consider a power p* for an odd prime p and an integer 7 > 1 such that r|p*. Then
r = p/ for some j > 1, we claim that if p* = S(a,r,d) for such an 7, then k > 1 and r = p’
for an integer j with 1 < j < | k/2]. This is because that if s be the complementary factor
of r in p”, then s = p*~/, and by Theorem 2.1, s > 1(r — 1)d. Thus, 2p* 7 > (p/ — 1), or
2% > pJ, or pF=H > % Since p is an odd prime, we must have 25 < kor j < |k/2]. In
particular, £ > 1and 1 < j < |k/2].

Now, let j be an integer such that 1 < j < |k/2]. Forr = p’ and s = p*~J. p* = S(a,r,d)
if and only if 1(r —1)d < s, or (p! —1)d < 2p*~7. Let[; be the integer such that 0 < [; < j
and k = [; (mod j). We have

d <

2p87 2P —ph ) (P 2p

= = J .

pi—1 pi—1 P p—1 pl—1
k—j—1;

As in the proof of Theorem 3.2, 2pl (;,]—77171
p

(6)

) is an integer. We now show that 0 <

2 <1 Since pis an odd prime and 0 < [; < j, we have p’ —2pli = pli(p/~% —2) > 1 or

pJ—l — . )
p’—1 > 2pli. This shows that ;fijl < 1. From (6), we conclude that d < 2p' (%). It

k—j—1;
is not difficult to show that d < 2p'i (%) is equivalent to the condition §(r—1)d < s.

Thus, there are exactly 2p’ (’%), or 2 <1%__flj>, many ways for p* = S(a,p’, d)

k7 .— l j . . . .
with each of the integers 1,2,...,2 <p p;_f J) giving rise to a value of d for a different
arithmetic progression, and the corresponding initial term a of the arithmetic progression

for this d is a = p"~7 — £ (p? — 1)d. This finishes the proof of Part 1 of the theorem.
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2. Now assume that r is an integer such that r { p*. If p* = S(a,r,d) for such an r, then by
Theorem 2.1, r = 2r, for some positive factor 7 of p* and d is an odd positive integer.
Thus, ry = p’ for some integer j with 0 < j < k, and its complementary factor is given by
so = p*~J. By Theorem 2.1 again, N = S(a,r,d) forr = 2p7 if and only if (2ro — 1)d < s,
or (2p7 — 1)d < p*~7. From this we may conclude that j < |k/2]. Thus, for each such 7,
there is a representation for p* = S(a, 2p?, d) for each positive odd integer d satisfying

k—j k=3 1
d < pA ord < p— )
2p —1 2p —1

Furthermore, for each such d, the beginning term a = £ [p*~7 — (2p’ — 1)d]. Note that the

. k—j_ . . k—j_
number of the odd integers less than or equal to V’ij—illJ is given by E (p2pj111 + 1)J .
Hence,

k—j _
H(p*, 2p7) = E (p2pﬂ——11 + 1)J for each j with 0 < j < |k/2].
Note that when j = 0, the above formula becomes #(p*,2) = L%(pk — 1), which agrees
with the value given by Lemma 3.1.
The above two cases exhaust all the possible values of . We can collect all the terms from the
above two parts and get a formula for #(p*). Note that the formula in Part 1 is for 1 < j < |k/2],
but for that in Part 2 is for 0 < j < |k/2]. We may combine the two formulas under the same
summation sign for j ranging from 1 to | k/2] by leaving out the term in Part 2 for j = 0 from the
summation, and noting that the formula in Part 2 for j = | k/2] is automatically zero. O

4 Representing a positive integer as sums
of arithmetic progressions. I: A procedure

A similar procedure for computing the number of representations for a general positive integer NV
can also be established. This procedure is based on the prime factors of NV since if N = S(a,r, d),
either r is a factor of NV, or » = 27y and 7 is a factor of N. Given a positive integer [V, we will
factor NV into a product of powers of primes: N = phph .pkn. We will show how to compute
# (N, r) for all the possible values of r, for which either r is a product of the powers of the prime
factors of IV, or r = 2ry and rg is a product of the powers of the prime factors of N. Collecting
all such #(N, r), we will get the number #(N).

