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1 Introduction

Babylonian mathematicians were familiar with cubic equations and the Iranian scholar Omar
Khayyam (1048-1122) solved many cubic equations with the aid of algorithms with a conic
section base [8]. However, in the West, Geronimo Cardano (1501-1576) seems to have been the
first to have published an analysis of the cubic equation

2>+ Pr+Q =0.

as in equation (4) below [1], though Cardano admitted that he had obtained a hint for this
from Niccolo Tartaglia (c.1500-1557) [3]. Cardano quickly came across Ramanujan-type cubic
equations, but he was unable to handle the square root of a negative number, a “casus irreducubilis”
as he described it. In this paper, we are not so restricted, and we link these developments of
Cardano-type cubic equations in the sixteenth century with those of Ramanujan in the twentieth
century and Shevelev in this century.

Theorem 1.1 ([9]). Let o, (5, and 7y denote the distinct roots of a cubic equation
3 —ar? +br—1=0. (D)
If a, B, and 7y are real, then

Va+ B+ y7=va+6+3t and 2)

1 1 1 f
— + + — =+b+6+3t, 3
Va VBT )

where t is the only real root of the associated Ramanujan equation

t5—3(a+b+3)t—(ab+6(a+b)+9)=0 “)

witht # «, 3, 7.
Liao, Saul, and Shiue [7] (see also Chen [2]):

Theorem 1.2 ([7]). Given a polynomial equation of degree three x> — 3rsx +rs(r + s) = 0 with
real coefficients, then the three solutions to this equation are

v = V75 (V74 N/S) =S (¥ WP E) Vs (P iR,
where w = _1+T\/§Z

When r # s, and r and s are complex conjugates, then the three distinct solutions are

0 0 2 6 4
_2\/ECOS (g) ) _2\/ECOS (§ + ?ﬂ-) y _2\/ECOS (g + ?ﬂ-) )

where 6 = Arg(r).
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2 Main results

We will use the next two theorems from Shiue et al. [12] to prove our main theorems.

Theorem 2.1 ([12]). Let f(z) = 2° —az®* +bx — 1 =0, a,b € R, a,bnot both 0. Let f(x) have
three distinct real roots «, (3, and ~y. Let t* — 3(a + b+ 3)t — (ab+ 6(a + b) +9) = 0 be the

associated Ramanujan equation. Then
L <,/ab+6(a+b)+9+A N i/ab+6(a+b)+9—A
B 2 2 ’
where the discriminant of f(x) is A? = (ab)* — 4(a® 4+ b%) + 18ab — 27. Moreover,
Va+ B+ 7= Va+6+3t
1 1 1
—+-=+—==Vb+06+3L
AR
Theorem 2.2 ([12]). Let t* — 3(a+ b+ 3)t — (ab+ 6(a+ ) +9) = 0 be a cubic equation, where
a,b € R, a,bnot both 0. Then only one root is real.

®)

In this paper, we will denote the discriminant of f(x) as D(f) other than A% Using Theorems
2.1 and 2.2, we give the result of obtaining Ramanujan-type identities given a general cubic
equation f(z) = 2°+ Az?> + Bo +C = 0, A, B,C € Rand C # 0. Note that if the discriminant

D(f) = (AB)* — 4(A’C + B®) + 18ABC — 27C"
of the cubic equation f(z) is greater than zero, then f(x) = 0 has three distinct real roots [5].

Theorem 2.3. Let f(z) = 2° + Az + Bx + C =0, A,B,C € R, A, B not both 0, C' # 0. Let
f(z) have three distinct real roots «, 3, and ~y. Then

(a) the associated Ramanujan equation is

) (ool ) ) e

(b) the only real root to the associated Ramanujan equation (6) is

L AL 16 (4 F)Jrgju‘/m+ | 4246 (45 + ) +9- Y52

7 ;
(N

where
D(f) = (AB)?> — 4(A’C + B?) + 18ABC — 27C%; ®)
(c) the Ramanujan-type identities are

\?/5+€/E+\3/_=—</A+6\‘7_+3t\‘7_ )
1 1 (10)

e
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Proof. Let f(z) = 23 + Az? + Bx + C = 0, C # 0. Dividing by —C yields

()~ () ) - () )

z _ A _ B
Lety = — e 0= —%,andb— o Then
gy) =y’ —ay’ +by—1=0. (11)

By Ramanujan [9], the associated Ramanujan equation of (11) is
t5—3(a+b+3)t— (ab+6(a+b) +9) = 0.

Thus the associated Ramanujan equation of 23 + Az? + Bx + C = 0 is

3(A )t (A—B+6(i+,i)+9):0, (12)
ot e c \ve Ve
which is the result for (a).

For (b), by Theorem 2.1,

D(g) = (ab)® — 4(a® + b*) + 18ab — 27

_(ABY'_, A* B\ 18AB
-\ C c 2 C
1
== ((AB)* — 4(A*C + B®) 4+ 18ABC — 27C?)
D(f)
= o2 > 0,
since f(z) = 0 has three distinct real roots.
By Theorem 2.2, the associated Ramanujan equation ¢* —3(a+b+3)t — (ab+6(a+b)+9) = 0

has only one real root t. Hence,

\3/ab+6a+b )+9++/D 3ab—|—6a—|—b)—|—9— D(g)

- 2
\/D D
o 4216 (4 +95s) +9+ L2 o 41645+ 9%5) +9— YL
B 2
also has only one real root ¢. This concludes the proof for (b).
Lastly, for (c): note that the roots of (11) are a;, = — 5 Ve , By = and Yy = @. Then,
by Theorem 1.1, we have
Y, + \3/ﬁy+ \3/77,— Vva+ 6+ 3t, (13)
1
= Vb +6+ 3t, (14)
3/@ / \/_

where

\3/ab+6a+b )+9++/D 3ab—|—6a+b)—|—9— D(g)
2
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and

D(f)
D(g) = (ab)® — 4(a® + b*) + 18ab — 27 = R
Substituting o, = — 50 By = 30 Yy = —Lf = % and b = 3 , we have
Vi \/ + ¢/ - (15)
+ 6 + 3t, (16)
= L
« ¢3 ¢ ¢V
where ¢ and D(f) are described in (7) and (8) respectively. Finally, simplification gives
Yo+ %/E+{>/‘= —{’/A+6\3/_+3t\3/_
1 1
B+ 6V (02 +3tVC
Ak AT Al
]
Corollary 2.4. Let f(z) = 2* — 3rsz + rs(r + s) = 0 with real coefficients. Then
(a) the associated Ramanujan equation is
rs rs
492 —1)t+9(2¢/—- 1) =0;
(i) ol Vs )-o
(b) the only real root to the associated Ramanujan equation is
/B = o)
39(1—2 i S)>-|— ol 30 9 1—23(T+8)2 Bre
t= 17
5 + 5 . an
where
D 27(r — )2
() _ 20— 5

cz  (r+s)?’
(c) the Ramanujan-type identities are
Va + \S/B%—{‘ﬁz—</6\3/7's(7"+s)+3t\3/rs(r+s), (19)
SR S S I S S
Vo By \r+s rstr+s) {rs(r+s)

