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Abstract: Let & and [ be two multiplicatively independent positive integers and b be an integer
with b > 2. Let S be a finite set of integers. Nishioka proved that for any algebraic number o with
0 < |a| < 1 the infinite products [[/% (1 — a?) (d = 2,3,...)are algebraically independent over
Q. As her result, for example, the transcendence of [T (1 — =7) [T=o(1 — w7 is deduced.
On the other hand, Tachiya, Amou—Viidninen investigated the certain infinite products which
satisfy infinite chains of Mahler functional equation. The special case of the result of Tachiya
shows that the infinite product [, .,(1 + S Tl)(,il;;%)) with 7(i,y) € SA <i<k—1,y >0)is
either rational or transcendental.

In this paper, we prove that the infinite product [, .,(1 + D DAREACS) [1,50(1+ S Uy

i=1 pikY j=1 pilv
with 7(i,v),0(j,y) € SA <i<k—1,1<j <Il—1,y > 0)is either rational or transcendental.

Moreover, we give sufficient conditions that [, (1 + St Tb(f,;?y’)) [1,50(1 + 23;11 62?;3)) is

transcendental.
Keywords: Infinite product, Transcendence, Infinite chains of Mahler functional equations.
2020 Mathematics Subject Classification: 11J91, 11J87.

1 Introduction

Let k£ and [ be two multiplicatively independent positive integers and b be an integer with b > 2.
Let S be a finite set of integers. Let z, w be two complex variables. In 1994, Nishioka [11] proved
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that for any algebraic number a with 0 < |a| < 1 the infinite products [[;2,(1 — a’)
(d =2,3,...)are algebraically independent over Q. As her result, for example, the transcendence
of [T)24(1 — gar) [1,=(1 — g5 ) is deduced. On the other hand, Tachiya [13], Amou—Viininen
[2, 3] investigated the following infinite products. For any non-negative integers e and h, we

define two infinite products f.(z), gn(w) and two sequences (a¢(1n))n>0, (br(M))m>0 by

fe(2) := H(l + iT(i, y)2* ) = Zae(n)z”

and

-1

gn(w) =TT+ Y66, »w™ ™) =3 bu(m)uw™

y=h Jj=1

with 7(i,v),0(j,y) € S(1 <i<k—-1,1<j <[l—1,y > 0). By the definitions of f.(z)
and g, (w), for any non-negative integers e and h, we get the following infinite chains of Mahler
functional equations

o) = £ [0+ Yo (e =)
and
o) = gn(w") TT+ X8 9w 1)

Tachiya [13], Amou—Viidnidnen [2, 3] investigated the arithmetical properties of the infinite
products fy(z) which satisfy infinite chains of Mahler functional equation (1). The special case
of Theorem 1 in [13] shows that the infinite product fo(%) is either rational or transcendental.

In this paper, we prove the following theorem.
Theorem 1.1. The infinite product fo(1)go(3) is either rational or transcendental.

The proof of Theorem 1.1 relies on the method of the proof of Theorem 2.5.1 in [6] (see
also [4]), Nishioka’s asymptotic lower bounds (see Lemma 2.2) and the infinite chains of Mahler
functional equations (1).

Remark 1.1. The sequences (ag(n)),~, and (by(n)),~, are in the set of g-multiplicative sequences
introduced by Gel fond [9] and Delanée [7] (see also_lp in [14]). In this paper, for the analysis of
arithmetical properties of fo(3)go(), we assumed that (ag(n)),~, and (bo(n)), - lie in the set of
integers and the set of 7(7,y),0(j,y) (1 <i<k—-1,1<j< I — 1,y >0) liein S .

Moreover, we give sufficient conditions that fo()go(3) is transcendental as follows.