We start with the cases for #(N,r) when r = p;/ or r = 2p;?, for each prime factor p; of N
(Theorem 4.1 and 4.2). We will then build a computational procedure for r or ry being the product
of powers of two or more prime factors of N. This allows us to find #(N, r) for all the possible
values of r. Since the procedure is similar when 7 or rg is the product of the powers of two or
more prime factors of N, we will describe, as the typical case, the product of powers of three
distinct prime factors of N (Theorem 4.3).

We now begin with powers of a single prime factor. As noted before, 1 and 2 cannot be written
as the sum of any arithmetic progression. We now determine whether an integer N > 3 can be
written as a sum S(a, r,d) when r is a power of 2, and if so, how many ways can this be done.
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Theorem 4.1. Let N > 3 be an integer. Depending on whether N is odd or even, we consider
two cases:

1. If N is odd, the only way for N = S(a,2?,d) for a positive integer j is when j = 1 and
#(N,2) = §(N — 1)

2. If N is even, say N = 2FN,, for some positive integers k and Ny such that Ny is odd, we
need to consider two further cases:

A) For each integer j such that 1 < j < k, there are representations N = S(a,2’,d) if

and only if d(= 2dy) is even and LQk;ij_V(i’lJ > 1. In such a case, each positive integer

from 1 to L%J gives rise to a value of dy for a representation N = S(a, 27, 2d,),
and o

, 2PINy — 1

N,2) = | —————

#( ) ) \‘ 2] _ 1

For each dy specified above, the beginning term a = 277Ny — (27 — 1)dy. The
progression itself can then be found from these a and d(= 2d,).

J foreachl < j < k. @)

B) N = S(a,2?,d) can also happen when j > k. For this to happen, we must have

j=k+1and L%J > 1. In such a case, each odd positive integer from 1 to

{%J gives rise to a value of d for a different representation of N, and

1/ No—1
E+1y _ 0
#(N,Z )— \‘5 (m‘f—l)J (8)
For each of these arithmetic progressions, a = 5 (No — (27 — 1)d).

Proof. 1. Let N > 3 be an odd integer and r = 27 for a positive integer j. We first show that
N = S(a,r,d) then j = 1. This is because that since NV is odd, 7 { N. The only possibility
for N = S(a,r,d) is, by Theorem 2.1, for r = 2rq and ro|N. But ro = 37 = 27~'. Thus,
0|V implies that j = 1, and r = 2. The rest follows from Lemma 3.1.

2. Let N > 3 be an even integer. Write N = 2% N, for some odd integer Ny. We now consider
the case that N = S(a,r, d) for r = 27 for some positive integer j.

A) Suppose that 1 < j < k. In this case r = 27 divides N. Since r is even, by Theorem
2.1,if N = S(a,r,d), then d must be even. Write d = 2d, for some positive integer
dy. By Theorem 2.1 again, N = S(a,2’,2dy) if and only if (29 — 1)dy < s, where
s = 2FJ Ny is the complementary factor of 2/ in N. Thus, there is a representation
N = S(a,27,2d,) for each integer dy satisfying the inequality dy < 5%, or dy <

2k =9 Ny
27-1 °

2k—J Ng—1
27 —1

2k—J Ng—1
201

N, and Formula (7) follows. The formula a = 2¥~7 N, — (27 —1)dy also follows from
Theorem 2.1.

Note that we do not need to worry about whether the condition {%J > 1in

In particular, L J > 1. In such a case, we may conclude that each

positive integer from 1 to L J gives rise to a value of d; for a representation of

27 -1
(7), for if it is not satisfied, this term in (7) would automatically be zero. We also note

that when j = 1, L%J = [287'Np — 1] = [ § — 1]. Since N = 2¥Nj is even,
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N —1lisodd,and [2(N —1)] = [$(N —2)| = | ¥ — 1]. Thus, Formula (7) reduces
to #(N,2) = [$(N — 1)|, which agrees with Lemma 3.1. This finishes the proof of
2(A).

