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Abstract: In the present work, we indicate some matrix properties that allow us to determine new
relationships involving telephone numbers and some products that allow us to obtain telephone
terms, based on second-order matrices.
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1 Introduction

Telephone numbers were studied by the German mathematician Heinrich August Rothe
(1773-1842) and involve an immediate application, considering the forms or ways of connecting
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telephone lines. Telephone numbers admit numerous interpretations [1,5,7]. Below we present
the following definition.

Definition 1.1. The sequence of the telephone numbers {1}, is defined by the following
recurrence relation: T,, = T,,_1 + (n — 1)T,,_o, and with the initial values indicated by: Ty = 1,
Tl == 1

From the previous recurrence, we can write the numerical list 1,1, 2,4, 10, 26, 76,232, ... On
the other hand, from the work indicated in [3], we find the following generalization.

Definition 1.2. The k-telephone sequence {T} .}, ., is defined by the following recurrence relation.:
Tyn = kTkn—1 + (n — 1)T} o, and with the initial values indicated by: T,y = 1,1}, = k.
Similarly, we verify that
Tho=k*+1,T3 = k> + 3k, Tju = k* + 6k + 3, T}, 5 = k° + 10k® + 15k,

etc.
Finally, based on [2] we found another generalized form that allows another interpretation for
telephone numbers.

Definition 1.3. The {T), .}, generalized telephone number sequence is defined by the following
recurrence relation: Ty, = T,,-1 + p(n — 1)1}, ,_o, and with the initial values indicated by:
T,0o=1T,, =1
We can find that T, = 1 +p, T3 = 1 +3p, T4 = 3p*> + 6p+ 1, T, 5 = 15p*> + 10p + 1, etc.
From the previous Definitions 1.1, 1.2 and 1.3, we can easily verify the following elementary
identities:

T =11 + Z 1T,
i—1

n
Thnt1 = Tia + E 1T i1,

i=1
Tp,nJrl = Tp71 + p(n - 1) Z Z-Tp,ifl.
i=1
Furthermore, based on the previous Definitions 1.1, 1.2 and 1.3, we will introduce generating
matrices of order 2 for the numbers indicated earlier.

2 Some properties with matrices

1 T T
Let us consider the following matrix 0 ol = 01 00 and then we will consider the following
0
11 11 Ty T
product H = =" Y.
it LAY 00 0 0

1
11 1 11 1 2 1
Then we can easily verify that: | | = = =
ok 0 0 0] |1 0 00

that, when we consider the following case, it results in:

T, Ty
0 0
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ﬁ11_111111_2111_42_T3T2

ct|k 0| {00t o]|20] [oof[20 |00 |0 0
Or even that:

ﬁ11_11111111_104_T4T3

stk 0 [0 0] |t o[[20[[30 |00 |0 0

m e
From the matrix multiplication indicated by H , O] , we verified some properties and
?
i=0 L
theorems. . )
Next, let us consider that: k 1 = kol = T Tro and we still have that
ot 0 0 0 0 0
O | Y I N R = R R P
H ' = = = occurs.
ot 0 0 0f|1 0 0 0 0
Then:
ﬁk1_'k1k1k1_k2+1kk1
~tlioof o o]t o[|20 | 0 0|20
B _k3+3/€ E?+1 | Tkz Tk
10 o | |0 o0
And similarly, we see that:
ﬁkl__klk:lklk;l_k3+3kk;2+1k;1
~tlioof joof |t of|20[]|30 | 0 0 |30
[k ek 3 B3k [Tea Tis
B 0 o | |0 o0

n

. . k1 .
From these cases, we will use the following product H [ , O] to verify the theorems below.
7
i=0

Theorem 2.1. Consider the numbers {1}, . So, for every positive integer n > 0, the relation

SO Tpin
I, |

=0 0

T
n] is valid.
0

n

11 T, T,
Proof. By mathematical induction, we will assume that H = +

and then we

il LY I
n+1 n
11 11 1 1 T, T, 1 1 T, nr, T,
haveH = H _|*ntl fn N+ (n+ DT, T,
Pl L o |k Of|n+1 0 0 Olln+1 0 0 0
Thio T o
O+2 0+1 for every positive integer n > 0. [
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Theorem 2.2. Consider the numbers {Tkm}neN' For every positive integer n > 0, the following

relation holds:

Tk,n+1 Tk,n
0 0

il

=0

E 1 Tem+1 Tkn
Proof. By mathematical induction, we will assume that: H [ 0 F OH 8
=0
For n + 1, we have:
ﬁ ko1 _ﬁ Eal ] k1] [Tewe Tea] [ k1]
~tlioo] Leli o jn+1 0 0 0 ||n+1 0

