Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2023, Volume 29, Number 1, 130-136

DOI: 10.7546/nntdm.2023.29.1.130-136

On certain equations and inequalities involving

the arithmetical functions ¢ (n) and d(n) - 11

Jozsef Sandor

Deparment of Mathematics, Babes-Bolyai University
Cluj-Napoca, Romania
e-mail: jsandor@math.ubbcluj.ro

Received: 27 July 2022 Revised: 17 February 2023
Accepted: 2 March 2023 Online First: 7 March 2023

Abstract: In papers [3] and [S] we have studied certain equations and inequalities involving the
arithmetical functions ¢(n) and d(n). In this paper we will consider some other equations. Some
open problems will be stated, too.
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1 Introduction

Let ¢(n) and d(n) denote the Euler totient function and the number of divisors functions,
respectively. It is well-known that ¢(r) = d(1) = 1, and for n = pi*...p% > 1 (prime
factorization), we have

e(n) =pp - pl Tt (pr = 1)+ (p, — 1) and d(n) = (a3 + 1) - (a, + 1) (1)

with p;(i = 1,r) distinct primes, and a;(i = 1,7) positive integers. In paper [3] we have
studied the solutions of the equation ¢(n) + d(n) = n, and proved certain related inequalities.
In paper [5] we have solved the equation (n) + d(n) = %, and studied the related inequalities.
Another equation solved in [5] was ¢(n) + d*(n) = 2n.
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The aim of this paper is to consider more equations for the arithmetical function ¢(n) and
d(n). Some open problems and conjectures will be stated, too.

2 Main results

First we study two equations, which can be solved by the methods of [3]:

Theorem 1. The equation
2¢0(n) +d(n) =2n (2)

has the only solutions as n = primes. The equation
o(n) +2d(n) =2n 3)
has the only solutions as: n = 3,4.

Proof. Letn = p = prime. Then, as p(p) = p — 1l and d(p) = 2,as 2 (p — 1) + 2 = 2p, clearly
n = pis a solution. Let now n be a composite number. Then, by the known inequalities (see [3])
o(n) <n—+/nandd(n) < 2y/n we get 2p(n) + d(n) < 2n — 2y/n + 2y/n = 2n, so there are
no composite solutions for (2).

By the same argument, if n = p is a solution of (3), then p — 1 +4 = 2p, so p = 3, and this is
the only prime solution of (3). Now, if n is composite, then as ¢(n) + 2d(n) < n — \/n + 4y/n
=n+3y/n,ifn+3y/n < 2n(.e.,n > 3y/n,or/n > 3orn > 9), there are no solutions. Now
an easy verification for the composite numbers n € {4, 6,8} we get that only n = 4 is a solution.
This finishes the proof of Theorem 1. U

Theorem 2. The solution of the equation
2¢p(n) +d(n) =n 4)
aren = 18 andn = 8 - p, where p > 3 is a prime.

Proof. An easy verification shows that n = p (prime) and n = 2* (k > 1) are not solutions.
Indeed, 2- (p—1)+2=2p >pand 2 -2+ k+1 > 2% Let now n = 2% - p, when we
get 28 - (p—1)+2-(k+1) = 2% . p, or 271 = k + 1. This has the only solution k = 3, as
k # 1,k # 2, and for k > 4 one has 2°=! > k + 1. Therefore, n = 23 - p = 8p is always a solution
for p > 3 a prime. Let now n = 2¥ - N where N is odd and composite. The equation (3) becomes

28 o(N) + (k+ 1)d(N) = 2F - N. )

Now, as k + 1 < 2% and p(N) + d(N) < N (with equality only for N = 9, see [3]), we get that
the left side of (5) is < right side, with equality only for £k = 1 and NV = 9. Thus the solution
n = 2'-9 = 18 is obtained. Finally, if n is odd remark that d(n) should be odd, so n = m?. Then
we get that m should divide d(mQ), som = 3 (see [3]), and we do not obtain solutions. O]
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Theorem 3. The equation
p(n) +2d(n) = n (©)

has the only solutions as n = 14, 18, 20, 24.