Amou—Viininen [2, 3] introduce the following notion of the irrationality measure of formal
power series. Let X be a complex variable. The irrationality measure p(F') of F'(X) € Q[[X]] is
defined to be the infimum of p such that

ord(A(X)F(X) — B(X)) < uM
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holds for all A(X), B(X) € Q[X], not both zero, satisfying max(deg A, deg B) < M provided
that M > M, with some sufficiently large M, depending only on F'(X), where for g(X') € Q[[X]]
we denote by ord g(X) the zero order of g(X) at X = 0. If there does not exist such a p, we
define p(F') := oo. We give a sufficient condition that fo(3)go(3) is transcendental by using the
irrationality measure of formal power series as follows.

Theorem 1.2. Assume that (1—|—Zi€ - bek?] )(1+Zé - 56]”, ) # 0forally > 0. If the irrationality

measures of fo(z) and go(w) are finite, then the infinite product fo(3)go(3) is transcendental.

The proof of Theorem 1.2 relies on Theorem 1.1, Nishioka’s the asymptotic lower bounds
and the most classical Mahler method (see p. 20 in [10]). By Remark 2 in [2], Amou—Véiinéinen
proved that if ui(fy) < oo and (14 Y~} bekZ )#0 for all y > 0, then fo(3) is either a Mahler’s
S-number or a T-number. Moreover, if fo(z) is irrational with u( fo) = oo and (1+3_5"] Tb(f,;‘iy’) )#£0

for all y > 0, then fo(%) is a Mahler’s U-number. Therefore, from the property of Mahler’s

classification of real numbers and Theorem 1.2, we also get the following theorem.

Theorem 1.3. Assume that (1+3 ] belﬁf )(1+Zé - 6b )Y £ 0 forally > 0. If the irrationality

measure of fo(z) is finite, then the infinite product fo(3)go(3) is transcendental.

From Lemma 9 in [2], one can give concrete examples of Theorem 1.3. Moreover, by
Theorem 4.3 in [12] and Theorem 1.3, we also get the following corollary.

Corollary 1.1. Assume that (1+ 31~} bekg))(l + S 20y £ 0 and T(iyy) = (i, y + 1) for

j=1 le”
ally > 0and all i with0 < i < k — 1. If fo(2) (= fo(2) forall e > 0) is irrational, then the

infinite product fo(3)go(3) is transcendental.

Remark 1.2. Assume that (1+ 35"/ Tl)(il;;i’) )1+ 22—211 615555)) # 0and 7(i,y) = 7(i,y + 1) for all

y > 0and all s with 0 < ¢ < k — 1. From Theorem 1, Theorem 6-(ii) in [13] and Example 1.3.1
in [12], one can give the necessary-sufficient conditions that fo(%) go(%) is rational. Especially,

fo(3)g0(%) is rational if and only if fo(z) and go(w) are rational.

From Example 1.3.1 in [12], one can give concrete examples of Corollary 1.1. Indeed, we can
find the following example of Corollary 1.1.

Corollary 1.2. Assume that (1, y) € {1, =1} forally > 0. Then [] (1= 57) [T,0(1+ ggy )
is transcendental.

Finally, we propose the following problem.

Problem 1.1. Assume that (1 + >} bek%j )(1+ Zé - 5bjly ) # 0 forall y > 0. Do there exist
two irrational infinite products fo(z), go(w) with u(fo) = 0o, u(ge) = oo and an integer b with

b > 2 such that the infinite product fo(3)go(3) is rational?

This paper is organized as follows. In Section 2, we gather lemmas for the proof of theorems.
In Section 3, we give the proof of Theorem 1.1. In Section 4, we give the proof of Theorem 1.2.
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2 Preliminaries

The following lemma is known as Siegel’s lemma (see Lemma 1.4.1 in [12]).

Lemma 2.1. Consider the m equations in n unknowns

a1+ -+ apr, =0, 1=1,2,....m 2)
with integer coefficients a;; and 0 < m < n. Let A be a positive integer such that A > |a;;|, for
all i and j. Then there is a nontrivial solution x1, s, . . ., x, in integers of equations (2) such that

2] <1+ (nA)em, j=12 ... n.
The following lemma is a special case of Lemma 2 in [11].