B) Consider the case when j > k. In this case 7 = 27 does not divide N. By Theorem
2.1, we must have r = 2ry and ry = 277! is a factor of N = 2¥N,. Consequently,
we must have j = k + 1. Since r { N, by Theorem 2.1, N = S(a,r,d) if and only
if d is odd and (2ry — 1)d < sp, where sy = Nj is the complementary factor of r
in N. Thus, for each odd integer d satisfying the inequality d < 2,#\7—1071 there is a

representation of N = S(a,r,d). Thus, we must require {Q,QJ\T—SIJ > 1. If this is the

case, each odd integer from 1 to {%]\@—I_EIJ gives rise to a value of d for an arithmetic

progression, and Formula (8) follows.
The rest of the assertions in (B) are then immediate. Again, we do not need to worry
about the condition L%J > 1 for Formula (8), for if the condition is not satisfied,

i.e., suppose

Ny —1 Ny —1
Consequently, E (2,91\@—1’_11 + 1>J = 0. This finishes the proof of the theorem. [

Theorem 4.2. Consider a representation N = S(a,r,d) for a positive integer N = p* Ny where

p is an odd prime, and k and Ny are positive integers such that Ny is relatively prime to p.

1. The only case for r = p’ for some integer j is for 1 < j < k and L%J > 1. For

. . k—j — . k—j — . .
sucha j, #(N,p’) = %J. Each of the integers from 1 to {prjj# gives rise to
a value of d for a different representation of N. For each such d, the initial term is given by

a=p"INy — %(}ﬂ — 1)d. The progression itself can then be found from these a and d.

2. Now consider the case for v = 2p’. For this part of the theorem, we may assume that N is
an odd integer since the case N is even can be covered in the Part 1 of Theorem 4.3 (see
also Remark 4.1) when r is a product of the powers of two or more primes, including 2.

In this case, r = 2p’ for some integer j can happen if and only if 0 < j < k

and L%J > 1. If these conditions are satisfied, for each such j there will be a

representation N = S(a,r,d), withr = 2p’, and #(N, 2p’) = B (M + 1>J Each

2pI —1

k=3 No—
of the odd integers from 1 to V 2;?101 !

and for each of these d, the beginning term a = $[p"~ Ny — (2p7 — 1)d.

J gives rise to a value of d for such a representation,

The above two cases exhaust all the possibilities for p* Ny = S(a,r,d) for r = p/ or r = 2p’ for
all possible integer j.

Proof. Consider a representation N = S(a,r,d) for a positive integer N = p*N,, where p, k,
and N, are as specified in the theorem.

1. If » = p for some integer j. Since r is odd, 7| N by Theorem 2.1, and hence, 1 < j < k.
By Theorem 2.1 again, N = S(a,r, d) for r = p if and only if the complementary factor s
of r satisfies s > (r — 1)d, or 2p*~7 Ny > (p’ — 1)d. This condition is satisfied if and only
if d is a positive integer such that
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2pk=I N, WE=I N, — 1
d<umdgw—oj.

p—=1

In particular, LMJ > 1. Thus, N = S(a,p’,d) ford = 1,2,. .., LMJ, and

pi—1 pl—1
consequently,

#vp) = |

Note that for certain values of j, k, p, and Ny the inequality 2p* 7Ny > (p’ — 1)d is not
satisfied for any positive integer d (for instance, whenp = 3, 7 = k = 2and Ny = 1), but this
does not invalidate the formula for #(N, p?) since in such cases (2p* 7Ny — 1) < (p? — 1)
and #(N, p’) is zero, and thus, when (2p" 7Ny — 1) < (p! — 1), or when s < $(r — 1)d,
there is no such representation for N. The formula for #(V) is still valid.

2pk7jN0 -1
pP-1 ]

2. Now assume that NV is an odd integer. If r = 2p/, then r { N. In this case, ry = 5= p’ does
divide N, and hence, 0 < j < k. The complementary factor for r( is then sy = p*~7Nj.
By Theorem 2.1 again, N = S(a,r,d) for r = 2p if and only if (2ry — 1)d < sg, or
(2p? — 1)d < p*~INy. Thus, there is a representation N = S(a,2p’, d) for each positive
odd integer d satisfying

LAY k=i N, —
p. 001rd§ w .
2p7 — 1 2p7 — 1

pFTINo—1

In particular, { 31

J > 1. Again as before, the number of such representations is

k—j _
#ova =[5 (P 1) |

The rest of the theorem is immediate. L]