Proof. Let A =0, B= —3rs,and C' = rs(r + s) in the results of Theorem 2.3.
For part (a), we have

3_of__Z3rs _ _3rs _
(g ) (o) )
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Simplifying gives

rs s
3 s — 1)t 28/ ——— —1]=0.
+9< r+ s >+9(\/<r+s>2 ) ’
For part (b),

) 9(1—23 ’“52>+ Vo)
/

(r+s)
- 5 i - ’
where
D(E{) = % ((AB)? — 4(A*C + B?) + 18ABC — 27C?)
—1 - rs)?(r 52:;_ rs)2(r — )2
= G T T (108(r5)* — 27(rs)*(r + s)?) COLCEE (=27(rs)*(r — 5)%)
27(r - s)?
(r+s)?

For part (¢),

Vo + {’/B+e/’=—§/A+6€/5+3t€75
= —{63/rs(r T 5) + 3t3/rs(r + 5)

and
1+3i\/3+7— \/_\/B+6\/_+3t\/_
_ m\/—3rs+6m+3tm
:i/ 3 6 B 0

Next, we shall use Theorems 1.2 and 2.3 to obtain Theorem 2.5 to construct cosine Ramanujan-
type identities. An example of the construction is given in Section 6.4.

Theorem 2.5. Let f(x) = 23 — 3rsx + rs(r + s) = 0, where r, s € C are complex conjugates
withr = £ +niand £, # 0. Define 0 = Arg(r). Then the cosine Ramanujan-type identities can
be obtained via the following:

eos (2 = tleos (L4274 ooos (Lo 2™ Z o2 sfq, Bt
\/cos(3)+\/cos(3+3>+\/cos(3+3) i 3+2, 21

L] = {3/l 23 + 13T, @
i/cos (Q) i/cos L ,/cos 4”
where 3 3
t:39<1_</§>+3ﬁ<g>+39(1_@)_?)@(?). o

2 2
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Proof. By Theorem 1.2, the three distinct roots of f(x) = 0 are
2m

:_2\/_8008()5_—2\/_5008( 3) :—2\/_8005( 4;).

Note that rs = |r|? and r + s = 2¢. Using (12), the associated Ramanujan equation is
O:t3—3< _drs +3)t—6< _drs )—9
V/(rs)2(r + s)? v/ (18)2(r + )2
R (e I
:t3+9<34|15|2 1)t+9(ﬁ 1)

Using (8), the discriminant of f(z) = 0 is

D(f) _ 1
C2  (rs)(r + s)2
1
= 452—|T|4 (108|T|6 — 108§2|T’|4)
27 27n?
= ? (\7“|2 _ 2) _ 5_727

(108(rs)® — 27(rs)*(r + s)?)

Next, taking the square root allows us to substitute into (7). Hence,

DY) _ 33 <g) . (24)

C
By (7) in Theorem 2.3, the real root ¢t is

(o0 ) 43 o0 V) -3 (e)

2 2

t =

Then, by Theorem 2.3,

0 0 27 0 Arm
3/ - 3/ - - 3/ - 0
\/ 2|r]cos(3>+\/ 2|r]cos(3+ 3>+\/ 2\r|cos(3+ 3>

= —/2¢)r2V/6 + 3t.
Thus,
0 0 2 6 4 2 t
i’/cos (§) + (’/cos <§ + %) + i’/cos (§ + %) =/ Fﬁf’/?ﬁ—i— %
On the other hand,

1 1 1
+ -

{)/_2’71’ cos () 6/_2‘7"‘ cos (§ + %ﬂ) {’/—2]7’\ cos (4 +4)

= e VS SN 4 AT
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Thus,

L. ! - ! =§/§§’/—|r|+2{’/W+t{”/W. O
Jeos(§)  {feos(§+%)  (eos(G+%) VO
Lemma 2.5.1. Let f(z) = 2° + Az* + Box + C = 0, where A, B,C € R, A? # 3B, and C # 0.
Let its depressed cubic form be x> — 3rsx + rs(r + s) = 0. Denote D(f) as the discriminant of

f(z).
(a) If D(f) > 0O, then r and s are complex conjugates.
(b) If D(f) = 0, then r = s is a real number.
(c) If D(f) < 0, then r and s are distinct real numbers.

Proof. By substituting z = y — é into f(z), we get

A\? A\? A
- = Aly—-= Bly— = =
(v=5) +a(v-3) +8(r-5)ro=n

which simplifies to the depressed cubic
1 1
y* - 3 (A*>-3B)y+ > (24° —9AB +27C) = 0. (25)
Using the result from Theorem 1.2, we have

1
—3rs = —g(A2 —3B),

1
rs(r+s) = 77 (24° —9AB +27C) .

Hence,
A% - 3B
rs = ——
9 Y
(243 —9AB + 27C)
r+s=
3(A%? — 3B)
3_ 2
Then r and s are roots of the quadratic equation h(z) = 22 — (2,43( jfigm)z + 4 g?’B . The

discriminant of this quadratic equation is

3 2 2 _
D(h) = (2A% —9AB + 27C) B 4(A* — 3B)
9(A2 — 3B)? 9

1 2
= MTli%B)? (4A° — 36A"B + 108A°C + 814> B* — 486 ABC' + 729C?)
— m (A®—9A'B + 27A’B* — 27B%)
T gy e B e J i D
= ~5(az _ 3B (A?B* — 4(A°C + B’) + 18ABC - 27C%) = VEEETE

where D(f) is the discriminant of f(x). Therefore, if D(f) > 0, then D(h) < 0. Hence, if
the discriminant of f(x) is positive, i.e., it has three distinct real roots, then r and s are complex
conjugates.
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Similarly, if D(f) = 0, then D(h) = 0. Hence, if the discriminant of f(x) is zero, then r = s
is a real number. If D(f) < 0, then D(h) > 0. Hence, if the discriminant of f(z) is negative,
then r and s are distinct real numbers. [

Remark 2.6. If A? = 3B, then (25) becomes 1° — ‘3—; + C = 0. The roots of this cubic equation
are a,, = sV A3 = 27C, B, = way, and v, = w?cy, where w = #ﬁ Hence, the roots for f(x)
are o = L/A327C — 4, 3 = @45 —27C — 4, and y = £ /A5 —27C — 4.

