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Abstract: In this paper, we will derive the explicit formulae for Chebyshev polynomials of
the third and fourth kind with odd and even indices using the combinatorial method. Similar
results are also deduced for their 7" derivatives. Finally, some identities involving Chebyshev
polynomials of the third and fourth kind with even and odd indices and Fibonacci polynomials
with negative indices are obtained.
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1 Introduction

Fibonacci numbers are one of the most widely studied mathematical objects. The developments
in the theory of Fibonacci numbers have led to the creation of an unparalleled niche in the arena
of existing mathematical research. In addition to mathematics, these numbers find enormous
applications in a wide range of fields, including physical and medical sciences, computer sciences,
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statistics, and graph theory. Due to their wide spectrum of applications in nature in general and
mathematics in particular, the fibonacci numbers have attracted the interest of mathematicians
and made their existence indispensable in the development of mathematical theory [4]. Several
mathematicians have analysed Fibonacci sequences, studied their properties, and obtained various
generalisations in different directions [3, 9]. One such direction of generalisation extends the
Fibonacci sequences to the sequences of Fibonacci polynomials and Chebyshev polynomials.

Several authors have studied various properties of Fibonacci polynomials and Chebyshev
polynomials of the first and second kind and their interactions and deduced many interesting
results [7, 8,10, 11], but very little work has been done in the case of Chebyshev polynomials of
the third and fourth kind. In this paper, we will discuss the behaviour of Chebyshev polynomials
of the third and fourth kind and their relationship with Fibonacci polynomials.

To start with, the Fibonacci numbers are defined by the second-order linear recursive relation
as follows:

ga = 30471 + Saf% (1)

for all @« > 0 with §o =0, §; = 1.
Similarly, Lucas numbers, another variant of Fibonacci numbers, are defined by the recursive
relation as follows:

2@ = '804—1 + Sa—Qa (2)

forall « > 0 with £y =2, £, = 1.
In one of its generalisations, the Fibonacci and Lucas numbers are extended to the Fibonacci
and Lucas polynomials [11], which are defined recursively as:
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(Ta-1(C) +Fa2(¢), Fo(¢) =0, Fi(¢) =1, 3)
L£a(¢) = CLa1(Q) + £a2(C), Lo(€) =2, £i(¢)=¢, “4)

for all integers, o > 1.

Following this pattern, Chebyshev polynomials also exhibit similar recursive relations.Chebyshev
polynomials appear as solutions of the Chebyshev differential equation occurring as a special
case in the analysis of a Strum-Liouville boundary value problem [5]. For any integer o« > 0,
the Chebyshev polynomials of first (T, (¢)), second (44,(¢)) , third (U, (¢)), and fourth (25,,(¢))
kind [2, 8] are defined as follows:

Ta(€) = cosab, (3)
i 1)6
1(0) = % ©)
+ 3)0
Va(() = % )
2
in(a + 1)0
Wa () = —Smgngg) , (®)
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where ¢ = cos @, forall ¢ € [—1,1] and @« € N. Using De Moivre’s theorem, these Chebyshev
polynomials [2], can be written recursively for any integer o > 1, as follows:

Ta(() =20Ta-1(0) — Ta—2(), Fo(C) =1, Ti(¢) =, ©)
ﬂa(g) = 2@%—1(() —ila_z(é), Llo(o =1, 541(0 = 2¢, (10)
Va(() = 2¢Va-1(C) = Va-2(C), Vo(¢) =1, TVi(()=2¢—-1, (11)
W (C) = 20Wa-1(C) = Wa-2(C), Wo(¢) =1, Wi(¢) =2C+1

Further algebraic manipulations of these recursive relations give rise to the following explicit
formulae [1,7]

Sa + 2+ — 2 4+ 4)%], (12)
(€)= \/@7 [((+ vV + V(24 4)7]

= <+wc2—1a+ ¢— V¢ —1), (13)

Ua(€) = [(C+ /¢ — 1) — (¢ — /¢ — 1)*H], (14)

T

for Fibonacci polynomials and Chebyshev polynomials of the first and second kind, respectively.
A wide variety of literature is available on the Chebyshev polynomials of the first and second
kind whereas limited work has been done on the Chebyshev polynomials of third and fourth kind
which opens up an intriguing field for the prospective researchers.