Remark 4.1. We now consider a general positive integer N = p’flpg2 ... pFn Ny, where Ny is
relatively prime to all the prime factors p;’s. We will describe a way that N can be represented
as sums of arithmetic progressions S(a,r,d). The computations are all similar when r or 1 is
a product of powers of two or more prime factors of N. In the theorem, we will describe only
a typical case: when N = p*1¢*2t*s Ny, where p, q,t, are three distinct primes, all of which are
relatively prime to Ny, and r or ry also involves these three primes with positive powers. The
same procedure can be used when more, or fewer, number of prime factors of N are involved.
This procedure allows us to compute the number #(N, r) for any factor r of N. By collecting all
these #(N, 1), we can then get #(N) itself.

Theorem 4.3. Consider a positive integer of the form N = p* ¢*2t*3 Ny, where p, q,t are three
distinct primes, each k; > 0, and Ny is a positive integer relatively prime to p, q and t. Our
procedure depends on whether N is even or odd:

1. N is an even integer. In this case, let p = 2 and write N = 2¥1¢*2t*3 N,,. The number of
ways for the representation N = S(a,r,d), where r of the form r = 271¢72t73, depends on
two further cases: whether r|N orr{ N:
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IA. If r|N, there is a representation for each even integer

g < 2k1*j1+1qk2*j2tk3*j3]\/'0 -1
- 201 giztis — 1 ’

For each of such d, the first term a is a = 2F1791 gr2=d2gks=is Ny — 1(271gi2¢ds — 1)d.

IB. Ifr 1 N, then j; = ki + 1 and there is a representation for each odd integer

< qk2—j2tk3—j3N0 —1
- 2kitlgiatis — 1 ’

For each of such d, the first term is a = §[q"~72tF3~75 Ny — (2 +1git7s — 1)d].

Thus, the number of ways when N is an even integer and for r of the form r = 271 ¢72t73 for

some nonzero powers ji, jo and js is

ke ks ks ok1—j1+1 k2~ ]2tk3 3Ny — 1 k2 ks gr2—aztks—is Ny — 1
S (e S [ ) ©

J1=1j2=1j3=1 Je=1j3=1

2. N is still even, but r = p’L¢?2t3 is a product of powers of three odd primes. Since r is odd,
rIN and N = p*1¢*2t*s Ny, where Ny is even and k; > j; for each i = 1,2 or 3. In this
case, there a representation for each integer

< 2pk‘1—j1qk2—j2tk3—j3]\[0 -1
- pirgiztis — 1 ’

For each of such d, thg ﬁilfst'term is a = phivgkemighs=is Ny — L (phgi2tds — 1) d, and
consequently, for r = p’1q*t%3,

(10)

2pk1*j1 qszjztl%*js NO _ 1J

#(N’ T) - L pirgiztis — 1

3. N = p*rg*2t*s Ny is an odd integer. In this case, p, q,t and Ny are all odd. There are again
two possible ways for the representation N = S(a,r,d) either for r of the form r = p’* 2173
or for r of the form r = 2p’ ¢2t73, depending on whether r|N orr{ N:

3A) r|N. Then r = p’*¢7?t’3, where 1 < j; < k; for each i = 1, 2 or 3. There is a
representation for each integer

kalfjl qk2*j2tk3*j3 Ny —1
d< \\ pj1qj2tj3 -1 ’

For each of such d, the first term is a = p*' =71 gF>= 2tk =3s Ny — £ (pltg7t73 — 1) d.
3B) 1 N. In this case, r = 2p ¢’2t73, where 1 < j; < k; for each i. In this case, there is

a representation for each odd integer

k1—j1 qke—j2+ks—33 _
d< Lp g PN 1J .
- 2p]1 q2tr3 — 1

For each of such d, the first term is a = §[p"~91gF2=72¢ks=0s Ny — (2p71 g72t% — 1)d].
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Combining these two cases, we have for an odd integer N = p* ¢*2t*s Ny the number of
possible representation for r = p’t¢72t3, or of the form r = 2p" ¢’2t73, is given by

k1 ko ks ket —i1 Keo—io 1 kn—i k1 — i1 Jeo—io 1ka—i
opk1=it gke—jepks—ds N _ 1 1=J1 gk2—jatks—is N, —
EEE P 4 "7 0 += (2 " 0 +1)). 1D
pIrgetis — 1 2 2p]1 @213 — 1

