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Abstract: Zhao found a curious congruence modulo 𝑝 on harmonic sums. Xia and Cai generalized
his congruence to a supercongruence modulo 𝑝2. In this paper, we improve the harmonic sums

𝐻𝑝(𝑛) =
∑︁

𝑙1+𝑙2+···+𝑙𝑛=𝑝
𝑙1,𝑙2,...,𝑙𝑛>0

1

𝑙1𝑙2 · · · 𝑙𝑛

to supercongruences modulo 𝑝3 and 𝑝4 for odd and even where prime 𝑝 > 8 and 3 ≤ 𝑛 ≤ 𝑝− 6.
Keywords: Harmonic sums, Bernoulli numbers, Congruence.
2020 Mathematics Subject Classification: 11A04, 11A41.

1 Introduction
In 2006, Zhao [7] found the congruence

𝐻𝑝(3) =
∑︁

𝑖+𝑗+𝑘=𝑝
𝑖,𝑗,𝑘>0

1

𝑖𝑗𝑘
≡ 6𝛽𝑝−3 (mod 𝑝)

for any prime 𝑝 > 3, where 𝛽𝑛 = 𝐵𝑛

𝑛
is called the divided Bernoulli number. Then Zhou and

Cai [8] generalized Zhao’s congruence to any positive integer 𝑛 ≤ 𝑝− 2,
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𝐻𝑝(𝑛) ≡

{︃
𝑛!𝛽𝑝−𝑛 (mod 𝑝), 2 - 𝑛,
−𝑛𝑝

2
𝑛!𝛽𝑝−𝑛−1 (mod 𝑝2), 2 | 𝑛,

where prime 𝑝 > 3. Later in 2010, Xia and Cai [6] improved the congruence to modulo 𝑝2 where
3 ≤ 𝑛 ≤ 𝑝− 3 is an odd integer and prime 𝑝 > 3,

𝐻𝑝(𝑛) ≡ 𝑛! (2𝛽𝑝−𝑛 − 𝛽2𝑝−𝑛−1) +
𝑛!𝑝

2

∑︁
2≤𝑖≤𝑛−3
𝑖 even

𝛽𝑝−𝑖−1𝛽𝑝−𝑛+𝑖 (mod 𝑝2).

After that, Shen [4] raised the power of 𝑙𝑛 to 2 and 3 for any integer 𝑛 and prime 𝑝 > 𝑛+ 2

∑︁
𝑙1+𝑙2+···+𝑙𝑛=𝑝

𝑙1,...,𝑙𝑛>0

1

𝑙1𝑙2 · · · 𝑙2𝑛
≡

⎧⎨⎩ − (𝑛+1)!(𝑛−2)
4𝑛

𝛽𝑝−𝑛−1 (mod 𝑝), 2 | 𝑛,
(𝑛− 1)!

∑︀
0≤𝑎≤𝑝−𝑛

𝑎
(︀
𝑛+𝑎
𝑛−1

)︀
𝛽𝑎𝛽𝑝−𝑛−𝑎 (mod 𝑝), 2 - 𝑛.

∑︁
𝑙1+𝑙2+···+𝑙𝑛=𝑝

𝑙1,...,𝑙𝑛>0

1

𝑙1𝑙2 · · · 𝑙3𝑛
≡

𝑝−2∑︁
𝑎=0

𝑝−𝑛−𝑎∑︁
𝑏=0

(−1)𝑏+𝑛+1 (𝑛− 1)!𝑎𝑏

𝑎+ 1

(︂
𝑎+ 𝑏

𝑏

)︂

×
(︂
𝑎+ 𝑏+ 𝑛

𝑛− 1

)︂
𝛽𝑎𝛽𝑏𝛽𝑝−𝑛−𝑎−𝑏 (mod 𝑝).

The main purpose of this paper is to improve congruence 𝐻𝑝(𝑛) to the modulus 𝑝4.

2 Some lemmas
Lemma 2.1 (Newton’s formula [6]). Let n and k be integers, 1 ≤ 𝑘 ≤ 𝑛. For any variables
𝑥1, 𝑥2, . . . , 𝑥𝑛, denote

𝜆𝑘 = 𝑥𝑘
1 + 𝑥𝑘

2 + · · ·+ 𝑥𝑘
𝑛,

𝜎𝑘 =
∑︁

1≤𝑖1<𝑖2<···<𝑖𝑘≤𝑛

𝑥𝑖1𝑥𝑖2 · · · 𝑥𝑖𝑘 .

