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Abstract: We say that a positive integer 𝑑 is special number of degree 𝑛 if for every integer 𝑚,
there exist nonzero integers 𝑎, 𝑏, 𝑐 such that 𝑚 = 𝑎𝑛 + 𝑏𝑛 − 𝑑𝑐𝑛. In this paper, we investigate
some necessary conditions on 𝑛 for existing a special number of degree 𝑛.
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1 Introduction

A positive integer 𝑑 is called a special number of degree 𝑛 if for every integer 𝑚 there exist
nonzero integers 𝑎, 𝑏, 𝑐 such that 𝑚 = 𝑎𝑛 + 𝑏𝑛 − 𝑑𝑐𝑛. Specially, every special number of degree
2 will be called special number for short.

In 2015, Nowicki [3] proved that there are infinitely many special numbers and every special
number is of the form 𝑞 or 2𝑞, where either 𝑞 = 1 or 𝑞 is a product of prime numbers of the form
4𝑘 + 1. In 2021, Dung and Thang [1] proved that every positive integers that is the form 𝑞 or 2𝑞,
where either 𝑞 = 1 or 𝑞 is a product of prime numbers of the form 4𝑘 + 1 is a special number.

In this article, when 𝑛 > 2, we present some necessary conditions of 𝑛 if there exists a special
number of degree 𝑛 and an approach to check the existence of special number of degree 𝑛.
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2 The existence of the special number of degree 𝑛

First, we recall the definition of a special number of degree 𝑛.

Definition 2.1. Let 𝑛 ≥ 2 be a positive integer. A positive integer 𝑑 is called a special number of
degree 𝑛 if for every integer 𝑚, there exist nonzero integers 𝑎, 𝑏, 𝑐 such that 𝑚 = 𝑎𝑛 + 𝑏𝑛 − 𝑑𝑐𝑛.

Let 𝑛,𝑚 be two positive integers such that 𝑚|𝑛. Since 𝑎𝑛 =
(︁
𝑎

𝑛
𝑚

)︁𝑚

for all integers 𝑎, we
have:

Lemma 2.1. If there exists a special numbers of degree 𝑛 and 𝑚|𝑛, then there exists a special
number of degree 𝑚.

By this lemma, if we have proved that there does not exist a special number of degree 𝑛, then
we also have the non-existence of the special number of degree 𝑛𝑘, for all positive integer 𝑘. In
the case 𝑛 = 4, we have the following result:

Theorem 2.1. There does not exist any special number of degree 4.

Proof. Suppose that there exists a special number 𝑑 of degree 4. For each 𝑥 ∈ Z, then

𝑥4 ≡ 0 or 1 (mod 16).

Hence,
𝑎4 + 𝑏4 − 𝑑𝑐4 ≡ {0, 1, 2,−𝑑, 1− 𝑑, 2− 𝑑} (mod 16) (1)

for all 𝑎, 𝑏, 𝑐 ∈ Z.
Let 𝑚0 ∈ Z such that 𝑚0 is not congruent to 0, 1, 2,−𝑑, 1− 𝑑, 2− 𝑑 modulo 16. Then by (1),

the equation 𝑎4 + 𝑏4 − 𝑑𝑐4 = 𝑚0 does not have any integer solutions. This obviously contradicts
to the supposition. Therefore, there does not exist any special number of degree 4.

Definition 2.2. Let 𝑛 > 1 be a positive integer, 𝑝 be a prime divisor of 𝑛, and let 𝑣𝑝(𝑛) denote the
largest positive integer 𝑘 such that 𝑝𝑘 | 𝑛. If 𝑝 is not a divisor of 𝑛, then we set 𝑣𝑝(𝑛) := 0.

Clearly, if 𝑛 has a prime factorization

𝑛 =
𝑘∏︁

𝑗=1

𝑝
𝑎𝑗
𝑗 ,

then 𝑣𝑝𝑗(𝑛) = 𝑎𝑗, for 𝑗 = 1, 2, . . . , 𝑘.
Now, we recall an important lemma which relates directly to the function 𝑣𝑝, namely the

Lifting The Exponent (LTE).

Lemma 2.2. [2, p. 392] Let 𝑝 be an odd prime and 𝑎, 𝑏 be two integers such that gcd(𝑎, 𝑝) =

gcd(𝑏, 𝑝) = 1. If 𝑝 is a divisor of 𝑎− 𝑏, then we have

𝑣𝑝(𝑎
𝑛 − 𝑏𝑛) = 𝑣𝑝(𝑎− 𝑏) + 𝑣𝑝(𝑛), for all 𝑛 ∈ N.

Using this Lemma, we obtain the following two results.
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Lemma 2.3. Let 𝑝 be an odd prime. Then for every 𝑥 ∈ Z, there exists 𝑟 ∈ {0, 1, 2, . . . , 𝑝 − 1}
such that 𝑥𝑝2 ≡ 𝑟𝑝

2
(mod 𝑝3).