ETyppni1 + (n+ DTk, Thnt Thm+2 Thntt

0 0 0 ’
for every positive integer n > 0. [l
For the next theorem, it is enough to observe that:
ﬁﬁ I Y B
~3pi 0] J0 0 0 0
Or even that:
ﬁll_llll_l—i—pl Tyo Tpi
~tlpi 0 |0 0[|pOf | 0O O |0 o0
and:
13[11_1111 1 1| [1+p 1|1 1
“4lpi 0] |0 0| |p Of|2p O 0 0|2 0
(14 14| [T T
0 0 0 0|’
. _
H[l 1] T T
o | 0 I 0 0
Theorem 2.3. Consider the generalized telephone numbers {T), .} . e For every positive integer
11 Toni1 Tyn
n > 0, the following relation holds H pntl S,
o |p 0 0 0
. . . . 1 Tpn+1 Tpn
Proof. By mathematical induction, we will assume that: H , = ’ ’
o |7 0 0 0
For n + 1, we have:
’ﬁ 11 _’ﬁ 11| 1 1] (Tppn Ton| | 1 1
~tlpi 0] L3|pi Of [p+1 0 0 0| |p+l 0

Tp,n+1 + (p + 1)Tp,n Tp,n+1
0 0

Tp,n+2 Tp,nJrl
0 0

)

for every positive integer n > 0. [l
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Lemma 2.1. Consider the numbers {T,,},, cx, { T} ey @1d {Tpn}, o For every positive integer
n > 0, the following relations are valid:

Tit.o.4 Ty To+Ti+...+ T,

0 11 1 11 9 11
(CZ) 0 0 - Hk::o k, 0 + Hk:o k 0 + Hk:o k 0
n 11
+W+Hk0k0,
Tk1+“'+Tkn+1 Tk0+Tk1++Tkn 0 k ]. 1 k' 1 2 ]{7 ].
b : : : : =TT A ;
( ) 0 0 Hz:O i 0 +Hz:0 i 0 +Hz:0 i 0
n |k 1
+...+ o :
Hz—O i 0]
Tor oot Toper Too+Tpi+ o +Ton] o |1 1] 0 [1 1] o [1
’ ) 4 ? ’ = o +11._ +| -
(C) O O HZ—O pZ 0 Hz—(] pl 0 Hz—O pl O
R
+.. o+l
HZ—O pZ 0
Proof. We immediately verify that:
N+..+T, To+Tv+...+T, T Ty Ty Ty Thi1 T,
0 0 0 O 0 O 0 0|’

and, in view of Theorem 2.1, the result follows for every positive integer n > 0. Similarly, we
verify items (b) and (c). [l

Lemma 2.2. Consider the numbers {Ty .}, . For every positive integer n > 0, the following
relations are valid:

o]\ Ty To
(a) ,Ho’f O_) =T |0
m ]\ Ty T
(b) H0 Z. O) =T |50 G
n T n+1
(c) 11 plz é]) =10 Tp,(?)z—i—l Tg,n

N R | Toir To| |Toyr T 2., T,T,
Proof. Just observe that H H = [T 1 e
E Ol++|k O 0 0 0 0 0 0
k=0 k=0
T T, . _ o B S b | T T,
=T, ., te that =T,
o i.e., we can write tha 1:[ [k 0 kl:[o k0 o 0
Similarly, items (b) and (c) follow. [l
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Lemma 2.3. Consider the numbers {Tkv”Z}nEN' For every positive integer n > 0, the following

relations are valid:

() Tpir+Toir T+ T Thin Ty / 1 1] 1 1 11
a = )
0 0 0 0 n+1 0|{n+2 0 n+m 0]/
(b) _Tk,n+1+Tk,m+1 T +Thm| | Tkntr Trm I I 1 1 1 1 Iy
0 0 0 0 n+1 0|ln+2 0| |n+m 0]/
o Tonit + Tomir Ton+Tom | |Tomis Tom oo 11
0 0 0 0 n+1 0|ln+2 0| |n+m 0|/
Proof. Just observe that:
T, Tonir T+ T T T, Toi1 T L | S |
+1+ L + _ |4n+1 +1 :H +H
0 0 0 0 0 0 ol LY Bl LAY
L | 1 1 1 1 1 1
:H I+ .
P k 0 n+1 0l In+2 0 n+m 0
Similarly, items (b) and (c) follow. [l
3 Other properties with matrices
Now, we will consider the following indicated products
1) [r1] 1] [nom
1 0/]0 of 1Ty 1T
o[t o] [ra]fua] 2 2] [ B
2 0/ |1 0o |o ol |2 o0t 1| |21 21| |27y 2Ty|°
Or, more easily, we determine that:
LoL{ (1 1|1 1|1 1f |1 1|(22 |4 4| |Tx T
3 0/|2 0|1 ol]l0o o] |3 0|2 2 (32 32| |37y 3T,
and
11| |1 1|1 1|1 1f |1 1| |1 1||4 4] |10 10| | Ty Ty
4 0|3 0|]2 0ol|1 o]0 ol |4 0|6 6| |44 44| |4Ty 4T5|°