Then

𝜆𝑘 = 𝜆𝑘−1𝜎1 − 𝜆𝑘−2𝜎2 + · · ·+ (−1)𝑘𝜆1𝜎𝑘−1 + (−1)𝑘+1𝑘𝜎𝑘.

From now on, we define 𝑆𝑘 and 𝐴𝑘 to be 𝑥𝑖 =
1
𝑖

and 𝑛 = 𝑝− 1 in 𝜆𝑘 and 𝜎𝑘, i.e.,

𝑆𝑘 =

𝑝−1∑︁
𝑥=1

1

𝑥𝑘
,

𝐴𝑘 =
∑︁

1≤𝑢1<𝑢2<···<𝑢𝑘≤𝑝−1

1

𝑢1𝑢2 · · ·𝑢𝑘

.
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Lemma 2.2 (Zhou and Cai [8]). For every positive integer 𝑝 − 2 ≥ 𝑛 ≥ 2 and odd prime 𝑝, we
have

𝐻𝑝(𝑛) =
𝑛!

𝑝
𝐴𝑛−1.

Proof. See [8, pp. 1331–1332].

Lemma 2.3. Let 𝑗 be a positive integer. Then

𝐴𝑛 ≡

{︃
𝑎2𝑗𝑝+ 𝑎′2𝑗𝑝

2 (mod 𝑝3), 𝑛 = 2𝑗,

𝑏2𝑗−1𝑝
2 (mod 𝑝3), 𝑛 = 2𝑗 − 1,

where

𝑎2𝑗 = − (𝛽2𝑝−2𝑗−2 − 2𝛽𝑝−2𝑗−1) , 𝑎
′
2𝑗 =

1

2

∑︁
2≤𝑖≤2𝑗−2
𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛

𝛽𝑝−𝑖−1𝛽𝑝−2𝑗−1+𝑖;

𝑏2𝑗−1 = − 𝑗

2𝑗 + 1
𝛽𝑝−2𝑗−1 .

Proof. For 𝑛 odd, see [3] or Lemma 3 in [8]; for 𝑛 even, see Theorem 1 in [6].

Lemma 2.4 (Sun [5]). Let 𝑝 be a prime greater than 7 and 1 ≤ 𝑘 ≤ 𝑝− 6. Then

𝑆𝑘 ≡

{︃
𝑐𝑘𝑝 (mod 𝑝3), 2 | 𝑘,
𝑑𝑘𝑝

2 (mod 𝑝3), 2 - 𝑘,

and we also have

𝑆𝑘 ≡

{︃
𝑒𝑘𝑝+ 𝑒′𝑘𝑝

3 (mod 𝑝4), 2 | 𝑘,
𝑓𝑘𝑝

2 (mod 𝑝4), 2 - 𝑘,

where

𝑐𝑘 = 𝑘 (𝛽2𝑝−2−𝑘 − 2𝛽𝑝−1−𝑘) ;

𝑑𝑘 =

(︂
𝑘 + 1

2

)︂
𝛽𝑝−2−𝑘;

𝑒𝑘 = −𝑘 (𝛽3𝑝−3−𝑘 − 3𝛽2𝑝−2−𝑘 + 3𝛽𝑝−1−𝑘) , 𝑒
′
𝑘 = −

(︂
𝑘 + 2

3

)︂
𝛽𝑝−3−𝑘;

𝑓𝑘 = −
(︂
𝑘 + 1

2

)︂
(𝛽2𝑝−3−𝑘 − 2𝛽𝑝−2−𝑘) .