Several authors have analysed the sequence of Chebyshev polynomials of the first and second
kind, studied their properties, established various formulae for these polynomials, and deduced
many interrelated identities and their linkages with other orthogonal polynomials [7, 8, 10, 11].
Wang and Zhang [10] studied these polynomials and deduced some interesting identities for
the power sums of the derivatives of the Chebyshev polynomials of the first kind. In [2, 10],
the authors have deduced the explicit relations for the Fibonacci polynomial and Chebyshev
polynomials of the first and second kind as follows:

[257]

FalO) =D (a _g N 1) (¢, (15)
3=0
(3]
Tal) = 3 <—1>5%<2oa-%7 (16)
p 18!
3]
RN ((a=B)! o as
Ua(C) = BZO(—l)ﬁm(ZC) 2. (17)

Similar relations are obtained by Yang Li [6,7] for the Chebyshev polynomials of first and second
kind as follows:

at+l «o

272045—04)(04—1-7—1)
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o> 2208 - B)(a+y - 2)
£01(0= 2 2 et iy + - e 1
N (217 TT2P (28 — 1)(2a 4+ 1) (a4 7)!
;Z T e v T SR TN G
Ny DT ”“22”’"(2504—04)(0z+7—1)
(zt
* 51 ,yz:; NB+y—r)l(y—r—p+1) S2p-1(C). @D

Similar results were obatained for Chebyshev polynomials of second kind.

A close perusal of the cited literature suggests a fair possibility for the deduction of similar
identities for the Chebyshev polynomials of the third and fourth kinds. So, here in this paper, our
main focus will be on the derivation of similar explicit relations for the third and fourth kinds
of Chebyshev polynomials, their derivatives, and their relationship with Fibonacci polynomials,
which will definitely strengthen the existing and prospective research work on Chebyshev
polynomials.

2 Main results

In this section, we will discuss the main results of this paper, which depict explicit relations for
the Chebyshev polynomials of the third and fourth kinds, their derivatives, and their relationship
with Fibonacci polynomials with negative indices. To begin with, we will proceed as follows:
From [2, 8] it can be easily seen that, for any positive integer «,

U () = Ua(C) — Ha-1(0), (22)
Wa () = Ua(C) + Ha-1(C), (23)
W (C) = (=1)*Va(—0¢), (24)
Fa(=C) = (=1)*"Fa(0), (25)
§-a(C) = (=1)*7'Fal0). (26)

Firstly, we will establish the explicit formulae for the Chebyshev polynomials of the third and
fourth kind.

Theorem 2.1. For any positive integer «,

By (C) = (200" + az:_l(_ a-Bo2B+1 (a+ﬂ) {(C)% ) (¢ )25+1} 7

P 23 2 (26+1)
S wpopprifatBY [(a+B+1) s (O
mZaJrl(C) - ;( 1) 22 +1( 2ﬁ > |: (2B+ 1) (C)Z o 2 :
Proof. From [7], for any positive integer «,, we have
e (D% (ot B, g
SQQ(O—/}Z;—(MQ) ( 28 )(4) , (27)
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Topt1 (C ) =
B=0

(—1)2P228(2a + 1) <a +B8+1

(B+a+1) 28 +1 >(O2BH'

Using the fact, T/, (¢) = all,—1(¢) with (27) and (28), we have

= (=122 028 4 1) (a+ B+ 1
() = 3 S ("5 o,
N~ (PR 1) (ot 2
Uras1(€) —; Bra+t2) ( 28 + 2 )(C)2ﬂ+17
a—1
B (_1)a—ﬂ—122ﬂ+2(ﬂ+1) C¥+6+1
0 (0) = a2 (O e

o

Thus, using (22) with (29) and (31), we have

Voo (¢) = Usa(¢) — HUza-1(C)