Proof. As in the proof of Theorem 2, it is immediate that n = p (prime) and n = 2* are not
solutions. On the other hand, it is also immediate that the only solution of the form n = p - ok
is n = 3-23 = 24. Indeed, the equation in this case becomes 2*~* - (p +1) = 4 - (k + 1), and
as 281 > k 4+ 1 for k > 3 and p + 1 > 4, the result follows for & > 3. For k = 1 we get the
solution p = 7, while for k = 2 we get p = 5. Therefore, all solutions of the form n = 2% - p are
n = 14,20, 24. Letnow n = 2¥ . N, with N > 3 odd and composite. The equation (6) becomes

2F . o(N) + (k+ 1)d(N) =2 - N. (7

Remark that for & > 3 one has k + 1 < 271, 5o the left side of (7) is < 2¥71 . [p(N) + d(N)] <
2%=1. N, by the known inequality ¢(N) +d(N) < N. Thus, if (7) is true, then 2% - N < 28=1. N,
which is impossible.

For k£ = 1 the equation becomes

©(N)+4d(N) =2N (8)

By the inequality p(N) + d(N) < N (with equality only for N = 9), remark that if the following
inequality would be true:
3d(N) < N, )

then the equation could have a single solution, namely N = 9.

As d(N) < 2¢/N, and 2v/N < & if N > 36, a simple verification for N € {9,15, 21, 25,
27,33, 35} shows that (9) holds true, with equality only for N = 9. Thus we have obtained in this
case the solutionn =2 -9 = 18.

Let now k = 2, when we get n = 4 - N, so the equation becomes 2¢(N) + 6d(N) = 4N, or

@(N) + 3d(N) = 2N. (10)

As o(N) +d(N) < N,and 2d(N) < N by (9) (as & < &), clearly (10) is impossible. Thus, in
this case no solution is obtained, and as clearly there are no odd solutions, the proof of Theorem
3 is complete. [

Theorem 4. The equation
(p(n)?™ + (d(n)™™ =n" (11)

has no solutions.

The only solution to the equation
(p(n))?™) - (d(n))"™ = n" (12)
isn =2
Proof. Equation (11) is a particular case of a general equation a® + b° = c*. [

132



Lemma 1. The equation
a® + b’ = ¢ (13)
cannot be solved in positive integers a, b, c.

Proof. Suppose that b > a. Then a® + b* < 2b°. On the other hand, clearly from (13) it follows
that ¢ > b, so ¢ > b+ 1 as ¢, b are positive integers. This implies

>+ =0+1)-(b+1)° > (b+1)-b° > 31,

if b > 2. This is a contradiction, as the left side of (13) is < 2b°. If b = 1, then @ = 1 and (13)
becomes 2 = ¢, which has no solutions, as for c = 1, ¢ = 1 and for ¢ > 2, one has ¢ > 4 O]

Remark 1. The similar equation
a® b’ = (14)

is not known to be solved in the general cases (see, e.g., [1], Section D13). Thus equation (12)
must be treated separately.

Using the representation (1), as equation (12) implies
(p(n)#™ [ ", (15)
we get that
py AT e e — K (py = 1P - (p — 1)70) (16)

where K > 1 is an integer. Let py < ps < -+ < pp, 1 > 2. Asp, — 1 > p,_1, excepting p1 = 2,
P2 = 3, when po — 1 = py; clearly p, — 1 cannot divide the left side of (16), thus we get that we
can have only p, = 3, p,_1 = 2; i.e., n has the form n = 2°.3".

In this case, equation (12) becomes

(a+ )d(n (b + 1) n) — ga(n—p(n)) , gb(n—p(n)) (17)
As,n —p(n) =230 — 203071 = 2a+1 . 3b=1 — 95(n), (17) can be written as
(a—+1)% . (b4 1)d) = g2ap(n) . 32be(n), (18)
Now, 2¢ > a + 1 and 3° > b+ 1, it will be sufficient to consider the inequality

2¢(n) = d(n). (19)

Lemma 2. Inequality (19) holds true for any n > 1, with equality only for n = 2 and n = 6.