Given a general cubic equation, Lemma 2.5.1 gives the condition of when r ands are complex
conjugates. Corollary 2.7 uses Theorem 2.5 to construct cosine Ramanujan-type identity given a
particular form of cubic equation.

Corollary 2.7. Let f(z) = 2° + Az* + #x + ‘g—; — A+ 2C, where A€ Rand C € (—1,1).
Then the discriminant of f(x), D(f), is greater than 0. Moreover, let the distinct roots of f(x) = 0
be «, B, and ~y. Then the cosine Ramanujan-type identities are

3 A 3 A A 3 3 3
\/a+§+\/5+§+{”/7+§:—\/6\/20+3t\/20, (26)

and
1 1 1 1 3 3 3
+ + = —3—\/—3 + 6V4C2 + 3tV402, (27)
Yat+d Ys+s frrs VX
where

o= 7) = (52) | fo(1-if2) -3 (2)

t =
2 2

(28)

Proof. Let f(x) = 2® + Ax® + 2% + 4 — A4+ 2C =0, with A € Rand C € (—1,1). The
discriminant D(f) is

D(f) = A <A23_ 9) —4 <A3 (;1—; - A+2(J) + (A:)_g)g)

A2 —9\ [/ A3 A3 2
184 A4 20) -1 [ = - A+
+18 ( . )(27 +o) 7(27 +c)

= 108(1 — C?),

which is greater than zero for C' € (—1,1).
Next, by substituting x = y — é into f(x), we get

A\3 A\?2 A2 9 A A3
_ = Aly— = o)+ A420 =
(v=3) +a(v-3) +(F5) (1-5) r i -av2c=0

which simplifies to the depressed cubic

y® — 3y +2C = 0. (29)
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Denote the roots of (29) as o, 3,, and 7,. Next, using Theorem 2.5, we have
—3rs = —3,
rs(r+s) = 2C.
Then
rs=1,
r+s=2C.
Then r, s are roots of the quadratic equation
22 —20241=0.
Using the quadratic formula,
r=C+VC2—-1=C+iV1-C2,
s=C—iV/1-C2
To find the terms inside (23) in Theorem 2.5, we first find

a5

Then

(002 23 (452) | [o(1-/2) o)

2 2
By the result of Theorem 2.3, we have

Yoy + By + Sy = —‘{’/6\3/20 + 3tv2C

t =

and
1 1
\/ 3+ 6V4C? + 3tV4C?.
Vo VB o

Finally,

. A . A . A

\a/a+ 3+ </5+ 3+ i/w 3= —§/6\3/20+3t\3/20
and

1 1
- \/ 3+ 6V/4C? + 3tV/4C2. O

Yo+t (fp+4 \/v+

3 Ramanujan cubic polynomials

Shevelev [11] defined the Ramanujan cubic polynomials (RCP) as follows: Let A, B,C' € R,
C'# 0. The cubic polynomial f(x) = x® + Az? + Bx + C is RCP if it has three real roots and
satisfies the condition Av/C' + B + 3v/C? = 0.

For the case of RCP, f(z) = 2 + Az? + Bx + C' = 0 has three distinct roots [11]. We have
the following theorem.
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Theorem 3.1. Let f(z) = 2° + Ax?> + Bx +C =0, A, B,C € R, C # 0, be an RCP. The root t

of its associated Ramanujan equation, t* — (’%B — 9) =0, is

.| AB
t= 22 30
C 9, (30)

and

\75+3/B+\3/_:<’/—A—63/_+3\3/9C—AB (31)
1 1
Vo m T \/_ \/_

Proof. Let f(z) =2® + Az> + Bz +C =0, A,B,C € R,C # 0,and AV/C + B+ 3v/C? = 0.
From Theorem 2.3, we have

V9C2 — ABC. (32)

3
D(f) = A’B? — 4 ((A%) + 33) + 18ABC — 27C*?
_ A2B% 4 (A{“/E n B) (AW C2 — ABY/C + 32) + 18ABC — 27C2
_ A2B% ( 330 ) <A2\/ _ ABVC + BQ) +18ABC — 27C?
_ 4232 4 123/C? (AQ\/?’ o 32) +6ABC — 27C?
— A2B% 4+ 12VC? <(A\/_ n B) _ 2AB€/5> 4 6ABC — 27C2
— A2B? 4 12302 (90% _ 2AB€’/5) 4 6ABC — 27C?
= (AB)? +81C* — 18ABC = (AB - 9C)* > 0
From the definition of RCP, AYC + B+ 3\3/ 2 = (), we have
A +3=0.
75t 7

Therefore, the associated Ramanujan equation of f(x) is

Hence, the real root ¢ to the associated Ramanujan equation is

s/ AB
By Theorem 2.3,
€/a+{’/5+{/_:—{’/14+6€’/5+3t\3/5
- Q/—A — 6vV/C + 3¥/9C — AB,
and
1 1 1
+ B+ 6VC2? 43tV C
T
1 s 3 3
:3—\/5\/—3—6\/02—1—3\/902—1430. ]
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Remark 3.2. Theorem 3.1 was proved by Shevelev [11] with a different proof.
Dresden et al. [4] investigated the following cubic equation.

Corollary 3.3. Let f(x) = 2® — 3£B2? — 3By 1 = 0. Then f(x) is an RCP. Moreover, the

Ramanujan-type identities are

3+ B 27 + B?
Va+ B+ 7= \/L—6 3¢/ 2

4
and
1 1 2 B?
\/ ——— —6+34/ 5
Proof. Substituting A = —TB = —==2 and C = 1 in the result of Theorem 3.1 yields the
result. [

Remark 3.4. The results are proved differently in their paper.

Similarly, Wituta [17] defined the cubic polynomials of the form f(x) = 2® + Ax? + Bx + C
with real roots and satisfying B3 + A3C + 27C? = 0 as Ramanujan cubic polynomials of the
second kind (RCP2). For the case of RCP2, we have the following result.