= (D)2 284 1) fa+ B+ 1 )
_;:% (B+a+1) (26+1 )“W

) a-1 (—1)>F=122042(53 4 1) <a + 8+ 1> ()4

= B+a+1) 26 +2
- ﬁZ( e (2 ) o
_ BZ <—1>a-ﬁ(;ﬁzf+ll) (a - ) (a;ﬁﬁ) (e
= (20 + gj:(—l)a-%w (“;f ) ()
. 5 (_Da_(?;i <)a —5) (a;ﬂﬁ) (0

a

26

= (20)* + _1(—1)“5225+1 <a g ﬁ) {(Ozﬁ L la—p) (O(25+1)] _

pur 2 (26+1)

Therefore,

() — (207 :Z;:(_l)awﬂ <a + @) [<c>w , (a=9) (omm] |

23 2 T (28+1)

Similarly, using (22) with (29) and (30) and proceeding as above, we have

m2a+1(§) = L[2a+1(C> - ﬂza(C)

- (DR (B4 1) (a4 B4 2Y L gpig
—; (B+a+2) (2B+2 )(O )

208

(28)

(29)

(30)

(1)

(32)



i a=F223(283 + 1) <a+5+1><c)25

= ﬁ +a+1) 26 +1
- ()2 a4 B4 1) (a8 ° L afa+
-3 i ("5 )(cW“—B:O( IR GVIGE
e 1 28
— 6:0( 1) ,822ﬁ+1 (042‘;6) |:(022—;i_;) )(C)ZBJrl . (C; :| )
Therefore,
S apozpet [+ B [(a+B8+1), 4 _@}
%aﬂ(c>—;< 1) “( 28 ) {—(25 Ty O 3B
This establishes the Theorem 2.1. L]

Theorem 2.2. For any positive integer «,

a—1

_ 2a a—po2pi1 (@t 0 (C)QB (@ =B) , \opi1
) = (26 + 312 (" - i)
R apozpri (@B [(a+B8+1) 2641 | (€)?

QﬁZaJrl(C) - Z( 1) 52 g ( 25 > |: (2ﬁ+ 1) (C) g :|

8=0

Proof. Using (24) and (32), we have

= (ot Syt (PP [ LBy

= 203 (28 +1)
o 20 — a—B628+1 a“"ﬁ (C)zﬁ _ (O‘_B) (28+1)
Therefore,
_ 20 — )a- Bo28+1 a+ 3 (O2B _ (a—B) (28+1)
€)= (20 () ("5 S - e o],

Similarly, using (24) and (33), we have

[0}

_ a—Bo2i1 [+ P Q¥  (a+pB+1) (26+1)
(0= o0 () [ g o]

This establishes the Theorem 2.2. OJ

Thus, the Theorems 2.1 and 2.2 establish explicit relations for the Chebyshev polynomials of
the third and fourth kinds. Next, we will proceed to deduce the derivative of these polynomials
as follows:
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Theorem 2.3. For any positive integer o and 1,

r _ - ( 1)04 622/8(a + /6 B—r a 622/8+1(Oé + 6) (2641)—r
Tl 2 L ¢ E: 2ﬁ+1—r<a—ﬁ—w‘2+l

)

Y

R V4P”?“%a+ﬂ+1)251 - aﬁ?%a+m 25r

m2a+1(<>_ Z (Oé—ﬁ)'(ZB—i-].—T)‘ ) Z 26_7, ﬂ)‘ C
B=[52] B=151

where [(] is a ceiling function of (.

Proof. Diffrentiating (29), (30) and (31) with respect to ¢ r-times, we have

r oy N~ (EDT2% (0 + ) gy,
LlQCM(C) - IBZ[Q (Oé _ 5)|(2/3 _ T)' C ) (34)
r = (mD)eP o+ B+ 1) (264+1)—r
Ll20¢+1 (C) - ﬂ:[z;l (2B + 1 — T)!(Oé . ﬁ)' C ) (35)
a—1 -1 a—ﬁ—1226+1 !
W (= > (EX _) 51125 (+a1+_6 2)!625““. (36)

B=I"51
Differentiating (22) with respect to ¢ r-times and using (34) and (36), we have

U5, (C) = Uy (€) — U1 (€)
_ i (=1)*P2%(a + B)! BT _ azjl ((_1)a_’3_1226+1(04+5)! (B

o (28— = ) Pt 26+1—=r)l(a-p-1)
Therefore,
S (e 622ﬂ(oz+5 (28 ) B2 (0 B)
e =GNt +5;11 —5—1 @11 - 3D