Lemma 2.2. Let (e;(n)),>0(1 < @ < 2) be sequences of positive integer with lim,,_,, €;(n) =
+00. Moreover, assume that k and | are two multiplicatively independent positive integers with

k,l > 2 and lim,,_, Z;EZ; converges to an irrational number as n — +oo. Let agy, a, be two

integers with ag # 0. Let 0 < v < 1. Then, we have
lagke ™ + qy12M)| > ger(m e
for all large integer n.
The following lemma is in Lemma 2.5.9 in [1]

Lemma 2.3. If k and | are two multiplicatively independent positive integers with k.l > 2, then
the set {% | e, f > 0} is dense in the positive reals.

The following lemma is known as p-adic Schmidt subspace theorem (see Theorem E.10 in [5]
or Theorem 2.5.4 in [6]).

Lemma 24. Letn > 2, ¢ > 0, and let py,...,ps be distinct prime numbers. Further, let
L, ..., Lyo be linearly independent linear forms in X, ..., X, with algebraic coefficients
inC, andforj =1,...,8 Liy, ..., Lny, be linearly independent linear forms in Xy, ..., X,

with algebraic coefficients in @pj. Consider the inequality

[ L1,00(3) - Lo GO [ [ 1£1, (%) -+ L, (%) < maxc{Jal. .- |2} 3)
j=1
with x := (x4, ...,x,) in Z™. There are a finite number of proper linear subspaces T1, . .., T; of

Q™ such that all solutions of (3) lieinTy U ---UT,.

From Lemma 8 in [2] and Theorem 5 in [13] (or Theorem 5 in [8]), we get the following
lemma (see also Remark 4 in [2]).

Lemma 2.5. Assume that ji( fo) < oo. Then, for any P(z), Q(z) € Q[z] with max(deg P, deg @Q)) <
M, Q(z) # 0 and M > 1, there exists a constant C such that ord(Q(2) f.(z) — P(z)) < CM for
alle > 0.
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3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Let r be a positive integer parameter with [\/57"] —r—6 > 0.
We define the integer A by A := max{|a| | a € SU{2}}.

Lemma 3.1. Notation is the same as above. Then, for any non-negative integers e, h, n and m,
lac(n)] < A™ and |by(m)] < A™

Proof. For any non-negative integer n, we define the base k-representation of n by
n= Z nykY,
y=0

where 0 < n, < k — 1. For any integer ¢ with 0 < ¢ < k£ — 1 and any non-negative integer y, we
define the digital counting function d(n;ik¥) by

. 1 there exists an integer ¢ such that n,k? = kY,
d(n;ik?) := .
0 otherwise.

By the definition of f.(z), (ac(n)), is decomposed into the following infinite product

0 k—1 oo
ac(n) = [[ac(nyk?) = [ [] 70,y + )" (4)
y=0 i=1 y=0

and a.(0) = 1. By (4), for any non-negative integer n, we get
|ae(n)] < AT < A,
By the same way, for any non-negative integers h and m, we also get
b (m)] < AltFlesm < g™, O

Lemma 3.2. Notation is the same as for Section 1. For any non-negative integers e and h, there

exist auxiliary functions

Qe,h(za w)fe(z)gh(w) - Pe,h(za w) = Z a@h(iyj)ziwjv (5)

i+j>[V2r]

with polynomials Q. ,(z, w) = Z Gen(i,§)2'w? £ 0, P.p(z,w) = Z Pen(i, j)2'w! € Z[z,w]

