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Abstract: Zhao found a curious congruence modulo p on harmonic sums. Xia and Cai generalized
his congruence to a supercongruence modulo p?. In this paper, we improve the harmonic sums

Hp(n) = Z ;ln

[yl
li+la++ln=p 172
l1,l2,..., 1n>0

to supercongruences modulo p? and p* for odd and even where prime p > 8 and 3 < n < p — 6.
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1 Introduction

In 2006, Zhao [7] found the congruence

1
H,(3) = Z = 65,—3 (mod p)
i+j+k=p J
irj, k>0

for any prime p > 3, where 3, = 37 is called the divided Bernoulli number. Then Zhou and
Cai [8] generalized Zhao’s congruence to any positive integer n < p — 2,
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() = n!By_n (mod p), 21n,
T —EnlBpy (mod p?), 2] m,

where prime p > 3. Later in 2010, Xia and Cai [6] improved the congruence to modulo p? where
3 < n < p—3isanodd integer and prime p > 3,

Hy(n) =n!(28)—n — Bop—n-1) + — p Z Bp—i—1Bp—n+i (mod p?).

2<i<n—3
1even

After that, Shen [4] raised the power of [,, to 2 and 3 for any integer n and prime p > n + 2

1 B _(n+1L)L!T(Ln72) Bp _— (IIlOd p) 9 ‘ n,
Z Lily---12 (n=1! > (nJra)ﬂaﬁp n—a (mod p), 21n.
ly+lg+-+in=p n 0<a<p-n
I1,eey In>0
p—2 p—n—a

Z 1 _ b+n+1( —Dlab fa+b
e l3 a+1 b

ly+lo++ln=p hlp- - n
a+b+n
X ( )Baﬁbﬁp n—a—>b (mOd p)

11yl >0
The main purpose of this paper is to improve congruence H,(n) to the modulus p*.

2  Some lemmas

Lemma 2.1 (Newton’s formula [6]). Let n and k be integers, 1 < k < n. For any variables

T1,To, ..., Ty, denote
k k k
AN =2 +25 +---+ 2,
O — E iy Ly * * * Ty, -
1< <9< < <n
Then

/\k: = )\k._lal — /\k_QO'Q + -+ (—1)k)\10'k;_1 + (—1)k+1]€0'k.

From now on, we define S), and A to be x; = % andn =p—1in A\, and oy, i.e.,

1
S =5~
k xka
1

1
A= X e

u
1<ui<ug<-<up<p—1

3
—

8
Il
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Lemma 2.2 (Zhou and Cai [8]). For every positive integer p — 2 > n > 2 and odd prime p, we
have
Hyn) = ™ A
— —{An-1-
: p

Proof. See [8, pp. 1331-1332]. O

Lemma 2.3. Let j be a positive integer. Then

A = { asp + a’gjp2 (mod p?), n =27,

sz71p2 (mod p?), n=2j—1,
where
1
Qgj = — (62p*2j*2 — 2ﬁp*2j*1)7 O/IQJ = 5 Z ﬁp7i715p72j71+i;
2{§‘1§2]72
J
byiii = ————0)_2i_1 .
27—1 2] + 16}) 25—1

Proof. For n odd, see [3] or Lemma 3 in [8]; for n even, see Theorem 1 in [6]. O]

Lemma 2.4 (Sun [5]). Let p be a prime greater than 7 and 1 < k < p — 6. Then
_ Ckp (mOd pg)a 2 | ka
Sk = 2 3
drp®  (mod p%), 21k,
and we also have