Lemma 2.5. Let 𝑝 ≥ 7 be a prime and 𝑘 ∈ {1, 2, . . . , 𝑝− 6}. Then

𝑆𝑘 ≡

{︃
𝑔𝑘𝑝+ 𝑔′𝑘𝑝

3 (mod 𝑝5), 2 | 𝑘,
ℎ𝑘𝑝

2 + ℎ′
𝑘𝑝

4 (mod 𝑝5), 2 - 𝑘,

where

𝑔𝑘 = 𝑘 (4𝛽𝑝−1−𝑘 − 6𝛽2𝑝−2−𝑘 + 4𝛽3𝑝−3−𝑘 − 𝛽4𝑝−4−𝑘) ,

𝑔′𝑘 =

(︂
𝑘 + 2

3

)︂
(𝛽2𝑝−4−𝑘 − 2𝛽𝑝−3−𝑘) ;

ℎ𝑘 =

(︂
𝑘 + 1

2

)︂
(3𝛽𝑝−2−𝑘 − 3𝛽2𝑝−3−𝑘 + 𝛽3𝑝−4−𝑘) ,

ℎ′
𝑘 =

(︂
𝑘 + 3

4

)︂
𝛽𝑝−4−𝑘 .
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Proof. Using the same argument as in the proof of Theorem 5.1 in [5], we can easily carry out
the proof of this Lemma. For 𝑚 ∈ Z+, it is clear that

1𝑚 + 2𝑚 + · · ·+ (𝑝− 1)𝑚 =
1

𝑚+ 1

𝑚+1∑︁
𝑟=1

(︂
𝑚+ 1

𝑟

)︂
𝐵𝑚+1−𝑟𝑝

𝑟

≡ 𝑝𝐵𝑚 +
𝑝2

2
𝑚𝐵𝑚−1 +

𝑝3

6

(︂
𝑚

2

)︂
𝐵𝑚−2

+
𝑝4

24

(︂
𝑚

3

)︂
𝐵𝑚−3 +

𝑝5

120

(︂
𝑚

4

)︂
𝐵𝑚−4 (mod 𝑝5).

Let 𝑘 ∈ {1, 2, . . . , 𝑝−6}. From (5.1) in [5] and Euler’s theorem, setting 𝑚 = 𝜙 (𝑝5)−𝑘, we have

𝑆𝑘 =

𝑝−1∑︁
𝑥=1

1

𝑥𝑘

≡
𝑝−1∑︁
𝑥=1

𝑥𝜙(𝑝5)−𝑘 (1)

≡

{︃
𝑝𝐵𝜙(𝑝5)−𝑘 +

𝑘(𝑘+1)
6

𝑝3𝐵𝜙(𝑝5)−𝑘−2 +
𝑘(𝑘+1)(𝑘+2)(𝑘+3)

120
𝑝5𝐵𝜙(𝑝5)−𝑘−4 (mod 𝑝5), if 2 | 𝑘

−𝑘
2
𝑝2𝐵𝜙(𝑝5)−𝑘−1 − 𝑘(𝑘+1)(𝑘+2)

24
𝑝4𝐵𝜙(𝑝5)−𝑘−3 (mod 𝑝5), if 2 - 𝑘

To prove our congruence, we evaluate 𝑝𝐵𝜙(𝑝5)−𝑘, 𝑝2𝐵𝜙(𝑝5)−𝑘−1, 𝑝3𝐵𝜙(𝑝5)−𝑘−2, 𝑝4𝐵𝜙(𝑝5)−𝑘−3,
𝑝5𝐵𝜙(𝑝5)−𝑘−4 (mod 𝑝5) separately. It is easy to conclude from Corollary 4.1 in [5] that