; i+j<r trysr
an
.. r+1)(r+2) . cte+2)
|QG,h(Z7]>| S 1 + (%A2 ) 2 = C'r‘,17 (6)
1Pen(is §)| < coa(r +1)2A" =: ¢,.9, (7)
|aen (i, j)| < ¢ AP0HD). (8)
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Proof. For any non-negative integers e, h, n and m, we define the integer d. ,(n, m) by
fe@)gn(w) = O ac(n)z") (O bp(m)yw™) =: Y dep(n, m)z"w™.
n=0 m=0 n+m>0
Let us denote
Qe,h(zv 'lU) = Z QE,h(Lj)Ziwj'
i+j<r
By the definition of d. 5 (n, m), we get
Qen(zw)( Y depmom)z"w™) =Y (> genlin, j1)den(iz, o)) 2w
n+m<[v2r]—1 i+3j>0 d1+i2=1,j1+j2=7

By Lemma 3.1, we consider a system of linear equations

S Genlin,j)denlin, o) =0, i+j=r+Lr+2,. . [V2]-1 (9
11+i2=1,j1+7j2=J

where |d, (12, j2)| < |ac(i2)bp(j2)| < A2 < AV2I-1 We also have

(7“+1)2(r—|—2) N [\/57“]([\2@7“]4—1) - (7“+1)2(r+2). 10

By Lemma 2.1, (9) and (10), there exists a non-zero polynomial Q. (2, w) =", i, den(i, j)z'w’
€ Z[z,w], which satisfies (5) and (6), and a polynomial P, (2, w) = 3., i, Pen(i, )2 w?
€ Z[z,w|, which satisfies (5) and

per(@i) = DY qenliv,)den(in,ja), i+5=0,1,...,r (11)
i1+i2=%,51+j2=]

By Lemma 3.1, (6) and (11), we get
[Pen(i, )] < GG+ 1)+ ey A < cq(r+1)2A7, i4+35=0,1,...,7

Therefore, the polynomial P, ;(z, w) satisfies (5) and (7). For any non-negative integers e, h, i
and j with i 4 j > [v/2r], we define the integer a. (i, j) by

aep(t,j) = Z Qen (i1, J1)de (2, J2), i+7> [\/57”]
11 +i2=1%,71+Jj2=]

From Lemma 3.1 and (6), we have
Jaea(i, )] < (i +1)(j + Derg A™ < eq AP it j > [V, O

Lemma 3.3. For any positive integer n, there exists an integer tuple (ny,ns) such that

k™ 1
1< —<1+4 —.
n

2

Proof. By Lemma 2.3. [
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For any positive integer n, we define the integers e;(n), e2(n) by

. " 1 ) e1(n) 1
er(n) :=min{n; | 1 < i < 1+ g},GQ(ﬂ) ==min{ny | 1 < < 1+ ;}
From the definitions of e;(n) and eq(n), we get
(o |
1< Tty <1+ e (12)
By the definition of e;(n), we get
lim e;(n) = 4o00. (13)
n—oo
By (13) and the definition of ey(n), we have
lim ey(n) = +o0. (14)

n—oo

By (12), we have

er(n)logk log(l+1) e1(n)logk
_ n 15
log{ log <exfn) < log (15)
From (15), we also have
log _ ex(n) logl log(l1+ 1) (16)

logk ~ex(n) logk = es(n)logk
By (14), (16) and the assumption that £ and [ are multiplicatively independent, lim,, Z;EZ;
converges to an irrational number % as n — +oo. By the pigeonhole principle, there exist a

subset I of indexes of Q¢, (n),e.(n) (2, w) and an infinite subset N; of N such that

Ny ={n e N|forany (i,7) € I,qe,(n),esn)(?,J) 7 0 and for any (4, j) & I, Ge, (n),e2(n) (%, 7) = 0}.

By the pigeonhole principle and Lemma 2.2, there exist an index (I, Jy;) € I and an infinite
subset N5 of N such that

No={n € Ny |forany (i,5) € I\ {(Ins, Jar)}, Ingk ™) + Jp 002 > e 4 ey

Lemma 34. Let (). (2, w) be defined in Lemma 3.2. There exists an integer M, such that

1 1
Qa(n),ez(n)(wa W) #0

foralln > M, withn € No.