_ ) eap+ep® (modph), 2]k,
Sp = ) .
frp®  (mod p*), 21k,

where

cy =k (52;;72% - 25p717k) )

k+1
de( 5 )ﬁp—g—k;

kE+2
ex = —k (Bap—3—k — 3Pop—2-—k + 3Bp_1-k) , € = —( 3 )573—3—1«;

fo==("31) G280

Lemma 2.5. Letp > 7 be a prime and k € {1,2,... ,p —6}. Then

_ ) ap+gp’ (modp®), 2|k,
b= hep* + hjp*  (mod p°), 21k,

where

g =k (48p—1-k — 6B2p—a—k + 4Bsp—3-k — Lap—a—k) ,
k+2

g]’(; = ( 3 ) (52;0—4—]9 - 25p—3—k) ;
k+1

hy, = ( 9 ) (3Bp—2—k — 3Bop—3—k + Pap—a—k) ,
k+3

h;c = < 4 >Bp4k
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Proof. Using the same argument as in the proof of Theorem 5.1 in [5], we can easily carry out
the proof of this Lemma. For m € Z™, it is clear that

1m_|_2m_|_..._|_(p_1)m -

1 T
m—l—l

)BerlrpT
r

2 3
P m
P +2m 1_'_6(2) 2

4 5
pt(m > [m 5
+24(3>Bm3+—120(4)3m4 (mod p°).

Letk € {1,2,...,p—6}. From (5.1) in [5] and Euler’s theorem, setting m = ¢ (p®) — k, we have

p—1 1
Sk=2_
r=1
p—1
=3 et (1)
=1
_ |} pByps)-r + ( L) p*B (5),;6,2—1—%]958(@@5)%,4 (mod p°), if2|k
_ngBw(zﬁ)—k—l WPZLBW(IJE’)—’@% (mod p°), if2{k

To prove our congruence, we evaluate pBos)—k D°Beps)—k—1> P°Bops)—k—2> P B —k—3»
P’ B —k—a (mod p°) separately. It is easy to conclude from Corollary 4.1 in [5] that

n—1

n—1—r k—1-—r k r(p— — n

Brp-1)+b = Z(—l) ! <n o T) <T) (1—pr® D) 8 14 (mod pm),
r=0

hence

5(5)k—5(p41 +p1k
_ —2— k Pt =3\, 4 B _op—3—k
= )Bp—1-k + 9 P -11-p ) Bop—a—k

4
( )( R [

A1 —pP 2B, 1 — 6(1 — P2 M) By ok +4(1 — PP ) B, 3
- (1 —p4p i k)ﬁ4p—4—k
=40,1-k — 60op—2—k + 4B3p—3-k — Bap—a—r (mod ph).

Therefore,

pBgo(ps)fk =k (45;;7142 — 68221 +4B3p—3-1 — 54;;747/&) p (mod p5). ()

Similary, we have

p3B<p(p5)—k—2 =—(k+2) (251;7371@ - 52p747k)P3 (mod PS), 3)
pQBga(pE‘)—k—l =— (k + ]-) (3Bp—2—k - 362]3—3—]9 + B3p—4—k:) p2 (HlOd p5) (4)
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From Kummer’s congruences we conclude that

Bows)—k-3 = Bpt—1)(p-1)+p-4—k = Bp—a—r  (mod p).

Hence,
p'B o(pP)—k—3 = —(k+3)B,_4_p* (mod p°). (5)

Combining congruences (2), (4), (3), (5) with (1), leads to our congruence. [l

Lemma 2.6 (Xia and Cai [6]). Let m, n be integers and 1 < m < n. For any variables

T1,To, ..., T, we have

Om = (—1)" > T, ..., 0m) AING2 -\

ay+2ag+-+nap=m
QY ey an >0

where for nonnegative integers avy, Qia, . . ., Qiy,

O R R

2a2...nana1!...an!'