𝛽𝑘(𝑝−1)+𝑏 ≡
𝑛−1∑︁
𝑟=0

(−1)𝑛−1−𝑟

(︂
𝑘 − 1− 𝑟

𝑛− 1− 𝑟

)︂(︂
𝑘

𝑟

)︂(︀
1− 𝑝𝑟(𝑝−1)+𝑏−1

)︀
𝛽𝑟(𝑝−1)+𝑏 (mod 𝑝𝑛),

hence

𝛽𝜙(𝑝5)−𝑘 = 𝛽(𝑝4−1)(𝑝−1)+𝑝−1−𝑘

≡ −
(︂
𝑝4 − 2

3

)︂
(1− 𝑝𝑝−2−𝑘)𝛽𝑝−1−𝑘 +

(︂
𝑝4 − 3

2

)︂
(𝑝4 − 1)(1− 𝑝2𝑝−3−𝑘)𝛽2𝑝−2−𝑘

−
(︂
𝑝4 − 1

2

)︂
(𝑝4 − 4)(1− 𝑝3𝑝−4−𝑘)𝛽3𝑝−3−𝑘 +

(︂
𝑝4 − 1

3

)︂
(1− 𝑝4𝑝−5−𝑘)𝛽4𝑝−4−𝑘

≡ 4(1− 𝑝𝑝−2−𝑘)𝛽𝑝−1−𝑘 − 6(1− 𝑝2𝑝−3−𝑘)𝛽2𝑝−2−𝑘 + 4(1− 𝑝3𝑝−4−𝑘)𝛽3𝑝−3−𝑘

− (1− 𝑝4𝑝−5−𝑘)𝛽4𝑝−4−𝑘

≡ 4𝛽𝑝−1−𝑘 − 6𝛽2𝑝−2−𝑘 + 4𝛽3𝑝−3−𝑘 − 𝛽4𝑝−4−𝑘 (mod 𝑝4).

Therefore,

𝑝𝐵𝜙(𝑝5)−𝑘 ≡ −𝑘 (4𝛽𝑝−1−𝑘 − 6𝛽2𝑝−2−𝑘 + 4𝛽3𝑝−3−𝑘 − 𝛽4𝑝−4−𝑘) 𝑝 (mod 𝑝5). (2)

Similary, we have

𝑝3𝐵𝜙(𝑝5)−𝑘−2 ≡− (𝑘 + 2) (2𝛽𝑝−3−𝑘 − 𝛽2𝑝−4−𝑘) 𝑝
3 (mod 𝑝5), (3)

𝑝2𝐵𝜙(𝑝5)−𝑘−1 ≡− (𝑘 + 1) (3𝛽𝑝−2−𝑘 − 3𝛽2𝑝−3−𝑘 + 𝛽3𝑝−4−𝑘) 𝑝
2 (mod 𝑝5). (4)
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From Kummer’s congruences we conclude that

𝛽𝜙(𝑝5)−𝑘−3 = 𝛽(𝑝4−1)(𝑝−1)+𝑝−4−𝑘 ≡ 𝛽𝑝−4−𝑘 (mod 𝑝).

Hence,
𝑝4𝐵𝜙(𝑝5)−𝑘−3 ≡ −(𝑘 + 3)𝛽𝑝−4−𝑘𝑝

4 (mod 𝑝5). (5)

Combining congruences (2), (4), (3), (5) with (1), leads to our congruence.

Lemma 2.6 (Xia and Cai [6]). Let 𝑚, 𝑛 be integers and 1 ≤ 𝑚 ≤ 𝑛. For any variables
𝑥1, 𝑥2, . . . , 𝑥𝑛, we have

𝜎𝑚 = (−1)𝑚
∑︁

𝛼1+2𝛼2+···+𝑛𝛼𝑛=𝑚
𝛼1,...,𝛼𝑛>0

𝑇 (𝛼1, . . . , 𝛼𝑛)𝜆
𝛼1
1 𝜆𝛼2

2 · · ·𝜆𝛼𝑛
𝑛 ,

where for nonnegative integers 𝛼1, 𝛼2, . . . , 𝛼𝑛,

𝑇 (𝛼1, . . . , 𝛼𝑛) = (−1)𝛼1+𝛼2+···+𝛼𝑛
𝑛

2𝛼2 · · ·𝑛𝛼𝑛𝛼1! · · ·𝛼𝑛!
.

3 Main results
Theorem 3.1. Let 𝑝 > 9 be a prime and 𝑛 ∈ {3, 4, . . . , 𝑝− 6}. Then

𝐻𝑝(𝑛) ≡

{︃
− 𝑛!