Proof. For any integer n in N5, we have

Tanske1(m) 4 g, 1e2(n) 1 1
Z > b'M Al Qel(n),eg(n)(bkel(n) ) bls2(n)) (17)
.o —i)ke1(n) L —7)le2(n)
= Qe1(n)762(n)(IM> Ju) + Z Qe (n),e2(n) (Zaj)b(IM A

(ihj)EIv(ivj)?é(II\/IyJ]W)

e1(n) .
%, for any index

Let % < v < 1. By Lemma 2.2, (13), (14) and the irrationality of lim,, .,
(4,7) with (4, 7) # (Iar, Jar), we have
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(Iag — DYk 4 (Jag = )12 > (o)
or (18)
(Inr — i)k 4 (Jyy — )12 > g2yt

for all large integer n in No. We assume that there exist infinitely many integers n with n € N,
such that

1 1
Qel(n),eg(n)(Wy W) =0. (19)
From (17) and (19), we get
~ley(n),e2(n) (IM’ ‘]M) = Z ey (n),ea(n) (i, j)b(IM_i)kq(n)+(JM_j)ZE2(n) . (20)

(1,5)€1,(4.3)#Una I )

Let p be a prime factor of b. By (20), (18), (6) and the p-adic valuation of ge, (n),es(n) ({ar; Jar), for
any sufficiently large integer n in N, which satisfies (19), we get ge, (n),es(n) ({ar; Jar) = 0. This
contradicts ge, (n),es(n)({ar, Jar) # 0 with n € N,. Therefore, for any sufficiently large integer n

in No, we get
1 1
Qel(n),eg(n)(Wy W> # 0. O

By the pigeonhole principle and Lemma 2.2, there exist an index (/,,, J,,,) in I and an infinite
subset N5 of N5 such that

Ny = {n € Ny |forany (i,5) € I\ {(Znn, Jm)},
Lok ™ 4 7,020 < i1 4 j7e2() and > M},

Lemma 3.5. For any positive integer n,

1 1 1 1 1 1
|Qe1(n)7e2(n)(Wa W)fel(n)(w)gez(n)(w) - Pel(n),ez(n)(Wa WN
Cr71A2j(j —|— 1) CT71(A3)j+1
S Z ile2(n) S Z ile2(n) : (21)
J>[V2r] J>[V2r]
Proof. By Lemma 3.2, (12) and A > 2. O]

Lemma 3.6. For any integer n in N3, we define a rational number p,, by

e1(n)—1 k-1 (i, y) ez(n)—1 -1 5(j,y) 1 1
Pn = H (1 + Z bhiky ) ’ H (1 T . batv ) ) Pel(")’”(")(W’ plez(™ )

Then

. N . b[mkel(”)+Jml62(”) . 1 1
lim P T - = lim P :fo(—)go(g)' (22)

n€N3,n—00 Qel(n),@(n)(W? W) neN3z,n—o00 Qel(n),eg(n)(]m7 Jm) b
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Proof. From the definition of N3 and (12), then

1 1 1
|Q€1(n)a62(n)(bkel(n) ) bl52(n) )| Z brkel(n) (23)

for all integer n in N3. By Lemma 3.5, we get

1 1 1 1
’Qel(n),@(n)(Wa W)f()(g)g()(E) - pn‘

61(71)—1 k—1 . 62(”)—1 -1 . 3\j+1
7(i,y) 6(J,v) (A°)
<[ I[ a+> ) [T a+> ral > o itz
y=0 i=1 y=0 J=1 3>[V2r]
b2 <A3)j+1 (24)
e1(n) gea(n) ___ ~ c’r,l—
< A A (b _ 1)2 Z bjl€2(n>
J>[v2r]
ke1(n) 5 jea(n) Cr,l(A3)j+1
<Gl S
J>[v2r]