3 Main results

Theorem 3.1. Let p > 9 be a prime andn € {3,4,...,p — 6}. Then

o) = "t Unep + FPP 4 GpY) (modph), 2,
! — 2 (gn1 — Cp+ Dp* — Ep®) - (mod p'), 21{n,
where
n—3
< 1
= 5. 625€n—-1-25,
=
| = j—1
D = 9;—1 9 (%—1—2]‘ Z a2102]—21> )
J = i=1
n—3 n— rL 1

= 1
= Z azjfn_l_Qj + .—b2j—1cn—2j) )
e ( 27 —1

n—2
2

i—1
1 J
G = h;q + Z (alzjfn—l—zj + ﬁ%—% Z (a2id2j—1—2i - b2i—102j—2i>> .
j=1

i=1
Proof. First we need to evaluate the Ay;, Ay; 1 (mod p?*). By Lemma 2.1,

Spo1=A1Sp o4+ (1) A28 + (=1)"(n — 1) A,_1. (6)
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Ifn=2j+1,

j—1
2jAg; = —So; + Agj_1S1 — Z (AQiSQj—Qi — Agi— 159 41-2i) - (7

i=1
If + > j, combining Lemma 2.3 and Lemma 2.4, we get

AgiSoj0i = a?iCZj—QiPQ + a/2i02j—2ip3 (mod p*),
Agi—182j11-2, =0 (mod p4).

So by (7) and Lemma 2.4,
1 s
Ay = _Q_j €e9;D + elgjp?’ + Z(a2i62j—2ip2 - a/2102j—2z’p3) (mod p4). ()
i=1
If n = 27, we have
j—1 j—1
(2 — D Agj1 = —=Saj1 — Y AniSoj1-0i+ Y A 1950 ©)
i=1 i=1

Now proceed as above. If 7 > j, by Lemma 2.3 and Lemma 2.4 we have

AgiSoj_1-9i = a2id2j—l—2ip3 (mod p4),
Agi_1S9j_9; = b2i—102j—2ip3 (mod P4)~

Then by (9) and Lemma 2.4,

1 it
Agj_l = _2j——1 [b2j—1]?2 + ; (a2id2j—1—2i - b2¢—1C2j—2z‘)P3] (mod p4). (10)
The rest of proof can be completed by the same method to the one used above. We now
apply this argument again modulo p®. If n is odd, combining Lemma 2.3 and Lemma 2.4, for
je{1,2,..., %1}, we get

i—1
1 J
AgjSy—1-9j = DY ;P + G/ij?’ + Z(a2i02j—2ip2 - algiCQj—Zip3)]
i=1
(en 2P+ €1 2jp)
1 J—
_ 3
= 2j€2g€n 1— 2319 €n—1— 2]26121'023‘21'29
1 J—
— Z 262] n—1-2j — €p—1-2j Z 2102] 2 (mOd p5)7
i=1

Agj1Sn—0; = b2j71dnf2jp4 (mod p5).
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Now by (6) and Lemma 2.5,

n—3

2

(n—1)A,—1 = —Sh—1 + Ap251 — Z (AQan—1—2j — A2j—15n—2j)

j=1
= —g,_1p— Cp* — Dp* + Ep* (mod p°),

where

2
1
C=- Z 2_‘7.62]'6117172]'7

J=1

—3
%3 1 Jj—1
!
D=g, ,— g 57 6n-1-2j E a2;C2j—2i,
j=1 J i=1

j—1
/ /
2e9j€,_1_9; — €n—1-2; E :a2102j72i :

i=1

n—1

N
E = Z boj—1dp—2; +
j=1

n—3
1
puri
From (n — 1,p) = 1 and Lemma 2.2,
|

n!
H,(n) = — 7 (gn-1+ Cp+ Dp*> — Ep’)  (mod ph).