Again, differentiating (22) with respect to ¢ r-times and using (34) and (35) , we have

%goﬁrl(C) = ﬂEaH(C) - ﬂSQ(C)
_ Za: (—1)*B226+1 (o + 3 + 1)! (@51 a (_1)a—622/6(a+6)!<254.

oz, @1 nla 5] T A @Bl )
Therefore,
. o (DR a4 B! sy e (ED2% (04 B)!
B=["5~1 p=I351
(33)
This establishes the Theorem 2.3. ]
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Theorem 2.4. For any positive integer o and 1,

, o (D)2 + B)! 26-r = (=1)* P2 (a 4 B)! (28+1)—r
mba(o—ﬂ% (@ ANEs—m ° B;W (@—B—D2B+1-r" ’
S (DT et F D) gy, N (D204 ) gy
2. CESEnICE R 2 DI

Y

wgaJrl(C) =

_rr—1
,[TQ

B=[51

N3

where [(] is a ceiling function of C.

Proof. Differentiating (24) with respect to ¢ r-times, and using (37), we have

50 (C) = (=1)" V5 (=)

N~ ()T a )
" 2 AN

S (S Preiti(g 4 )l

Zw (@—B-DI28+1—1)
B (=122 (o + B)! (2
a (= B)N2B —r)!

S A G t)]

(=¥

+

(_g)(Qﬂ-ﬁ-l)—r

e ™
I
o

_ : 'C(2,8+1)—r
oy (=B =DlB+1-7)!
Therefore,
an (= 3 EVTT et Dl ai ((_1)““’"225“(04 O -

(= B)N(26 —r)!

: Pt a—F-=DI(26+1—1)!

B=[

N3

Again differentiating (24) with respect to ¢ r-times, and using (38), we have

, o (D)2 a4 B4 1) gy, — (=12 (a + B)! L,
D D = IR Pt e/

This establishes the Theorem 2.4. OJ

The explicit formulae for the r** derivative of the third and fourth kinds of Chebyshev
polynomials with even and odd indices are thus established by Theorems 2.3 and 2.4.

Next, we will study the interaction between the Chebyshev polynomials of the third and fourth
kind and the Fibonacci polynomials.

Theorem 2.5. For any positive integer o and r,

at+l «

e s )
Banl¢ 252( A e X B (0

- 1) e282 ) (0 + § — 1)1
(8- u+1 (B+p+ 1 a=F+ 1)

1
+

X §-2u(C),

pn=1 =0
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a+l «

S () ey
T =33 T |G e e SO
21~ 2p)

__W+uwa—5yx&wwmo.

Proof. For any positive integer «, we can deduce [7],

+o0
uQa(C) = Z CQa,ugu(C)
=1

+00
Uga1(C) = Z C2a—1,u3u<o
pn=1

where

o
24B+1 3u+2a+1u(a+ﬁ)l . .
) if o 1s odd
12B+u+D)N(2B—p+1)ll
02%#: ﬁ:O 2B+p+1)N(28—p+1)!

otherwise,

0
o 24£+3 3pu+2a (O‘+B ) . .
Z (a—B—1)I(2B8+p+2)1(2B—pt+2)!! if M 1S odd

C2a71,,u = q B=0
0 otherwise.
Using this, from [7] , we have
LS WW (1= 2p)(a + B)!
Uza (¢ ~1(0), 39
> ;;% CETICET IR T (39)
a a—1
(=122 (a4 B = 1)!
oo = , 40
O = S G i T+ i g <O O
atl « 1),u+a+122ﬁ+2 (o + B)!
$oe i 41
20+1(C 22505 PR ICERTES Ty Rk 20 (41)
Using (22), (39) and (40) , we have
S (SDF22 (1 - 2p) (0 + B)!
Voo ( _
(0= 3 T s e
a ol 1)1e920+2 (o + B — 1)
P PRy e e RS

Now, in view of (26), we have Fa,-1(¢) = F-(24-1)(¢) and Fo,(¢) = —F—2,(¢), which in turn
implies