𝑛−1
(ℎ𝑛−1𝑝+ 𝐹𝑝2 +𝐺𝑝3) (mod 𝑝4), 2 | 𝑛,

− 𝑛!
𝑛−1

(𝑔𝑛−1 − 𝐶𝑝+𝐷𝑝2 − 𝐸𝑝3) (mod 𝑝4), 2 - 𝑛,

where

𝐶 =

𝑛−3
2∑︁

𝑗=1

1

2𝑗
𝑒2𝑗𝑒𝑛−1−2𝑗,

𝐷 = 𝑔′𝑛−1 −
1

2𝑗

𝑛−3
2∑︁

𝑗=1

(︃
𝑒𝑛−1−2𝑗

𝑗−1∑︁
𝑖=1

𝑎2𝑖𝑐2𝑗−2𝑖

)︃
,

𝐸 =
1

𝑗

𝑛−3
2∑︁

𝑗=1

𝑒2𝑗𝑒
′
𝑛−1−2𝑗 −

1

2𝑗

𝑛−3
2∑︁

𝑗=1

(︃
𝑒𝑛−1−2𝑗

𝑗−1∑︁
𝑖=1

𝑎′2𝑖𝑐2𝑗−2𝑖

)︃
+

𝑛−1
2∑︁

𝑗=1

𝑏2𝑗−1𝑑𝑛−2𝑗;

𝐹 =

𝑛−2
2∑︁

𝑗=1

(︂
𝑎2𝑗𝑓𝑛−1−2𝑗 +

1

2𝑗 − 1
𝑏2𝑗−1𝑐𝑛−2𝑗

)︂
,

𝐺 = ℎ′
𝑛−1 +

𝑛−2
2∑︁

𝑗=1

(︃
𝑎′2𝑗𝑓𝑛−1−2𝑗 +

1

2𝑗 − 1
𝑐𝑛−2𝑗

𝑗−1∑︁
𝑖=1

(𝑎2𝑖𝑑2𝑗−1−2𝑖 − 𝑏2𝑖−1𝑐2𝑗−2𝑖)

)︃
.

Proof. First we need to evaluate the 𝐴2𝑗 , 𝐴2𝑗−1 (mod 𝑝4). By Lemma 2.1,

𝑆𝑛−1 = 𝐴1𝑆𝑛−2 + · · ·+ (−1)𝑘𝐴𝑛−2𝑆1 + (−1)𝑛(𝑛− 1)𝐴𝑛−1. (6)
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If 𝑛 = 2𝑗 + 1,

2𝑗𝐴2𝑗 = −𝑆2𝑗 + 𝐴2𝑗−1𝑆1 −
𝑗−1∑︁
𝑖=1

(𝐴2𝑖𝑆2𝑗−2𝑖 − 𝐴2𝑖−1𝑆2𝑗+1−2𝑖) . (7)

If 𝑖 ≥ 𝑗, combining Lemma 2.3 and Lemma 2.4, we get

𝐴2𝑖𝑆2𝑗−2𝑖 ≡ 𝑎2𝑖𝑐2𝑗−2𝑖𝑝
2 + 𝑎′2𝑖𝑐2𝑗−2𝑖𝑝

3 (mod 𝑝4),

𝐴2𝑖−1𝑆2𝑗+1−2𝑖 ≡ 0 (mod 𝑝4).

So by (7) and Lemma 2.4,

𝐴2𝑗 ≡ − 1

2𝑗

[︃
𝑒2𝑗𝑝+ 𝑒′2𝑗𝑝

3 +

𝑗−1∑︁
𝑖=1

(𝑎2𝑖𝑐2𝑗−2𝑖𝑝
2 − 𝑎′2𝑖𝑐2𝑗−2𝑖𝑝

3)

]︃
(mod 𝑝4). (8)

If 𝑛 = 2𝑗, we have

(2𝑗 − 1)𝐴2𝑗−1 = −𝑆2𝑗−1 −
𝑗−1∑︁
𝑖=1

𝐴2𝑖𝑆2𝑗−1−2𝑖 +

𝑗−1∑︁
𝑖=1

𝐴2𝑖−1𝑆2𝑗−2𝑖. (9)

Now proceed as above. If 𝑖 ≥ 𝑗, by Lemma 2.3 and Lemma 2.4 we have

𝐴2𝑖𝑆2𝑗−1−2𝑖 ≡ 𝑎2𝑖𝑑2𝑗−1−2𝑖𝑝
3 (mod 𝑝4),

𝐴2𝑖−1𝑆2𝑗−2𝑖 ≡ 𝑏2𝑖−1𝑐2𝑗−2𝑖𝑝
3 (mod 𝑝4).