If nisevenand j < ”T_Q, combining Lemma 2.3 and Lemma 2.4,

AgjSp_1-95 = (@2jp + GIQjPZ) X fr-1-2jp°

= ag; fo1-2p° + a,ijn—l—ij4 (mod p°),
j—1

1
A2j—15n—2j = _2j——1€"_2j ZZI (a2id2j—1—2i - b2z’—lc2j—2i)p4
1 3 5
o1 1bgj_1cn_2jp (mod p°).
Then by (6) and Lemma 2.5,
nT—Z
(n - 1)An71 = —Onp-1—" Z (A2j5n7172j - A2j715n72j)

j=1

= —h,_1p* — Fp® — Gp* (mod p5),

where

1
F = Z (agjfn—1_2j + ﬁb%‘—lcn—%) ;

n—=2 .
2 1 Jj—1

G = h;fol + Z (aIijn12j + ﬁcndj Z (a2id2j7172i - 52171023‘72@') .
J=1

i=1

From (n — 1,p) = 1 and Lemma 2.2,

H,(n) = — (hn,lp + Fp* + Gp3) (mod p*).

n—1
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All of the above numbers a, b, ¢, . . ., whose definition can be found in Section 2, are rational
linear combinations of the divided Bernoulli numbers [3,,.

By a suitable modification to the proof of Theorem 3.1, we can get the result of congruence
H,(n) modulo p?, p* and p. The congruences of H,(n) modulo p* and p have been proved by Cai
and Xia in different methods from this paper.

Corollary 3.1. Let p > 7 be a prime andn € {3,4,... ,p—4}. Then

— 2 (fucp + Ip?)  (mod p?), 2| n,
n—3
H,(n)= N
»() —n”—Jl (—en_1 + > agiCn_1-2;p + KpQ) (mod p?), 21%mn,
j=1
where
: . 2By 1-2(j+i)
I= < (j—1) Bp-1-2i [(2] —2i—1) ﬂp7172(j7i) - gi——i—lj )
n—2
2
K= e,ln_l + Z (n —-1- 2]) Bp_n+2ja'2j.
j=1
Proof. Combining (8), (10) and Lemma 2.2, we can prove the corollary. ]

Corollary 3.2 (Xia and Cai [6]). Let p be an odd prime such that p > 3. For every positive integer
n < p— 2, we have

H,(n) = n!By—n (mod p), 2tn,
T —2nlBponoy (mod p?), 2],

and

Hp(n) =nl (25][, n sz n— 1 + — p Z ﬁp i— 1ﬁp n+1i (mOd p2)7

2<i<n—3
i even

where 3 < n < p — 3 is an odd integer and p > 3 is prime.

Proof. Using Kummer’s congruence

5 (p—1)+b = = [ (mOdP)

where £ = 0,1,2, ..., Theorem 3.1 and Corollary 3.1 imply the corollary. ]

By the relationship between the H,(n) and H s (n), combined with Corollary 3.1 we can
obtain the following congruences.

Corollary 3.3. Let p > 7 be a prime and 3 < n < pTH. Then

(2% (fa1p® +1Ip°)  (mod p?), 2| n,
Hpi(n) =
2 —#@Hl) —€p_1p + Z (2jCn—1-2jp° + Kp° (mod p?), 2¢n.
j=1
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Proof. In order to prove the theorem, we need to know the relationship between H,(n) and

HpTH(n) Let
p+1 1
A, (P22 = v
n( 2 ) Z C U,

| U1z
1<uy <ug < <up <P

By Lemma 2.2 and Lemma 2.6, we obtain
n!
H,(n) = _An—l
p(n) p

n— n‘ a1 QO Qp—1
:<_1) 1; Z T(alv"'uan71>51 52 ”'Snfl ’ (11)

ay+2a9++(n—1)a, _1=n—1

2n! 1
Hpia (n) = n An_l (&)

2 N p+1 2
n—1 2n| a1 Qi Qp—1
= ()" > T (o, .. Q1) S81852...8 1 (12)
p + aj+2ao+-+(n—1)ay, _1=n—1
Qe 1>0
Combining (11) and (12) can get
2n! p
HpTﬂ(n) = Fme(n)
Then by Corollary 3.1 and above equation, it is easy to prove this corollary. ]

4 Conclusion

The main results of this paper are a theorem and three corollaries. Theorem 3.1 establishes a
supercongruence of harmonic sums H,(n) onmodulo p? and p*. The corollaries are generalizations
of Xia and Cai’s congruences in [6].
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