Theorem 3.5. Let f(z) = 2® + Az + Bz +C =0, A, B,C € R, C # 0, be an RCP2. Then the
root t of the associated Ramanujan equation,

e ) (Ees (e ) ) o

s

:§/%<A+3\3/5) (B+3W>+\3/€/%<A\3/5+B), (33)

Yo+ VB+ =" —A—6€’FC—3<§/(A+3%) (B+3W)+§/3€FC(A€TC+B)>,

(34)
e/la+€1f5+;ﬁ— : —?—\%—%({’/(A%%) (B+3\3/§)+§/3€’FC(A€’FC+B)>.

(35)

Proof. From the condition of RCP2, we have

B3+ A3C +27C% = 0.
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From Theorem 2.3, we have
D(f) = A’B* — 4B° — 4A°C + 18ABC — 27C?
= A’B? +4C(A® +27C) — 4A3C + 18ABC — 27C*?
= A’B? 4 18ABC + 81C* = (AB +9C)* > 0

Then
D(f) _(AB .\’
=(——+9]) .
c? (C'*)
Taking the square root allows us to substitute into (7):
JD{j) AB
= 9. 36
o o+ (36)

The associated Ramanujan equation of f(x) is

e ) (ra( o ) o)

From (12), the real root ¢ to the associated Ramanujan equation is

_|_

3 %B+6(

) +9+ Y2 el 426 (4

>+9_ i
+ .

v i”ﬁ
2
Computing the quantities under the cube roots give:
AT E A P I EEL Y
2 e I ve " Ve

(AB+9C+ (A@+B€75>>
— é <A+3\3/5> <B+3\3/@>

t= Vo "

and

(o) v (209) - g love-)

Denote the roots of f(z) by a, 3, and . By Theorem 2.3, we have
Va+ B+ ¥ = —€/A+6€’FC+3t€’fC

jA6\3f03<\3/(A+3\3FC> (B+3W)+§/3%(A%+B)>,

1 1 1 1 3 3 3
—t ==+t —==- B+ 6VC024+3tvV(C?2
a 36 \g;ﬁ 3/0\/

jg\36@\3/%<§/<A+3\3FC)<B+3W)+i’/S%(A%JrB)).D

Remark 3.6. The first identity was proved by Wituta [16] but not the second identity.
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4 Cubic Shevelev sum

Shevelev ([11]) defined the sum,

§/§+ 3 é+§’/§+{’/§+§/§+§/§,
p g a o B gl
as the cubic Shevelev sum, where «, /3, and 7 are roots of a cubic equation f(x) = 3+ Ax? +

Bz +C =0.

Remark 4.1. Wang ([14]) investigated the following quantity similar to the cubic Shevelev sum
by showing that the discriminant of f(x) = 2® — az* + bx — 1 =0, D(f), is

2
a v) (6 gl a))
—t ) =22+ ),
((ﬁ v« a oy

where «v, 3, and vy, with each not equal to zero, are roots of f(x) = 0.

Using Theorem 2.3, we have the following generalized cubic Shevelev sum.

Theorem 4.2. Let f(x) = 2° + Az? + Bx + C =0, A, B,C € R, A, B not both 0, C' # 0. Let
f(z) have three distinct real roots «, 3, and vy, with o, 3, v # 0. Then

58 3@ 3 \S/E i/i i/@;
\/;+\/;+\/>+ Ut S t, (37)

o=

where t is shown in (7).

Proof. First note that

<€/E+€/E+€ﬁ> (\;a+;3+ 1)

I
:39+3§+31+3@+31+V@+3 (38)
B g o] e! B v

On the other hand, using (9) and (10), we have

(3/5+{’/B+{°/§) (e/1a+ \;BJF \3%)

= (—€/A+6x75+3t€’/5> <—\”’/

zi/(A+6%+3t%> (g+ LI

Ql
+
o
+
w
~

Simplifying the expression under the cube root, we have

B 6 3 A B
A+6vVC +3tvVC (—+—+—t>=(—+6+3t>( +6+3t)
( >C o o /C VC v/ C
AB A A

B
+ 36 + 18t + 3——t + 18t + 9¢°

B
3 t16
¢t e e e
AB 6 3 ; )
W(A\/@+B>t+9t.

[\

:7+W(A\/5+B)+36+36t+
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Recall the associated Ramanujan equation t3 + pt 4+ g = 0, where p = —3 (i”/ié + 3Bc =+ 3) and

q:_<ATB+6<\F+ E’ﬁ) +9>. Then we have

<A+6\/_+3t\/_>(0 \/6_ \/3_>

= —q+ 27— pt + 27t + 9> = 13 + 91> + 27t + 27 = (t + 3).

Hence,

(6/5+{’/E+\3/7>(31a+ . +%)=€/m=t+3- (39

S
%

Comparing (38) and (39) gives
5 e e e
~

Applying Theorem 4.2, we have the following three corollaries.

Corollary 4.3 (Shevelev [11]). If f(x) is an RC P, then the cubic Shevelev sum is

PR N N S

Proof. Let f(z) = x® + Ax? + Bz + C = 0 be a cubic equation satisfying Theorem 3.1. Then

t = 3/AB

- — 9. From Theorem 4.2, the cubic Shevelev sum is

- 3§ g i/? YRy L —SA_B_
(RN LN R :

Remark 4.4. This result was originally due to Shevelev [11], where he provided a different proof.
Corollary 4.5 (Wituta [16]). If f(x) is an RC P2, then the cubic Shevelev sum is

i”/ng </§+§/Z+§’/§+ \3/Z+ \S/f:i’/é(AJr?,%)(BJrsW)Jr\“’/e/%( VC )

(41)

Proof. Let f(z) = 23 + Ax® + Bz + C = 0 be a cubic equation satisfying Theorem 3.5. Then

t = {’/% (A + 33/6) (B + 3\S/E> + {’/\3/%7 (A\S/E—i- B). From Theorem 4.2, the cubic

Shevelev sum is

foe i B
—(’/5 <A+3\3/5> <B+33/@)+\3/€/% <A€/5+B).
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Remark 4.6. This result was due to Wituta [16] in which he provided a different proof.

Corollary 4.7. Ler f(z) = 2* — 3rsz + rs(r + s) = 0 as described in Theorem 2.5. Then the
cubic Shevelev sum is

[ (@) oG ) fes ) | (5 [ en(§) | few (B )
N I e M I I S o I N )

9(1-3/ 2 )+3v3(2 9(1-3/2%)-3v3(2
Proof. From Theorem 2.5, t = i/ ( \/g) (t) —i—i/ ( \/?) <€) From Theorem 4.2,

2
the cubic Shevelev sum is

o9 (1-¢/3) +3v3(8) 9 (1- @) -3v(Y) _

- 2 * 2

5 Computation procedure

In this section, two computation procedures are given. The first is based on Theorems 1.2 and
2.3. This is to construct a Ramanujan-type identity given a general cubic equation f(z) =
2>+ Az + Bx+C =0,with A, B,C e R,C # 0.