Then by (9) and Lemma 2.4,

𝐴2𝑗−1 ≡ − 1

2𝑗 − 1

[︃
𝑏2𝑗−1𝑝

2 +

𝑗−1∑︁
𝑖=1

(𝑎2𝑖𝑑2𝑗−1−2𝑖 − 𝑏2𝑖−1𝑐2𝑗−2𝑖) 𝑝
3

]︃
(mod 𝑝4). (10)

The rest of proof can be completed by the same method to the one used above. We now
apply this argument again modulo 𝑝5. If 𝑛 is odd, combining Lemma 2.3 and Lemma 2.4, for
𝑗 ∈ {1, 2, . . . , 𝑛−1

2
}, we get

𝐴2𝑗𝑆𝑛−1−2𝑗 ≡ − 1

2𝑗

[︃
𝑒2𝑗𝑝+ 𝑒′2𝑗𝑝

3 +

𝑗−1∑︁
𝑖=1

(𝑎2𝑖𝑐2𝑗−2𝑖𝑝
2 − 𝑎′2𝑖𝑐2𝑗−2𝑖𝑝

3)

]︃
×
(︀
𝑒𝑛−1−2𝑗𝑝+ 𝑒′𝑛−1−2𝑗𝑝

3
)︀

≡ − 1

2𝑗
𝑒2𝑗𝑒𝑛−1−2𝑗𝑝

2 − 1

2𝑗
𝑒𝑛−1−2𝑗

𝑗−1∑︁
𝑖=1

𝑎2𝑖𝑐2𝑗−2𝑖𝑝
3

− 1

2𝑗

(︃
2𝑒2𝑗𝑒

′
𝑛−1−2𝑗 − 𝑒𝑛−1−2𝑗

𝑗−1∑︁
𝑖=1

𝑎′2𝑖𝑐2𝑗−2𝑖

)︃
𝑝4 (mod 𝑝5),

𝐴2𝑗−1𝑆𝑛−2𝑗 ≡ 𝑏2𝑗−1𝑑𝑛−2𝑗𝑝
4 (mod 𝑝5).
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Now by (6) and Lemma 2.5,

(𝑛− 1)𝐴𝑛−1 = −𝑆𝑛−1 + 𝐴𝑛−2𝑆1 −
𝑛−3
2∑︁

𝑗=1

(𝐴2𝑗𝑆𝑛−1−2𝑗 − 𝐴2𝑗−1𝑆𝑛−2𝑗)

≡ −𝑔𝑛−1𝑝− 𝐶𝑝2 −𝐷𝑝3 + 𝐸𝑝4 (mod 𝑝5),

where

𝐶 = −
𝑛−3
2∑︁

𝑗=1

1

2𝑗
𝑒2𝑗𝑒𝑛−1−2𝑗,

𝐷 = 𝑔′𝑛−1 −
𝑛−3
2∑︁

𝑗=1

1

2𝑗
𝑒𝑛−1−2𝑗

𝑗−1∑︁
𝑖=1

𝑎2𝑖𝑐2𝑗−2𝑖,

𝐸 =

𝑛−1
2∑︁

𝑗=1

𝑏2𝑗−1𝑑𝑛−2𝑗 +

𝑛−3
2∑︁

𝑗=1

1

2𝑗

(︃
2𝑒2𝑗𝑒

′
𝑛−1−2𝑗 − 𝑒𝑛−1−2𝑗

𝑗−1∑︁
𝑖=1

𝑎′2𝑖𝑐2𝑗−2𝑖

)︃
.

From (𝑛− 1, 𝑝) = 1 and Lemma 2.2,

𝐻𝑝(𝑛) ≡ − 𝑛!

𝑛− 1

(︀
𝑔𝑛−1 + 𝐶𝑝+𝐷𝑝2 − 𝐸𝑝3

)︀
(mod 𝑝4).