By dividing (24) by Qc, (n),e5(n) (; ;) # 0, (23) and (12), for any sufficiently large integer

bkel(n) ) bl‘32<n)
n in N3, we get

1 1 Pn b2 . e1(n) , jeq(n) CT,I(A3)j+1
’fo(g)go(g) — | < ke () ez Z Cra (A3

1 1 1e9(n)
Qertn).catm) G gmmr) (0= 1)° S Y
b? en(n) Lin Cp1(A3)IH1
(7‘+2)l 2( )% 7,1
Sk 2. Tpmm @
7>[V2r]
< U pesame 3 cr(A4%)7H
- (b _ 1)2 bﬂsz(n)
Ji=V2r]
By [v/2r] — r — 6 > 0, (14) and n tends to infinity in (25), we get (22). O

Now we assume that fg(%) go(%) is a non-zero algebraic number. We define the integer s by
s = #I. We align elements (i,7) of I as (i1,71) := (Lm,Jm)s-- s (ies Ge)s -y (is, Js) =
(Inr, Jar). Let T be the set of prime factors of b. We define the linearly independent linear forms
Lioo(X) = Liso(T1, T2, ..., Ts41) (1 <t < s+ 1) by

1, 1o
Liso(x) =1, (1 <t <) and Loyt oo(x) == fo(7)g0(7) Y Tt + Tupr.
b b =
For any prime p in 7', we also define the linearly independent linear forms L ,(x) (1 <t < s+1)
by
Lip(x) =2, (1<t <s+1).
For any integer n in N3, we define the integer tuple x(n) := (z1(n),...z¢(n),...,z541(n)) by

x(n) 1= (x1(n),...,z(n),...,xs11(n))

_ (b(r+2—1m)ke1(n)_Jmlez(n)qEI(n)762(n)(Im, Jm), e

—i)ke1(n) _; jea(n) e1(n)
b(r+2 i¢) kel Jele2 (r+2)ke1 pn)

Qe (n),e2(n) (ityjt), cee —b
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where (i, j;) € I (1 <t < s). By (12) and Lemma 3.2, for any sufficiently large integer n in N3,
we have

b? Ael(n)Aeg(n) (T + 1)(T + 2) c
(b—1)2 2 2
S b(r+3)]§€1("> bkel (n) bl€2 (n) (26)

< plr+3)e2t) (14 D) gl (14 D) piea ™ - p(r+6)1°2()

max{|zy(n)] | 1 <t < s+ 1} < pUEDe

For any integer ¢ with 1 <t < s, by the definition of 7" and qc, () e, (n) (%, J¢) € Z, We get

|Ltoo | H ‘Ltp |Qe1(n),eg(n)(it7jt)| H ‘Qel(n),eg(n)(itajt)’p
peT peT
(27)
< |Qe1(n),62(n)(it7jt)| < Cr1
By (24), we have
b2 e () s o) Cra (A3
|Ls+1,OO<X(n>)’ < mb( +3)ke1 bl 2 Z W (28)
7>[V2r]
From —b(r+2%1™ 7, we get
I 1Zerox(n))], < 1. (29)
peT
By (26)—(29) and (12), for any sufficiently large integer n in N3, we have
| L1,00(x(n)) + -+ Lst1,00(x(n))] H | L1p( o Lgrp(x(n))] (30)

peT

2 3)\j+1
< b b(r+3)k61(n)bl‘32(”) Z CTJ(A >J+

r,1 '
(b —1)2 b]leQ(")
( ) jZ[\/ir]
<o Pt g aaA
— 7, b _ 1 2 .162(71)
( ) jZ[\/iT]
< b(r+6)162(n> - |
= plv2r)ie2(m) — R