Computation Procedure 1:

A2—3B
M <+~ 39

24 9AB+27C
D N 5

Find the roots z;, 2o of 22 — Nz + M =0
0 < Arg(z)

a +— —2v/M cos g — %
B« —2v/M cos ( ?’T) —
v+ —2v/M cos ( %’T) —
8 q \/% ((AB)2 — 4(A3C + B3) + 18ABC — 27C?)

9:p<—A—B+6<\ﬁ+F>+9

. 3P+q 3/P—q
10.t<—1/T \/

1 Gy — (A+6VC + 3190
12 G - —& (B +6VC + 30/C7)
13: Return the Ramanujan-type identities /o + /5 + ¢/7 = /G and \3/#5 + \3/#3 + %ﬁ = VQG,.

Given a cubic equation, we first find the roots with the first 7 steps. Steps 11-12 give
the right-hand sides of (9) and (10), respectively. Finally, Step 13 returns the Ramanujan-type

AN AN S >
DN

OOIQDOJICD
Wl ol

identities.
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The second computation procedure gives the approach based on Theorem 2.5 for constructing
a cosine Ramanujan-type identity. Given a complex number, we can the cubic equation and the
Ramanujan-type identities.

Computation Procedure 2:

Determine the cubic equation 2® — 3rsz + rs(r + s) = 0.

o 4 COs (g)

B 4 cos (g + %)

Y < cos (g + 4—”)
3v/3n

P

3
6 g 9(1- (/%)

|
: sfatp 4 afep
Tt {2+ G

8: G1<—€/%(3+2)

9: Gy ( ) ( 7| + 2/4&2|r| + t /42| r] )
10: Return the cosine Ramanujan-type identities /o + /3 + ¢/7 = v/G and {’/La +
Vv Gs.

AN S

%)—‘
+
|,_.

|

VBT AT

6 Examples

In this section, we present examples about Ramanujan-type identities and cubic Shevelev sums.
In the last subsection, we give examples on constructing cosine Ramanujan-type identities.

6.1 RCP

The following cubic equation is from Wituta [15].

Example 6.1.1. Let f(z) = 2%+ 72* — 982 — 343 = 0. Denote A = —7 B = —98, and C = 343.
The roots of x> + Tx? — 98x — 343 = 0 are o = 14 cos 27” = 14 cos &7 =, and -y = 14 cos 8—” [15].
Note that f(x) is an RCP. Using (8),

20 (TR o

Then Y29 — 7. Next, by (30), t = — /7. Thus, by (31),

. 2 4
§/14cos7ﬂ+€/14cos7ﬁ+\/l4cos7: é\/ 1+6— 3\/_

which simplifies to
2 ) / /
\/COST,/T—F\S/COS——}- (3088—7r 50~ 3\/_
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By (32),

1 1 1
/ 2 + / 4 + / 8 -
3 1400577r 3 1400577r 3 1400577r

which simplifies to

1 1 1

3 2m 3 4m 3/ 8m
\/COS - \/COS - COSs -

Using (40), the cubic Shevelev sum is

cos & cos 47 cos 2 cos 3 S
= V7. (43
cos 4T cos & cos 3T cos 2 cos 32 cos

Example 6.1.2. ([11]).Let f(z :U—l———O DenoteA—O B_—— and C = % It
is known that the roots are o = cos 2= 9 , b = cos 3, and vy = cos 8%, Note that f(z) is an RCP.
Using (30),

s/ AB
t=4 —-9=-Vv9I.
C Vo

The Ramanujan-type identities are obtained by using (31) and (32):

2 4 8
Q/—QCOS?W—I-Q/—QCOS?W—F{’/—QCOS%: \ 6—3\7@,

which simplifies to

On the other hand,

which simplifies to

By (40), the cubic Shevelev sum is
2w 81 4 8w
cos 2r cos ir cosy - ,fcosT o fcosg o [cOSTE 9
8w + 2 + 8 + ar — 9.
cos ir cos & cos cos Ccos 5 cos -
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Example 6.1.3. Let f(x) = z°+2*—(3n*+n)z+n® = 0, n € N. Denote A = 1, B = —(3n*+n),
and C = n®. Note that this is an RCP. By Theorem 3.1, we have

9C — AB = 9n® +3n® +n=n(9* +3n + 1).

Denote the roots of f(x) as o, B, and y, then by (9),

%+w+w:§/_(/x+6%)+3am

= {’/—(6n + 1) +3¢/n(9n2 +3n +1).

Then with (10),

1 1 1 1 3 3 3
bt — = —B —6¥/C2 +3V9C? — ABC
VB \3/0\/
1
:—€/3n2+n—6n2+3€’/n4(9n2+3n+1)
n
1 3 f
= =3n+1+3v/n(9n2+3n+1).
= o/l )

3

Since it is an RCP, using (40), the cubic Shevelev sum is

Jo B v B e a9+ 3n 41
o o fie e e -

6.2 RCP2

In this part, we give an example on Ramanujan cubic polynomials of the second kind.

Example 6.2.1. Let f(x) = 23 — %aﬁ — %x +1 = 0. Denote A = —%, B = —5, and
C = 1. To show that it is an RCP2:
27 27
A3C+B3+27OQ:—?—7+27:0.
By using the rational roots theorem, we have a = —1 as a root of f(x) = 0. Dividing f(x) by

T + 1, we obtain
2% — (2+3€’/71):c+2:o.

The remaining two roots are
1 3 3 2
B=q(2+3Vi+ <2+3\/21) — 16

7:i<2+3\?/4_1—\/<2+3\3/1>2—16>

+ V2,

| =

(2+38Va+2+4v2- V1) :1+3i\/§

(2+3ﬂ—2—43§+€ﬂ) = Vi- V2.