If 𝑛 is even and 𝑗 ≤ 𝑛−2
2

, combining Lemma 2.3 and Lemma 2.4,

𝐴2𝑗𝑆𝑛−1−2𝑗 ≡
(︀
𝑎2𝑗𝑝+ 𝑎′2𝑗𝑝

2
)︀
× 𝑓𝑛−1−2𝑗𝑝

2

≡ 𝑎2𝑗𝑓𝑛−1−2𝑗𝑝
3 + 𝑎′2𝑗𝑓𝑛−1−2𝑗𝑝

4 (mod 𝑝5),

𝐴2𝑗−1𝑆𝑛−2𝑗 ≡ − 1

2𝑗 − 1
𝑐𝑛−2𝑗

𝑗−1∑︁
𝑖=1

(𝑎2𝑖𝑑2𝑗−1−2𝑖 − 𝑏2𝑖−1𝑐2𝑗−2𝑖) 𝑝
4

− 1

2𝑗 − 1
𝑏2𝑗−1𝑐𝑛−2𝑗𝑝

3 (mod 𝑝5).

Then by (6) and Lemma 2.5,

(𝑛− 1)𝐴𝑛−1 = −𝑆𝑛−1 −
𝑛−2
2∑︁

𝑗=1

(𝐴2𝑗𝑆𝑛−1−2𝑗 − 𝐴2𝑗−1𝑆𝑛−2𝑗)

≡ −ℎ𝑛−1𝑝
2 − 𝐹𝑝3 −𝐺𝑝4 (mod 𝑝5),

where

𝐹 =

𝑛−2
2∑︁

𝑗=1

(︂
𝑎2𝑗𝑓𝑛−1−2𝑗 +

1

2𝑗 − 1
𝑏2𝑗−1𝑐𝑛−2𝑗

)︂
,

𝐺 = ℎ′
𝑛−1 +

𝑛−2
2∑︁

𝑗=1

(︃
𝑎′2𝑗𝑓𝑛−1−2𝑗 +

1

2𝑗 − 1
𝑐𝑛−2𝑗

𝑗−1∑︁
𝑖=1

(𝑎2𝑖𝑑2𝑗−1−2𝑖 − 𝑏2𝑖−1𝑐2𝑗−2𝑖)

)︃
.

From (𝑛− 1, 𝑝) = 1 and Lemma 2.2,

𝐻𝑝(𝑛) ≡ − 𝑛!

𝑛− 1

(︀
ℎ𝑛−1𝑝+ 𝐹𝑝2 +𝐺𝑝3

)︀
(mod 𝑝4).
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All of the above numbers 𝑎, 𝑏, 𝑐, . . . , whose definition can be found in Section 2, are rational
linear combinations of the divided Bernoulli numbers 𝛽𝑛.

By a suitable modification to the proof of Theorem 3.1, we can get the result of congruence
𝐻𝑝(𝑛) modulo 𝑝3, 𝑝2 and 𝑝. The congruences of 𝐻𝑝(𝑛) modulo 𝑝2 and 𝑝 have been proved by Cai
and Xia in different methods from this paper.

Corollary 3.1. Let 𝑝 > 7 be a prime and 𝑛 ∈ {3, 4, . . . , 𝑝− 4}. Then

𝐻𝑝(𝑛) ≡

⎧⎪⎨⎪⎩
− 𝑛!

𝑛−1
(𝑓𝑛−1𝑝+ 𝐼𝑝2) (mod 𝑝3), 2 | 𝑛,

− 𝑛!
𝑛−1

(︃
−𝑒𝑛−1 +

𝑛−3
2∑︀

𝑗=1

𝑎2𝑗𝑐𝑛−1−2𝑗𝑝+𝐾𝑝2

)︃
(mod 𝑝3), 2 - 𝑛,

where

𝐼 =

𝑛−2
2∑︁

𝑗=1

(𝑗 − 𝑖) 𝛽𝑝−1−2𝑖

[︂
(2𝑗 − 2𝑖− 1) 𝛽𝑝−1−2(𝑗−𝑖) −

2𝑖𝛽𝑝−1−2(𝑗+𝑖)

2𝑖+ 1

]︂
,

𝐾 = 𝑒′𝑛−1 +

𝑛−2
2∑︁

𝑗=1

(𝑛− 1− 2𝑗) 𝛽𝑝−𝑛+2𝑗𝑎
′
2𝑗.

Proof. Combining (8), (10) and Lemma 2.2, we can prove the corollary.