Proof. Remark that 2p* ™' - (p; — 1) > a; + 1 forp; > 2 and p5>~"' - (pp — 1) > ay + 1 for
p2 > 3, with equality only for p; = 2, a3 = 1 and p, = 3, as = 1. On the other hand,

az—1

p5* - (p3—1) >ag+1,forps > 5andasz > 1, etc, so

20(n) =2pP " (p1 = 1) p5* (e — 1) (o — 1) = (@ + 1) (0 + 1),

with equality only for » = 1 and » = 2; when we get the solutions n = 2 and n = 6.
By Lemma 2 it follows that (18) is impossible so equation (12) cannot be solved when r > 2.
As forn > 3, p(n) is even, n should be even, and the only possibility is n = 2. L]
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Theorem 5. The equation
p(n) + (d(n))* =n (20)

has the solutions n = 68, 128, 384, 864.

Proof. First we prove that equation (20) cannot have odd solutions. Let n = p{'---p%" be the
prime factorization of n, with 3 < p; < --- < p,.. Then (20) can be written as

(a1 + 1) (a, + 1) =pP~ o p e prope — (1 — 1)+ (pr — 1)) (21)

Clearly, each part of the product in the right side of (21) is odd, so the right side of (21) is an odd
number. Then, if a, = 1, then (21) is impossible, as the left side is even. Suppose that a, > 1.
Then, (p,,(p1 — 1)+ (p, — 1)) = 1, the right side of (21) can be written as p~! - X, where
(pr, X) = 1. By (21), this should be a perfect square, so we should have p~! = A%, X = B?
where (A, B) = 1. But p, being prime, p® ! = A? implies that a, — 1 is even, so a,. + 1 is even,
too. Thus the left side of (21) is again even number, a contradiction.

Let now n be an even solution to (20). As n is even, by the known inequality ¢(n) < § we
get from (20) that & < d*(n) , so d(n) > |/%. But from the known inequality d(n) < 4 - /n, if
4 - §/n < /%, this will be impossible, as then we would have d(n) < /3. As4 - /n < /% is
equivalent with n > 8 - 45 = 32768 = n,, this means that for such values n > ny, there are no
even solutions. It is not difficult to obtain by a computer that for n even and n < 32766 the only

solutions to (20) are n = 68, 128, 384 and 864. This finishes the proof of Theorem 5. 0

In paper [5] we have studied the equation (n) +d(n) = %, which had a single solution. Now,
we will consider the equation ¢(n) + d(n) = 4.

Theorem 6. The equation
n
p(n) +d(n) = (22)

has all solutions of the form n. = 4m, where m is an even number. One has w(m) > 4.

Proof. Clearly, n is a multiple of 4, let n = 4m. Then equation (22) becomes
w(4m) + d(4m) = m. (23)

Let us now suppose that m is odd. Then, as (4,m) =1, (23) can be written as 2¢(m)+3d(m) = m.
This implies that d(m) should be odd, so m should be a perfect square: m = M?2. As
©(M?) = Mp(M), this implies that

M | 3d(M?). (24)

First suppose that (M,3) = 1. Then M | d(M?), and it is shown in [3] that M = 3, which is
impossible. Let M = 3 - K and let K = p}'p5...p% be the prime factorization of K. As (24)
can be written now as

K| d(9K?) (25)

we get pi*---p® | 3-(2a1 +1)...(2a, + 1) . Remark that for any a;,a; > 1 one has
5% . 7% > 3. (2a; + 1)(2a2 + 1), and as p > 2a, + 1 for any p, > 11, clearly the above
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divisibility cannot be true if p; > 5, p, > p,1 > -+ > py, since 5 > 3 - (2a; + 1) for a1 > 2;
we should have a; = 1 so K = p (prime), and p | d(3* - p*) = 9 is possible only when p = 3.
Thus, K = 3 and M = 9 and we do not get a solution.

If p; = 3, then K = 3% - p3* - - - p% and (25) becomes

3™ .pg2 .. .pgr | (26L1 + 3)(2a2 + 1) e (2a1 + 1). (26)

Now, if a; > 2, by 3" > 2a; + 3 and p5* > 5% > 2as + 1,. .., clearly (26) will be impossible.
If a; = 1, (26) becomes

3-pst---pim =5(2a+1)---(2a, + 1)

and as 3 - 5?2 > 5(2ag + 1), p5* > 7% > 2a3 + 1,..., we can have only a; = 1 and r = 2, so
we get again K = 3 and K = 9. These do not provide again solutions to (23). Thus, finally m
cannot be odd.