AN
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Since it is an RCP2, by (33), the root t of the associated Ramanujan is
3 1 3 3 2 3 3 3
- \/C (4+3VC) <B+3\/C)+\/W (aVC + B)
3 3 3 3
= |l—-—==+3)(—5=+3|+{/3| —=— ==
{(59) (e 9) ()

~{{(3-55) -9

By (34), the first Ramanujan-type identity is

3 1 3 3/ 3 3/ 3 3 3 3 ? 3/ 9
—1+,/1+%+\/§+ Vi —V2=- —5 643 1/(3—%>—f9\/1

By (35), the second Ramanujan-type identity is

1 1 3 3 3 ? 3/ 9
—1+ - =—3——=+6+3 ,/(3——)—\/5\/71
YL+ gz+v2 VVA-V2 V2 V2

A byproduct from this example is

1 3 1 1
14—+ V24 \/VA-V2= + .
Ve N+d+va VVi-V2

The cubic Shevelev sum is

1+§f+f
\/1+3 +V2 \/ +\/_+

+31+3+\/' \3/f ol AL (3‘7> - vova

6.3 General case

In this part, we discuss the cubic equations that are neither an RCP nor RCP2.

Example 6.3.1. Let oo = 1, § = 8, and v = 27. Then
A=a++v=36, af + By + ya =8+ 216 + 27 = 251, afy = 216.
The cubic equation with these roots is

f(z) = 2® — 362 + 2512 — 216 = 0.
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Denote A = —36, B = 251, and C = —216. It is not an RCP since
AVC + B +3V(C? =36 -6+ 251 + 36 = 503 # 0.
It neither an RCP?2 since
APC + B* 4 27C% = 36° - 216 + 251° 4 27 - 2162 # 0.
The associated Ramanujan equation of f(x) is
A B AB A B
=3 —=+—=+3|t—|—=—+6|—=+—-——+)+9) =0.
() - (T (e 7a) )
Now,
A B 251 575
3B —=+—-—=+3|=-3|6+—+3|=—"F
(5/5+\3/C2+) (+36+> 12
AB A B 251 251 386
—| —+6 9)=—(—4+6(6+— | +9) =—.
(To(Geram)+0) - (5 o0 55) +0) -5

Then the associated Ramanujan equation is t3 — %t — % = 0.
By (8),
DY) _ ((36-251)* — 4 (36° - 216 + 251°) + 18- 36 - 251 - 216 — 27 - 216)
c2 2162
Hence
D(f) 1729
c 108"

By (7), the real root t is

t:g,3—§6+117—§89+3%—%:i/15625+</12167:§+§:8
2 2 216 216 6 6

Hence by (9),

VI+V8+V2T=1+2=3=6,
—/=36—-6-6—-3-6-8=6.

On the other hand, by (10),

1 . 1 . 1 _1+1+1_11
Y1 98 Pt 23 6’

1 11

6\3/251+6-36+3-8~36:E.

By (37), the cubic Shevelev sum is

L1 i/@ J1 0 et Lfer L8 1 1 3 2
- e — = - — =494 B —
\/;+ PV PV T TV s T T i gttty =8

Recall that t = 8. Thus, the cubic Shevelev sum formula holds.
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Example 6.3.2. Let f(z) = 2° — 322 — 62 + 18 = 0. Denote A= —3, B= —6, and C = 18. It
is not an RCP since

AV C + B+ 3V(C? = —3V/18 — 6+ 3V/182 £ 0.
It is neither an RCP?2 since
APC + B? + 2707 = —27(18) — 216 + 27(18%) = 8046 # 0.
To find the roots, o, (5, and 7, of f(x), we first depress it by substituting x = y + 1 to obtain
9(y) =y> — 9y +10 =0.

The roots of g(y) are a, = 2, B, = —1 + V6, and Yy = —1— V6. Then the roots of f(z) are
a =3, B =16, and v = —\/6. Then the Ramanujan-type identities are

Ya+3/B+ =3+ Vo —B= 3
and

LU N SRS U SN SRS
S AR Aoy e S

The associated Ramanujan equation of f(x) is

A B AB A B
3 —
t _3<3_5+ 302+3)t—<7+6(3_0+ 302)+9) = 0.

A B -3 —6 2 3
-3 + +3)=-3(—=+—+3)=-3 3—\”‘/j—\3[ :
(375 /(2 ) (\‘”/E /182 ( 3 2)

) )

Then the associated Ramanujan equation is

Now,

t* —3(3+ K)t — (6K + 10) = 0,

where K = —f/g — €/§ By (8), the discriminant is

D(f) 1
c? 182

By (7), the only real root t is

5 10+6<—§/§—§/§)+ 2, 10+6(—§/§—§/§>—\/g
2 2 '

(9-36 — 4 (—27(18) — 216) + 18(—3)(—6)(18) — 27(18%)) = g

t= +
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We can simplify this quantity by manipulating the associated Ramanujan equation

0=1t>—3(3+ K)t— (6K + 10)
=13 — (3K +9)t — 2(3K +5)
=t* — (3K +5)t — 4t — 2(3K +5)
= (t* —4t) — (t + 2)(3K +5)
=t(t* —4) — (t +2)(3K +5)
=t(t+2)(t—2)—(t+2)(3K +5)
=(t+2)[t(t—2)—3K +5].

So t = —2 is the real root. Since by Theorem 2.3, there is only one real root t, we can conclude

that
' 10+6<—§/§—§/§)+\/§+ . 10+6(—§/§—§/§> —\/g_ 2
2 2 -7
Thus, the Ramanujan-type identities are

Yo+ €/B+y‘=—€/A+6€’/5+3W_=—{’/—3+6€/1_8—6€/1_8={”/§

and
11 s corm_ L
=ttt \/_ \/_\/B+6\/_+3t\/_— 187 - 6V18 = —=.

Example 6.3.3 (Liao et al. [7]). Let f(x) = 2° — 48z — 64v/2 = 0. Denote A =0, B = —48,
and C' = —64+/2. It is not an RCP since

AVC + B +3V(C? = —48 + 48V/2 # 0.
It is also not an RCP2 since
A3C + B3 4+ 270% = —483 +27-64% -2 £ 0.

The associated Ramanujan equation of f(x) is

9 18
t3+(%—9>t+%—9:0.

By (8),
Dc@ - ‘1642 (—4 - (—48)° —27-2.64%) = 27.
Hence,
D(f) _
o= 3v/3.

By (7), the real root t is

+3\f 5 -3v3
t—\/ \/7< 3—f+f+ 3—7 \/§>
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From [7], the roots of f(x) = 0 are:
a=—4v2, f=2V2+2V6, v = 22 — 2V6.