(max{lz,(n)| [ 1<t < s+ 1)) o5

By (30), [V/2r] — 7 — 6 > 0 and Lemma 2.4, for any sufficiently large integer n in N,
(x1(n), ..., wsr1(n)) lie in finitely many proper linear subspaces of Q. There exist an infinite
subset Ny C N3 and a non-zero integer tuple (z1, ..., zs11) such that, for any n in Ny,

r+2— I k1) — J,, 1¢2(n)
zlb( F2-Im ) Jml2 QEl(n),eg(n)<]m7 Jm)

r42—i e1(n) _;, 1e2(n) - ;
oo bR ORA e (i ) (31)
Fo 2 DR — 0,
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We define the integer u as u := min{i |z; # 0}. If 1 < u, we have

r —iy)k® (n) _ M (n) . .
Zub( +2 ket dul® Qe (n),ea(n) (Zuaju>

fe1(n)_j, 12 (n)

4+t ZMb(H‘?—iM)
r e1(n)
b( +2)ke1 D

Ge; (n),ea(n) (ZMajM) (32)

= —Zs+1

By fo(3)90(3) # 0, [ges(n),ea(n) (I, Jm)| = 1 and (22), for any sufficiently large integer n in Ny,
we have

1 1
|blmke1(n)+Jmleg(n)pn| Z | fo(b)ng(b> | # O (33)
By (32) and (33), for any sufficiently large integer n in /N4, we have

r2—iy kel () —j, je2(n) . . r4+2—1 e1(n)_ ;i jeq(n) . .
|Zub( 2 kel Jul®2 Qel(n),ez(n)(luaju) + -+ ZMb( T2-iak® Jut? qel(n)’GQ(n)(ZM’]M)|

(34)
1

> |2 B2 IR 2 fO(E)go(%) |

- S+ —2 .
By (33), Lemma 2.2, (6), the minimality of (I,,, J,,). dividing (34) by p(r 2= Im 1) = Tnle2()
and n tends to infinity, we get zs+1w = 0. From fo(3)go(3) # 0, we have 2z, = 0.
We define the integer v by v = #{t | zy # 0, 1 < t < s}. Let zy,, Zuy, .-, 2u, be v
pairwise distinct non-zero coordinates of (21, ..., zs11). We define the subindex I, by I =

{(iuys Juy )y - - > (fuys Ju,) - By the pigeonhole principle and Lemma 2.2, there exist an index
(T, s Ju, ) € Lsup and an infinite subset N5 of N, such that

N5 ={n e Ny |forany (i,5) € Ly \ {(in,, Ju, )}, K + gy, 19200 < o1 () 4 jpea()y

By (32) and z,,; = 0, we have

42—y ke (™) g, 1e2(n) .
Zulb(r duy) Juy ey (n),e2(n) (Zu,ju)

bt zumb(r+2*’ium)k‘51(n)fjumle2(n)q61(n)762(n) (T s Juum) (35

Yke1(m) _j, 1ea(n)

+ o+ zuub(r+2_i“’” Ge;(n),ea(n) (iuuvjuu) = 0.

By dividing (35) by b2 ium)k 1" —5unl?™ "L emma 2.2, (6) and n tends to infinity, we get
1imye Ny n—so0 Zum ei (n),ea(n) (Fum > Jum) = 0. This contradicts |2y, Ge; (n),es(n) (Fums Jum)| = 1.
Therefore v = 1. By dividing (31) by b(”“_lm)kel(n)_‘L"lEQ(n)qel(n)@(n)(Im, Jm), Lemma 2.2,
(22) and n (in N,) tends to infinity, we get

1

21+ Zsp1.fo( )90(5) =0. (36)

By (36), z1 # 0 and fo(3)g0(3) # 0, fo(3)go(3) is a rational number. This completes the proof
of Theorem 1.1. U

— O =

4 Proof of Theorem 1.2

In this section, we prove Theorem 1.2. By the pigeonhole principle and Q.,(n).e,(n) (2, w) # 0,
there exist an infinite subset Ny of /N3 and an integer v with 0 < 2u < r such that
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ey (n) (Z w)

z“w“

Qer(m),ea(m) (2, W) = € Z[z,w]

and

Qel n)(2,0) # 0 or Qel(n Yea(n) (0, w) # 0. (37)
for all n in Ng. By (5), we have
A Peln,egn(zaw)
Qel(n),eg(n) (Zv w)fel(n)(z)geg(n) (UJ) - ( )ZU(UJ)U