3 o )
Bl0) =3 D G et % €
N 20‘: )ﬂ+a22ﬂ+2 (a+pB-1)

u=1 =0 B+M+1) B—p+ D (a—-p+1)! X §-2u(C)-
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Therefore,

Sy Wz% {1 = 2p)(a + 5)
sza(C) - ZZ Oé ﬁ"‘M) (5 1+ 1) X 3—(2H—1)(C>

pu=1p
a )M+a225+2 (Oé + B . 1)
- . 42
+#z=:1 -0 B+/‘+1)(5 p+ Dl a— g+ 1)! X F-24(C) (42)
Similarly, using (22), (39) and (41), we have
at+l « M+a+1226+2 (Ck + 6)
ol ;; (8- N+ NWE+p+ 1) (a— 5+ 2)! X F2u(C)

atl a “+a22,3 Y1 —2u)(a+ B)!
_Z; (@ DN+ G — iy S

Now, again, in view of (26), we have §2,—1(¢) = F—(24—1)(¢) and F2,({) = —F—2,((), which in
turn gives

a+l « ,u+o¢ OZ + 6) 225+2u
Vs [ e
w! ;; 5 p+)t [(a=B+2)B+p+1)! () o
22971(1 — 2p)
(= PB)(B+p)! X §-u-1)(C)] -
Thus, the Theorem 2.5 is established. -

Theorem 2.6. For any positive integer o and r,

atl a u+a22ﬂ ' = 2p) (o + B)!
w0 =3 38 (@ DN+ i@ —pr it < S-elo)

p=1 =0
. )22+ 2 (0 + B — 1))
_“Z”;ﬁ p+ DB+ p+ 1) a—F+1) % B-add)
atl o lH—aOé—i‘ﬁ) 22’6+2/L
W@ =3 S G [ <

251 (1 — 25
T o= BE+ )

X %—(2u—1)(<) :
Proof. Using (42) and (24), we have
mZa(C) = ( )2(1%2&(_0 = EUZa(_O
at+l « ,Uu+0¢22ﬂ 1 1-9 +
ZZ 5+u 6 ( :u)(a B) X§7(2u71)(_§)

~ p+ Dl = p)!
a a—1
)M+o¢22,3+2 (a+6_1)
+;B2% 6+u+1 B—p+ 1) (a—5+1) XS =0):
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Now, in view of (25) we have §F_(2,—1)(—C) = §—(2,-1)(¢) and F_2,(—() = —F-2,((). Using
these relations gives

—1)P+e28=1(1 — ) (a + B)!
W) =22 o BB +(u)!(6ﬂ—)(u + 1)3 X F-cnn (¢)

a—1 (_1>u+a225+2u(a + 5 _ 1)

_uzlgzo (a=p+D(B+p+DI(B—pn+1)! X F-24(C)-

Again, using §_(2,-1)(—¢) = F—(2u-1)(¢) and F_o,(—() = —F_2,(¢) with equation (43) in (24)
and proceeding as above, we have

B
|

at+l «

(a4 5)! [ 22ﬂ+2,u
Woat1(¢ ;52% —p+1)! B+putDila—pr+2) S—M(O
22711 — 2p1)
N B+ mla—p) " F-2u-1)(¢)
This establishes the Theorem 2.6. -

Thus, the Theorems 2.5 and 2.6 establish the relation between the third and fourth kinds of
Chebyshev polynomials and Fibonacci polynomials with negative index.

3 Conclusion

In this paper, we considered the sequences of Chebyshev polynomials of the third and fourth kind
and deduced their explicit formulae with even and odd indices. Similar relationships are obtained
for their general r*" derivatives. At the end, their relationship with the Fibonacci polynomials
with even and odd negative indices is obtained, which turns out to be an expression of Chebyshev
polynomials of third and fourth kind with even and odd negative indices as a linear combination of
Fibonacci polynomials with negative indices. These findings will definitely enrich and strengthen
the existing literature on Chebyshev polynomials and their relationship with the Fibonacci and
other similar and related orthogonal polynomials. This study is expected to add more depth to our
understanding of the combinatorial and analytic properties of these Chebyshev polynomials and
be instrumental in studying some general summation problems arising in both pure and applied
mathematics involving these polynomials.
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