Jj1=1j2=17j3=1

Proof. In each case, for a given 7 or r, we use the condition 3 (r — 1)d < s or (2rg — 1)d < sp to
determine the allowable values for d for the number of possible representations for N = S(a, r, d).
In carrying out the computations, we need to consider the restrictions, as described in Theorem
2.1, that when r|N, then either 7 is odd or d is even, but when r { N, r is even and d is odd.
Finally, when we compute the number of ways, if d is an odd integer less than or equal to a given
number we have to add an 1 before taking the floor function of % of that number, but it the number
is for d to be an even integer less than or equal to that number, we do not have to add an 1. The
arguments are all similar to what we did before and will be skipped here. ]

5 Representing a positive integer as sums
of arithmetic progressions. II: An example

To show how our method can be carried out, we now sketch a computation of #(NV), for
N = 233%5? = 1800. We will first compute #(N,r) for r or ry being the power of a single
prime factor of NV, and then, for r or ry being the product of powers for pairs of the prime factors
of N, and so on, until all the factors of N are accounted for.

1. #(1800, p’) for some positive integer ;.
1A. First consider the case for p = 2 and r = 27 for some integer j > 1.

(a) Suppose 2/|N. In this case 1 < j < 3. In the form of N = 2* N, of Theorem 4.1-Part

27 —1
an arithmetic progression. These are the only possible ways for N = S(a, 27, 2d,) for

1 < j < k. Hence, #(N,2/) = L%J = L%J For each of these

do, the initial term of the progression is given by a = 27Ny — (27 — 1)dy =
23-1925 — (27 — 1)dp.

2A, Ny = 225. Thus, each integer from 1 to Vk_jNO’lJ gives rise to a value of d, for

o j =1 #(N,2) = [899] = 899. To find these progressions, we can let dy be any
oftheintegers 1,2, ..., 899, and for each of the d, leta = 2?x225—dy = 900—d.
The progression will then consists of the two terms a and a + 2d,,.

e j =2. In this case, #(N,2?) = |225=1| = 149. By a similar process, we
can find all these 149 progressions: for each dy = 1,2,...,149 we let a =
2 x 225 — 3dy = 450 — 3dy, then keep adding d = 2d, to a until we obtain all
22 = 4 terms of the progression.

. =3 fk*jNo—lJ = [22-1] = 32, Thus, dy = 1,2,..., 32 and #(N, 22) = 32.

27 —1 7

254



(b) Forr = 27 { N, then since 5 = ro divides N. We must have ry = 2% and rr = 27 = 2%,

and sp = Ny = 225. By asserton 2(B) of Theorem 4.1, each odd positive integer from 1

to |52=1] = | 22!| = 14 gives rise to a value of d for a distinct arithmetic progression,

consisting of 2ry = 16 terms. Thus,d = 1,3,...,11,13, and #(N,2%) = 7.

Combining all the cases, we have #(1800,27) = 899 + 149 + 32 + 7 = 1087. We stress
again that if needed, we can construct any of these 1087 arithmetic progressions by using
the values of r, the common difference d, and the first term a. This is also the case for any

of the arithmetic progressions counted below.
1B. The case for #(1800,37) is similar. If r = 37, then 3/|N(= 233252 = 32N,), where
Ny =200 and j = 1 or 2. By Theorem 4.2, each of the integers from 1 to {%J =

{400><32—j—1

T J gives rise to a value of d for a distinct arithmetic progression.

(a) For j = 1, #(1800, 3!)
d=1,23,....599.

| 222 ] = 599. There is a representation for r = 3 for each

(b) For j = 2, #(1800,3%) = [%2| = 49. There is a representation for r = 9 for each
d=1,2. ... .49

Combining the above two cases, we have that #(1800, 37) = 599 + 49 = 648. Note that we
need not compute # (N, 2p’) described in Part (2) of Theorem 4.2 since here N is not an
odd integer and it is not the case that r = 2p/ { N.