= D tamamituitu)e’ =Y G menm (i)
i+5>[V2r]—2u i+5>[V2r]—2u

(38)

and P, (n) eo(m)(2,0) 1= Pel(”gff—lfjﬁ)(z’w) € 7Z[z,w|. By Lemma 2.5, (37) and (38), there exists

an infinite subset N; of Ny, a constant C' with C' > [v/2r] — 2u and an index (i¢, jo) with
ic + jo = C such that

del(n),ez(n)(i07 jC) 7é 0 and &el(n),ez(n) (Za ]) =0 (39)

for all (7, ) with i 4+ j < C and all n in N;. From the pigeonhole principle and Lemma 2.2, there
exist an index (1, J,) with I, + J, = C and an infinite subset Ng of N; such that

= {n € Ny | forany (i, 7) # (1,, J,) withi + j = C, (40)
Lk 4 Jo120) < ik ™) 4 120 and e, (n) ey (n) (Lo, Jo) 7 O}
By (38) and (39), we have
1 1 1 1 - 1 1

Qel(n),ea(n)(waw)ﬁl (bkel(m)g@ (W) Pel(n),eg(n)(W>W) (41)

- o 1
- Z ey (n),ea(m) (15 ) pike1(m) 4 jie2(m)
i+j>C
By Lemma 2.2 with % < 7y < 1, (8), (12), (39), (40) and |Gc,(n),es(n) (Lo, Jo)| > 1, for any
sufficiently large integer n in Ng, we get

Z . . 1
| ael(n)ue2(n) (Z7~]> bikel(n)+jl62(n> | (42)
i+j>C
1 _ . 1
21 D damem i) e gme] — | 2 Gamem () S|
i+j=C i+jZC+1
. 1 | Z cr. 1A7’(A3)j+1
| Z (e (n 62(” )bzkeﬂn ) 4jle2(m) h(CH1+5)1e2(™)
i+j=C J=0
1 CrloAT(A3)0+1 CHCAT(AB’ C+1 CrlAT‘ A3 Jj+1
> _ I
— blokel(n)+Jol62<n) b[ok51<”)+Jole2(">+k€1<")’yel("> b[okel(")+Jol52(")+le2 n)ye2(n) : : C+1+J Yie2(n)
0
1 ( B CT710AT<A3)C+1 o CnlCAT<A3)C+1 o ZCTJAT(AZ{)J—FI
- bIOkel(”)—i-JoleZ(”) bk€1(n)fyﬁ1(n) blﬁz(n)fyeQ(n) b(c+1+j)l€2(n)
J=0
1 00 CT71AT(A3)‘7+1
= oploke1(MJple2(m) Z p(C+1+j)ie2(m
j=0

- 1 00 CnlAT(AS)j—i_l 0
- 2b0(1+%)l€2(") - Z W .
j=0
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By Theorem 1.1, we only prove that fo()go(3) is irrational. We assume that fo(%) o(3) =&

where p, g € Z with ¢ # 0. By (41), (42), (24) and (1 + 30— TGy (1 + 32071 20y £ 0 (for

all y > 0), we have

1 1
0 < Qusmtr sz s Mol () =

(43)

b? ke1(n) 5 jea(n) Cr,l(AS)j+1

< = 1)2b b > =

i>[V2r]
By the definitions of Qc, (n),es(n) (ﬁ, ﬁ) and p,,, we have
r eq(n) 1 1 1 1

M, = plr 2k (Q€1 (n),e2(n (bkel(n)  ple2® )fO( ) (5) - pn) € Z. (44)

On the other hand, by (43), [\/57“] —r —6 > 0and (12), for any sufficiently large integer n in Ng,
we get

0<|M,| <1.

This contradicts (44). Therefore, fo(4)go(%) is irrational. O
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