Let us now assume w(m) = 1,1i.e., m = 2 (as m is even). Then, as 2871 + k +3 > 2% clearly
(23) is impossible.

Let w(m) = 2, i.e., m = 2% . p* where p > 3 is a prime. Then 4m = 2¥*2. p? and after
elementary transformations (23) becomes 2% - p2~1. (2 — p) = (k+3)(a+ 1), which is impossible,

as2—p <0.
a . b

Let w(m) = 3, i.e., m = 2F - p2 . ¢® where p > 3, ¢ > 5 are primes. As 4m = 282 p2. gb,
after elementary transformations, the equation (23) can be written as
28 pt R+ 1) —pg) = (k+3)(a+ 1)(b+1). 27)

Remark that pg —2(p+¢q—1) =pg—2p —2¢+2=(p—2)(¢—2) —2>3—2 =1, as
p—22>1,q— 2 > 3. Thus the left side of (27) is < —1 < 0, a contradiction. L]

The following theorem offers particular solutions to equation (23).

Theorem 7. All solutions to (23) of the type m = 2% -3 -5¢-p, where p > 7 is a prime, are
m=22-32.5-11,m=2%.3-52-13and m =23 -32 -5 - 13.
A solution with w(m) =5ism =2%-3-5-17-251.

Proof. Equation (23) for m = 2% - 3% - 5¢ - p can be written as
20301571 (16 — p) = 2(a+ 3)(b+ 1)(c + 1). (28)
This implies p < 13. First we prove that p = 7 is impossible. Indeed, in this case (28) becomes
2071 3 5 = (a4 3)(b+ 1) (e + 1). (29)

Remark that 57! > c+1ife¢ > 2,3 > b+ 1forb> 1,2 >a+3fora>4. Ifc=1,
then 2¢71 - 3" = 2(a + 3) - (b + 1) can be rewritten as 2¢~2 - 3**! = (¢ + 3)(b+ 1). Fora > 4
this cannot provide solutions, and also for a = 1, a = 2, a = 3 we cannot find solutions. Thus
forb > 1, ¢ > 1 and a > 4 there are no solutions. For a = 1, the left side is odd, the right side
even, fora = 2 we get 2 - 371 . 571 = 5(b+ 1) - (c+ 1) and as 2 - 52 > ¢ + 1 for any ¢ > 3,
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we should consider ¢ = 2, when we get 2 - 3"7! = (b + 1) - 3 and this cannot have solutions as
3% > b+ 1. Finally, for a = 3 we get the equation 22 - 3°71 . 5¢°1 = 2.3 . (b+ 1) - (c+ 1) or
2.3 5L = (b+1)-(c+1). As3® > b+1,2-51 > ¢+ 1, this equation cannot have solutions.
For p = 11 the equation (28) becomes
20713 . 5c = (a+3)(b+1)(c+2) (30)
and as above, we can show, by using elementary inequalities, thata = 2,b = 2,¢c = 1.
For p = 13, equation (28) becomes
20713057 = (a4 3)(b+ 1)(c+ 1), (31)

and by the above elementary considerations (which we omit here) it can be shown that a = 2,
b=1,c=20ora=3,b=2,c=1.
Let now m have the form
m=2"py--p (32)

where pq, ..., p, are distinct odd primes.
In this case, equation (23) becomes

25 prp =2 — 1) (o — 1) =k + 1L (33)

Therefore, for » > k + 1, (23) has no solutions of the form (32). When k = r, equation (33)
becomes

propr—=2(pr—1)--(pr—1)=r+1 (34)
When r = 4, p; = 3, p2 = 5 we get from (34) the equation 15p3ps — 16(p3 — 1)(py — 1) = 5,
which can be written equivalently as (p3 — 16)(ps — 16) = 235.
As 235 = 5 - 47 for p3 — 16 = 1, p, — 16 = 235, we get the solutions p3 = 17, py = 251,
which is a prime. Therefore, a solution of the form (32) is

m=2%-3.5-17-251. O
Conjecture 1. The equation (23) has infinitely many solutions.

Conjecture 2. The equation (34) has infinitely many solutions in primes p1, . .., py.
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