1C. The case for #(1800, 57) is also similar. If r = 57, then 5| N (= 233?52 = 52N, = 52 x 72),

144x52—9—1

and j = 1 or 2. Each of the integers from 1 to L -

J gives rise to a value of d for a
different arithmetic progression.

(a) For j = 1, #(1800,5) = | &2| = 179.

(b) For j = 2, #(1800,5%) = [42]| = 5.
Combining the above two cases, we have that #(1800,57) = 179 + 5 = 184.

2. We now consider # (1800, r) for r = 2713725/ where at least two of ji, j, and j3 are greater
than zero.

2A. For j; = 0, r = 3257, This is the case described in Equation (10), except that we have
only two prime powers instead of three. In this case r|N, and each of j; and j; can be 1

or 2. The complementary factor s of 7 will then be s = 233277252773 and the condition
1 243277252733

2s  __

> . Thus, there is a representation for r = 37257 for

372573 —1
term is a = pkl—j1qk2—j2tk3—j3N0 _ % (pjlq]étj:s _ 1) d.

each value of d = 1,2,..., {MJ , and for each such d, the corresponding initial

392593 —1

@ (o, js) = (1,1), 7 = 35/ — 15, and LMJ = |22] =17,

() (o, o) = (2,1), 7 = 3257 = 45, and [ 22501 | — [88] =1,

372573 —1
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©) (J2,73) = (1,2), and (ja, j3) = (2,2); 2%3*7925279s < 37255 — 1, and hence,
{2432—1'252—1'3—1

a5l —1 J = (. There are no representations for these cases.

Combining all the cases in 2A, we have # (1800, 3/253)= 17 + 1 = 18.

In the following, we will consider the cases when j; > (0. Depending on whether r =
271372573 is a factor of N = 233252 or not, there are two possibilities:

i) Ifr|Nthen1 < j; <3, 0<js <2and0 < j3 < 2, but at least one of j, and j; is

nonzero. In this case, 7 is an even integer, and by Theorem 4.3, d can only be an even
2k1—d1+1gka—d2tk3—33 Ny—1
201 ¢I2t73 —1 .

integer less than or equal to {

ii). If  + N, then j; = k1 + 1 = 4, and d will be an odd integer less than or equal

to| L2245 T No—1
2k +1q32tJ3 -1

2B. Consider the possibility i), when 7| N. In this case r = 2713725 with 1 < j; < 3,1 < jp <
2 and 1 < j3 < 2, and there is a representation for each
2k1*j1+1qk2*j2tk3*jg -1 24*]'1 32*j2 52*j3 -1
q< { - J _ { 5 J
2ngr2tiz — 1 231372533 — 1

We now compute all the cases for r|N:

(@ =1

e (j2,73) = (1,0). r =2 x 3 =6, and d is an even integer < {
22| = 119. Thus, #(1800, r) = 18 = 59.
(J2,

24-7132-72 5243 1 | __
271392593 —1 -

(J2, 7 ) (0,1). »=2x5 =10, and d is an even integer < |3%=1| = 39 or

d—2,4,...,38. Thus, #(1800,) = 19.

) (1 1). r =2 x 3 x 5 =30, and d is an even integer < |12
d = 2 or 4. Thus, #(1800,7) = 2.
(j2,73) = (2,0). r =2 x 9 = 18 and d, is an even integer < [22-1| = 11, or
d = 2,4,6,8,10. Thus, #(1800,r) = 5.

(o, js) = (0,2), (1,2), (2,1), or (2,2). In each of these cases, 28 72521

o] =4 0r

24*]’1 32*j2 52*]‘3_1 . .
< 2,and { 5713725751 J < 1. There cannot be any even integer for d in these

cases, and consequently, and there are no representations in these cases.