By (9), the first Ramanujan-type identity is

v —4v2 + \3/2\/§+2\/6+ \3/2\/5—2\/6
iﬁ.ﬂ/ﬁg(ﬂ/ﬁ){@( f+f+\/3—%—\/§>

f/ﬁ%i2+\3/§(§/3%+\/§+§/3%\/§>-

Hence,

3 3 3 3| » 3 3 3 6 3
\/§+\/1+\/§+\/1\/§J6\/?1+3\/6<\/3%+\/§+ \/_ \/_>
(48)

By (10), the second Ramanujan-type identity is

1 1 1
i Vaiiads | Vi oo

I 3 3 5/3 6
:rw\—48+6-16\/§+3(16\/§>\/;< \/_+f+ %—\/5>

_2_\3/63_ 3 3 3
~ 10\ 1+2x/§+\/§< \/_+\/_+ \/_ \/_>

Hence,

IR \?’/ﬁj1+2€/§+€/§<\3/36+x/§+3 7 f)

V20 V1V Y1-vE 2 V2
(49)
By (37), the cubic Shevelev sum is
i/ —4V2 o[22 42VE | L [2vVB42vE | Lf2vEB-2vE o —avE | [2v2 246
N RN —4v2 2v2 - 26 2v2 + 26 2226 —4v/2

3 3 6
2(,/3—\3/5+\/§+ 3—%—\@).
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Simplification gives
i/1+\f J1-V3 3/1+f 3/1—
1-v3 V1+v3 1+\f 1—
(\/3——1—\[—1—\/3—\3/5—\/3). (50)

Example 6.3.4. Let f(z) = 2° — 3z + V3 =0. Denote A=0, B = —3, and C = /3. It is not
an RCP since

AVC + B+3VC? = -3+ 3V3#0.
It is also not an RCP2 since
APC + B* 42707 = —27427-3 #0.
The associated Ramanujan equation of f(x) is t3 + pt + q = 0, with
p=-3 (%+ \/BC_+3> 3<€/—§+3) =3vV9-09,
q=—(A—B+6<[A ;2 >+9> :—(_—18+9) =6vV/9 9.

C Ve e V3
By (3),
D(f) 1 _ Lo
o =5 (—4(-27) = 27-3) = 5(27) =9,
Then
D(f)
c = 3.

By (7), the real root t is

—6Y9+9+3 4/ —6V9+9-3 ‘
t:\*/ f; i +§’/ \/_; = \/6—3V9+1/3-3V0.

From [16], the roots of f(z) = 0 are:

4 8
a:2sin§, b= —28111?7, 7—2SIH§

By (9),

f/zsin%+\3/—2sm4§+\/2sm%: \/6\/_+3\/_(\/6 3\/_+\/3 3f>

Then the first Ramanujan-type identity is

f/sin%r—f/sin%r—l—\/'n%r: 7 6\/_+3\/_(\/6 3f+\/3 3f) (51)
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By (10),

1 1 1 1
+ + =—6—§/—3+6€/§+3€/§({’/6—3€/§+{’/3—3\3/5).
\3/2sin%7T /=2 Sin%7r \3/28111% V3

Then the second Ramanujan-type identity is

[ B \/—W\/__g_({’/ﬁ—3\7§+€/3—3€f9>.

3/ 2w 3/ 4w 3/ 8w
\/Sln 9 \/Sln 9 \/Sln 9

These Ramanujan-type identities can also be found in [12, 14]. By (37), the cubic Shevelev sum

Sll’l Sll’l Sll’l Sll’l Sll’l Sll’l
\/ \/ \/ \/ \/ 87T \/ - \/ 6 — 339+ \/ 3 — 37/0.
SID SID SID SID sm

(53)

(52)

Example 6.3.5. Let f(x) = 2° — 33/22> — 3v/22 4+ 1 = 0. Denote A = —33/2 = Band C = 1.
It is not an RCP since

AVC + B +3V(C? = =32+ —3V2+3 £0.
It is not an RCP2 since
APC + B® 4+ 27C% = —54 — 54 + 27 # 0.

The associated Ramanujan equation of f(x) is t> + pt+ = 0, with

p:—3< A 3i2+3) — -3 (-3V2-3V2+3) = 18V2 -9,

V<
q=— (ATB+6(%+€/%> +9> :—(9€/Z+6<—3€f—3€/§> +9>
=36V2—9V4 9.
By (8),
D(/SZ) = 162v/2 — 4 (—54 — 54) + 162v/4 — 27 = 162v/4 + 162v/2 + 405.
Hence,

VD(f) :9\/5+2€/§+2€/Z.

By (7), the real root t is

_§/9+9\3/71—36\‘7§+9\/5+2\3/§+2€/71+ 319+ 9/4 — 365/2 — 9v/5 + 292 + 2v/4
- > 5 .

To find the roots of f(x) = 0, we first use the rational roots theorem to obtain one root o = —1.
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Divide f(x) by x + 1 yields
22— (1+3V2)z+1=0.

The remaining two roots are

5:%<1+3€/§+\/(1+3%>2—4> :%(1+3\?’/§+\/6\?/§+9\?/4_1—3)7

7:%(1+3\3/§—\/6\7§+9\9/71—3).

By (9), the first Ramanujan-type identity is

1+§/; <1+3\3/§+\/6\3@+9\3/13)+\3/; (1+3€f2 6€f2+9€/13>

s s[9+9V/4 - 3672 +9VE+2V2 4294 s[9+9V4 3632 - 9VE+2V2+2V/4
= °3V2-6-3 5 + 5 .
(54)

By (10), the second Ramanujan-type identity is
1 1

+
1 (1+392+ V6TB9VI=3) {1 (1+3V2-V6TE+VA-3)

1+

3\13% 6 3(§/9+9€/1—36€@+9\/5+2€@+2ﬂ+\e/9+9€/1—36€/§—9\/5+2€@+2%)
- o 2 2 '

(55)
A byproduct of this example is
3 1 3 3 3 3 1 3 3 3
5 (143724 6V2+9Va -3 ) + {5 (1+3V2—6V2+9V4-3
1 1
= + . (56)

\3/% (14302 + V6v2+9V4-3) i/g (1+3V2 - V6v2+9V4-3)

By (37), the cubic Shevelev sum is

_\/ 2 —\3/%<1+3\7§+\/63/§+9\3/Z—3>

3
14324+ /692+994—3

_\/ 2 \3/%<1+3€/§—\/6%+9€/Z—3>

3 —
1432 —6v2+9V4-3

L 1+35’/§+\/6\3/§+9\3/Z—3+ J 14392 - V692 +9V4 -3
14392 - V62 +994—3 14392+ 692 +9V4—3

_§/9+9\?/71—36\9/§+9\/5+2\3/§+2\3/1+€/9+9\?’/71—36\3’/_—9\/5+2{”/§+2€/71
- > 5 .