Next, we will define the following product
ﬁ 11 |1 1] 1 1 1 1|11
P n—=Fk 0 n 0| {n—1 0] |1 0|0 O
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Theorem 3.1. For every positive integer n > 1, the following matrix properties hold:

ﬁ[nik (1J] -

k=0

T, T,
n: Tnfl n- Tnfl

Proof. Just see that:

ﬁ11__1 113[11_11 T, T,

Shn—k 0 |n+1 0|ly|n—k O] |n+1 Of Ty nThy
o _Tn_'_n'Tnfl TL'Tn,1 TnJrl Tn+1
()T, (n+1)T, (n+1)-T, nT,|

1 2
On the other hand, we also see that H k L = oLkl = Rk .
ol 0 1 0]]10 O k1
2 .
Thus, we can verify that AL = Wk = W T Tea .
1 0[(0 O ko1 1-k-Tho 1-Thp

Or again, we easily find that:

o[k o) [k 1] [k 1] [ k] [B+k R+1] (k41 B24+1
2 0f 1 ollo ol (2 0]k 1| | 2k? ok 2k k 2k
| kT T
2k Ty 2-Tha
3
andthatH k'lzkl Bk 1] [k 1 _ [k Tes Tes |
~Ll3=i 0 3 0012 0ol|1 o|l]o 0O 3 Ths 3 Tho

Theorem 3.2. For every positive integer n > 1, the following matrix properties hold:

”[k 1]_
Z,:On—z'O

k- Tk,n Tk,n
n- k'Tk,nfl n: Tk,nfl

Proof. Just see that:

’ﬁlk1_'k 1ﬁk1_k1 ke Thon Tim
“tn—i 0 |n+1 0|igln—i O] |n+1 0| |n-kThpy nTip
B T+ 0 Tint) ke Thon + 0 Ty
— k- Tk,n+1 Tlc,nJrl
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Finally, let us verify that:

o e I P O Y e O I o
H_m—np 0 |» 0] [0 0] p p] P T
20 1 [i4p 14| [ T2 Toa
g (n—dp O | 2 20 | |pTr p T
ST 1] [ 1+ 143 T,
¢ [(n=1p 0] ~13p(1+p) 3p(1+p)|  |pTpe

Theorem 3.3. Consider the numbers {
following property of matrices holds:

ﬁ 1 Ton Ton
Pl (n—i)p 0 n~pr7n_1 n-pTyn_1
Proof. Just see that:
’ﬁl (S U I S ’ﬁ S U I I
o |(n=12)p 0 n+1l 0] 2o |(n—1dp O n+1 0
Tp,n +n- pr,nfl Tp,n +n: pr,nfl T

(n+1)T,n (n+1)T,1

Lemma 3.1. Consider the numbers {T,,},, ., {Tkn },,cn and {1,
n > 0, the following relations are valid:

(@) T+ T+ ...4+T, T+ T+ ...+1T,
T0+2T1+ ..—|—nTn,1 T0+2T1 ..+nTn,1
1 2 1
= +
(PR R V(R S {1
(b) Teg+ T+ ...+ Ty Tp1+Tpo+ ... +Tgp
Tk0+2Tk1+ —l—nTkn 1 Tk70—|—2Tk1+ +nTkn 1
: I 1
L+
H 1—zk 0 H[(2—z)k 0 H n—zk: 0]
() Tp’l—i—Tp’g—i—...—i—Tp?n Tp71+Tp72+...+Tp’n
Tp0+2Tp1+ +nTp,n_1 Tp70+2Tp1+ —i—nTpn 1

H

=0

Proof. Just use Theorems 3.1, 3.2, 3.3.

2 1
+H [(2—2)19 0

=0

I

1—zp 0
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b Tp,O

p: Tp,2

T

n pr,n—l n- pr,n—l

n+1 Tp,n+1
(n+1)7T,, (n+1)T,,

(n—1)p 0]

T

p,1

T

p,3

Ty} ney and for every positive integer n > 1, the the

T

p?n p?n

pinfnen: FOT every positive integer



4 Conclusion

In the previous sections we demonstrated new relationships involving the finite products of

(N O | [

i=0 i=0 =0 p

matrices of the type:

We demonstrated that such products allow us to describe matrices of order 2, which generate
telephone numbers and had not yet been introduced in the literature.

For future studies, application in other disciplines is suggested according to the works [4]
and [6].
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