Combining all the above for j; = 1, we have #(1800,7) =59+ 19 + 2+ 5 = 85.
() j1=2

(ja, j3) = (1,0). r = 22x3 = 12,and dis aneveninteger < f“’@ﬁé}j@f_’f‘ﬂ =
Lij =27,0ord =2,4,...,26. Thus, #(1800,r) = 13.
(

j2,j3) = (0,1). 7 = 2% x 5 = 20, and d is an even integer < |2 | =9, or

d = 2,4,6,8. Thus, #(1800,r) = 4.
e (j2,j3) = (2,0). r =22 x 9 = 36, and d is an even integer < |1%=1] =2, or
d = 2. Thus, #(1800,r) = 1.
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d (j27j3) = (17 1)7 (Oa 2)7 (L 2)7 (27 1) or (272)' \‘247].211'?2?;;?5]532:1371 = 0. No
representations in such cases.

Combining all the above for j; = 2, we have #(1800,r) = 13 +4 + 1 = 18.
() j1=3

24—-7132—J2 52-7J3 ,1J o

js3) = (1,0). r = 2°x3 = 24 and d is an even integer < { ST

J25

49| _ 6, ord = 2,4,6. Thus, #(1800,7) = 3.
2, ] ) (0,1). 7 =2% x5 =40 and d is an even integer < |%=1| = 2 or

= 2. Thus, #(1800,r) = 1.

. <j2,j3> = (L,1), (0,2), (2,0), (1,2), 2 Dor (2,2) . | E5EEp=1] — 0.
No representations in such cases.

For j; = 3, #(1800,7) = 3 + 1 = 4.

(J
i
(J2
d

Summing up all the results for 2B for j; = 1, 2, and 3: #(1800,r) = 85 + 18 + 4 = 107.
2C. Now, consider the possibility ii) when r { N. Then r = 2ry and 4| N(= 233%5?). From

these we may conclude that j; = 4 and r = 23725 with 1 < j; < 3,1 < j, < 2, and

so = 3277252773 Furthermore, from Theorem 4.3, we know that there is a representation

32-74252-93 -1

for each odd integer d < {W

We can check quickly that the only way for #(1800, ) # 0 in this case is for r = 213!5% = 48,
All other combinations of 7 = 2437257 with 1 < j; < 3,1 < j, < 2, will make #(1800,7) = 0.
For the case that r = 48, 7y = 24, so = 3 x 5% = 75, and

g 327252705 — 1 3x5%—1 74 1
24372573 — 1 24372573 — 1 47

Summing all the results of above for 1A, 1B, 1C, 2A, 2B, and 2C, we may conclude that
#(1800) = 1087 + 648 + 184 4+ 18 + 107 + 1 = 2045.

This is the total number of ways that 1800 can be written as sums of arithmetic progressions.

We wish to emphasize again that for any of the 2045 ways of representing 1800 as sums of
arithmetic progressions, it is easy to find the arithmetic progressions themselves. All we need is
to find the first term a of the progression for the given r and d, using either Theorem 4.3 or one of
the earlier theorems. then keep adding d’s to a until all  terms of the progression are found. For
instance, for the representation of 1800 as the sum of an arithmetic progression of 48 terms, since
inthiscased = 1,rg = £ = 24, and sy = 1800 = 75, by Theorem 4.3, (or even Theorem 2.1), the
first term of the progressmn isa=1[s)— (27‘0 — 1)d] = 1[75 — 47] = 14, and the progression is

14 415+ ---+ 60 + 61 = 1800.
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6 Concluding remarks

J. J. Sylvester showed in his original paper [11] that the number of ways a positive integer N can
be represented as sums of consecutive integers is equal to the number of odd factors of NV that is
greater than 1. We now see that the number of ways a positive integer /N can be represented as
sums of arithmetic progressions S(a, r, d) is also closely related to the factors of N, but in a more
complicated way: we need to find among the factors of NV the admissible values for  or ry and
use the conditions on 7 and 7, to find these representations. With some patience, we may find all
the possible representations for any positive integer N with our procedure. For instance, from our
computations, we found that the integer 1800 can be written as sums of arithmetic progressions
consisting of as few as 2 terms and as many as 48 terms, and our method also allows us to produce
any of these arithmetic progressions.

In the second part of our paper, we will take up the problem initiated by Wheatstone again,
by using as the main tool, an extension of a method recently introduced by Junaidu, Laradje and
Umar, to study the relationships among various representations for different powers of an integer.
Though these relationships provide us certain new insights for the representations studied in this
part of the paper, each part of the paper can essentially be read independently from the other part.
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