Corollary 3.2 (Xia and Cai [6]). Let 𝑝 be an odd prime such that 𝑝 > 3. For every positive integer
𝑛 ≤ 𝑝− 2, we have

𝐻𝑝(𝑛) ≡

{︃
𝑛!𝛽𝑝−𝑛 (mod 𝑝), 2 - 𝑛,
−𝑛𝑝

2
𝑛!𝛽𝑝−𝑛−1 (mod 𝑝2), 2 | 𝑛,

and

𝐻𝑝(𝑛) ≡ 𝑛! (2𝛽𝑝−𝑛 − 𝛽2𝑝−𝑛−1) +
𝑛!𝑝

2

∑︁
2≤𝑖≤𝑛−3

𝑖 even

𝛽𝑝−𝑖−1𝛽𝑝−𝑛+𝑖 (mod 𝑝2),

where 3 ≤ 𝑛 ≤ 𝑝− 3 is an odd integer and 𝑝 > 3 is prime.

Proof. Using Kummer’s congruence

𝛽𝑘(𝑝−1)+𝑏 ≡ 𝛽𝑏 (mod 𝑝)

where 𝑘 = 0, 1, 2, . . . , Theorem 3.1 and Corollary 3.1 imply the corollary.

By the relationship between the 𝐻𝑝(𝑛) and 𝐻 𝑝+1
2
(𝑛), combined with Corollary 3.1 we can

obtain the following congruences.

Corollary 3.3. Let 𝑝 > 7 be a prime and 3 ≤ 𝑛 ≤ 𝑝+1
2

. Then

𝐻 𝑝+1
2
(𝑛) ≡

⎧⎪⎨⎪⎩
− 2𝑛!

(𝑛−1)(𝑝+1)
(𝑓𝑛−1𝑝

2 + 𝐼𝑝3) (mod 𝑝3), 2 | 𝑛,

− 2𝑛!
(𝑛−1)(𝑝+1)

(︃
−𝑒𝑛−1𝑝+

𝑛−3
2∑︀

𝑗=1

𝑎2𝑗𝑐𝑛−1−2𝑗𝑝
2 +𝐾𝑝3

)︃
(mod 𝑝3), 2 - 𝑛.
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Proof. In order to prove the theorem, we need to know the relationship between 𝐻𝑝(𝑛) and
𝐻 𝑝+1

2
(𝑛). Let

𝐴𝑛

(︂
𝑝+ 1

2

)︂
=

∑︁
1≤𝑢1<𝑢2<···<𝑢𝑛≤ 𝑝+1

2

1

𝑢1𝑢2 · · ·𝑢𝑛

.

By Lemma 2.2 and Lemma 2.6, we obtain

𝐻𝑝(𝑛) =
𝑛!

𝑝
𝐴𝑛−1

= (−1)𝑛−1𝑛!

𝑝

∑︁
𝛼1+2𝛼2+···+(𝑛−1)𝛼𝑛−1=𝑛−1

𝛼1,...,𝛼𝑛−1>0

𝑇 (𝛼1, . . . , 𝛼𝑛−1)𝑆
𝛼1
1 𝑆𝛼2

2 · · ·𝑆𝛼𝑛−1

𝑛−1 , (11)

𝐻 𝑝+1
2
(𝑛) =

2𝑛!

𝑝+ 1
𝐴𝑛−1

(︂
𝑝+ 1

2

)︂
= (−1)𝑛−1 2𝑛!

𝑝+ 1

∑︁
𝛼1+2𝛼2+···+(𝑛−1)𝛼𝑛−1=𝑛−1

𝛼1,...,𝛼𝑛−1>0

𝑇 (𝛼1, . . . , 𝛼𝑛−1)𝑆
𝛼1
1 𝑆𝛼2

2 · · ·𝑆𝛼𝑛−1

𝑛−1 . (12)

Combining (11) and (12) can get

𝐻 𝑝+1
2
(𝑛) =

2𝑛!

𝑛!

𝑝

𝑝+ 1
𝐻𝑝(𝑛).

Then by Corollary 3.1 and above equation, it is easy to prove this corollary.

4 Conclusion
The main results of this paper are a theorem and three corollaries. Theorem 3.1 establishes a
supercongruence of harmonic sums𝐻𝑝(𝑛)on modulo 𝑝3 and 𝑝4. The corollaries are generalizations
of Xia and Cai’s congruences in [6].
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