(57)
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Example 6.3.6. Let f(z) = 23+ ma*+max+1 = 0, wherem € Randm > 3orm < —1. Denote
A=B=mandC = 1. Thisisan RCP if m = —%, since AY/C+B+3v/C? = -3 — —+3 =0.
This is an RCP2 if m = —%, since A® + B3 +27C% = —20 — 21 4 27 = (),

For the cases of m # —% and m # —3\%, f(z)=01is nelther an RCP nor RCP2. Note that
f(x) = 0 will always have a root o = —1. The quadratic factor of f(z) is x> + (m — 1)z + 1.

Then the remaining two roots are

1

b= 5(1—m+\/m2—2m )
1

725(1—771— m2—2m—3>,

which are distinct.
The associated Ramanujan equation of f(x) is t> + pt + q = 0, with

p:_3(i+i+3) = —-3(2m+3) = —(6m +9),

Ve o Ve
q=—<AB+6(\;4_ \/B_) ):—(m2—|—6(2m)—|—9):—(m2—|—12m+9).

By (8), the discriminant of f(x) is

D(f) =m" — 4(m® +m?) + 18m? — 27 = m* — 8m> + 18m? — 27 = (m — 3)3(m + 1).

D(f) = /(m=3)3(m +1),

sincem > 3 orm < —1. By (7), the real root t is

\3/m2+12m+9+\/(m—3)3(m+1) i/m2+12m+9— V(m —3)3(m+1)
t= ; + 5 :

By (9), the first Ramanujan-type identity is

1 31 2 31 2
-1+ 3 l-m++vm?-2m—-3) + 3 1—-m—-—+vm*—-2m -3

3\Jm+6+3(§/m2—|—12m+9+\/(m3)3(m—|—1) +§/m2+12m+9_\/(m_3)3(m+1)).

2 2
(58)

By (10), the second Ramanujan-type identity is
1 n 1
Yr—m+vmT—2m—3) /L1 -m—Vm?—2m-3)

3\Jm+6+3(\3/m2+12m+9+\/(m3)3(m+1) +§/m2+12m+9—\/(m—3)3(m+1)).

~1+

2 2

(59)
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A byproduct from this example is

.1 .1
</§<1—m+\/m2—2m—3>—|—\3/§<1—m— m2—2m—3>

= ! + ! . (60)

g/é(l_mm) f/%(l—m—\/Wm—Q’))

Recall 3 and ~y are two roots of the quadratic equation v+ (m — 1)z +1 = 0. This gives By = 1.
Hence, the byproduct is a result of

3 3/~ — 1 L
VB + \3/3+€’/7

We also have /3 + 31 N 3 . Hence, the Ramanujan-type identities are exactly the same.
In addition, the left hand side of the cubic Shevelev sum (37) can be simplified to

§/§+<’/E+§/§+§/§+\B/E+</g:—w-€/§—€/§—eﬁ+€/ﬁ+€/?
YT -2 -2

Then

B+ YR —2YB 297 =t

Thus, the cubic Shevelev sum becomes

4 4

2\3/1—m+\/m2—2m—3 2</1—m—\/m2—2m—3

i/(l—m+\/m2—2m—3)2+i/(l—m—\/mQ—Qm—?))z

2 2

. (61)

B §/m2+12m+9+\/(m—3)3(m+1) </m2+12m+9— V(m —=3)3(m+1)
B 2 N 2

6.4 Constructing cosine Ramanujan-type identities

To construct cosine Ramanujan-type identities by using Theorem 2.5, we choose a suitable r € C.
For a more general result, we can use Corollary 2.7 and choose any » € C and A € R.

Dresden et al. [4] gave an example similar to the following example. We use our approach in
the following example.

Example 6.4.1. Let r = \/75 + 3i. Then s = \/75 —Lir+s=V3rs=1P =1 and

0 = Arg(r) = . By Theorem 2.5, the cubic equation is 2% — 3x 4+ /3 = 0. The roots are
27 47
:—2\/_8008( ) ﬁ——Q\/_scos( 3) ——2\/_scos< 3).
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Then

m 137 25m
« cos 3 16 cos 13 vy cos—18

The real root t to the associated Ramanujan equation is

dG DA ON IGXDECLY
(1o2yh) +avil) | olim2gl) ~ava ()

- +
9 9 .
=86 - —— 4+ 83— —— =1/6-3V9+ 339
\/ 7 \/ Rl v

w

w

By (21),

0 0 27 0 4w 6+ 3t
3 v 3 Y < 3 v ) 2 o9 3—'
\/COS<3>+\/COS (3+ 3)+\/Cos<3+ 3) V' 284/ 5

Then the first Ramanujan-type identity is

[ 7 . 13= ,/ 25m7 W3 3 3
30081—8+3COS§+3COSE: €/§§/6+3(\/6—33/§+\/3—3\3/§>

By (22),

1 1 1 \/§3 ) )
+ + = {12\ 14 23/48% + t/4€2.
\3/COS (g) i/cos (%4—%”) {’/cos (g%—%”) 5\/

Then the second Ramanujan-type identity is

1 1 1
_ N _we/gs_1+m+%(%_3%+%_3%>.
{/cos g :\3/ cos Bx </ cos BT

18

18

7 Conclusion

In this paper, we have related the Ramanujan, Shevelev and Cardano cubic equations with
a generalized computation procedure for constructing related identities, including cosine
Ramanujan-type identities. This work connects some sixteenth century and twentieth and
twenty-first century advances in understanding cubic equations and their inter-related numerical
treatment. Ramanujan’s work too responds to speculation about the generalization on Newton’s
formula for finding the root of a non-linear function when applied to cubic polynomials [3].

It also opens up extensions for further development with computation procedures and equations
of higher degree. For instance, with computation procedures such as extensions of the Bernoulli
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iteration [10], or with polynomials of higher degree; for example, the advances of Ludovico Ferrari
of Bologna (1522-1565), a student of Cardano, who discovered the general method for solving
quartics [6]. Likewise, Paolo Ruffini (1765-1822) anticipated the general idea of a group and
claimed to have proved the insolvability of the quintic by radicals, though it was Niels Henrik
Abel (1802-1829) who finally settled the issue to the satisfaction of the mathematical community
of the time. This, in turn, opens up further connections of the worlds of algebra and related
Diophantine equations more generally [13], since the lack of integer roots in the case of some
cubics is a consequence of Fermat’s Last Theorem.
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