Proof. Let 𝑟 be the remainder when we divide 𝑥 by 𝑝. Then 𝑟 ∈ {0, 1, 2, . . . , 𝑝−1} and 𝑝 | 𝑥−𝑟.
If 𝑝 | 𝑥, then 𝑝3 | 𝑥𝑝2 − 𝑟𝑝

2 . If gcd(𝑝, 𝑥) = 1, then by Lemma 2.2, we have

𝑣𝑝(𝑥
𝑝2 − 𝑟𝑝

2

) = 𝑣𝑝(𝑥− 𝑟) + 𝑣𝑝(𝑝
2) ≥ 3.

This implies 𝑥𝑝2 ≡ 𝑟𝑝
2
(mod 𝑝3).

Lemma 2.4. Let 𝑆 ⊂ R be a finite set and set 𝑆 + 𝑆 := {𝑎+ 𝑏 | 𝑎, 𝑏 ∈ 𝑆}. Then we have

|𝑆 + 𝑆| ≤ |𝑆|+
(︂
|𝑆|
2

)︂
.

Proof. Set 𝐴 := {(𝑎, 𝑏) | 𝑎 ≥ 𝑏 and 𝑎, 𝑏 ∈ 𝑆}. Then |𝐴| = |𝑆|+
(︂
|𝑆|
2

)︂
.

Consider the function
𝑓 : 𝐴 → 𝑆 + 𝑆

(𝑎, 𝑏) ↦→ 𝑎+ 𝑏.

Then 𝑓 is a surjection, and hence |𝑆 + 𝑆| ≤ |𝐴| = |𝑆|+
(︂
|𝑆|
2

)︂
.

Theorem 2.2. Let 𝑝 be an odd prime. Then there does not exist any special number of degree 𝑝2.

Proof. Suppose that there exists a special number 𝑑 of degree 𝑝2. Then for every integer 𝑚, there
exist nonzero integers 𝑎, 𝑏, 𝑐 such that

𝑚 = 𝑎𝑝
2

+ 𝑏𝑝
2 − 𝑑𝑐𝑝

2

.

For a positive integer 𝑛 > 1, we let Z𝑛 denote the ring of residue classes modulo 𝑛. We have

Z𝑝3 = {𝑎𝑝2 + 𝑏𝑝
2 − 𝑑𝑐𝑝

2 | 𝑎, 𝑏, 𝑐 ∈ Z𝑝3}.

Hence,
𝑝3 = |Z𝑝3| =

⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 − 𝑑𝑐𝑝
2 | 𝑎, 𝑏, 𝑐 ∈ Z𝑝3}

⃒⃒⃒
. (2)

We see that⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 − 𝑑𝑐𝑝
2 | 𝑎, 𝑏, 𝑐 ∈ Z𝑝3}

⃒⃒⃒
≤

⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 | 𝑎, 𝑏 ∈ Z𝑝3}
⃒⃒⃒
·
⃒⃒⃒
{−𝑑𝑐𝑝

2 | 𝑐 ∈ Z𝑝3}
⃒⃒⃒
. (3)

By Lemma 2.3, we have |{−𝑑𝑐𝑝
2 | 𝑐 ∈ Z𝑝3}| ≤ 𝑝.

Also, using Lemma 2.3 and Lemma 2.4, we have⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 | 𝑎, 𝑏 ∈ Z𝑝3}
⃒⃒⃒
=

⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 | 𝑎, 𝑏 ∈ {[0], [1], . . . , [𝑝− 1]} ⊂ Z𝑝3}
⃒⃒⃒

≤
⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 | 𝑎, 𝑏 ∈ {0, 1, . . . , 𝑝− 1}}
⃒⃒⃒

≤ 𝑝+

(︂
𝑝

2

)︂
,

where we call [𝑚] the residue class of 𝑚 modulo 𝑝3. Combining with (3), we have the following
inequality

26



⃒⃒⃒
{𝑎𝑝2 + 𝑏𝑝

2 − 𝑑𝑐𝑝
2 | 𝑎, 𝑏, 𝑐 ∈ Z𝑝3}

⃒⃒⃒
≤ 𝑝

(︁
𝑝+

(︂
𝑝

2

)︂)︁
=

𝑝2(𝑝+ 1)

2
.

Combine with (2), we have

𝑝3 ≤ 𝑝2(𝑝+ 1)

2
.

Deduce that 𝑝 ≤ 1, this is impossible. Therefore, there does not exist any special number of
degree 𝑝2.

From Theorem 2.2, we obtain immediately the following result:

Theorem 2.3. If there exists a special number of degree 𝑛, then 𝑛 must be a square-free number.

We now give an criterion for 𝑛 to check the non-existence of the special of degree 𝑛.

Lemma 2.5. [6, p. 273] Let 𝑝 be a prime and 𝑘 | 𝑝− 1. Then

(i) The equation 𝑥
𝑝−1
𝑘 ≡ 𝑎 (mod 𝑝) has a solution if and only if 𝑎𝑘 ≡ 1 (mod 𝑝) or 𝑝 | 𝑎.

(ii) The equation 𝑥𝑘 ≡ 1 (mod 𝑝) has 𝑘 distinct solutions modulo 𝑝.

Theorem 2.4. Let 𝑝 be a prime number and 𝑘 be a positive number such that 𝑘 | 𝑝− 1. Assume

that there exists a special number of the degree
𝑝− 1

𝑘
. Then we have

𝑝 ≤ (𝑘 + 1)2(𝑘 + 2)

2
.

Moreover, if 𝑘 is even, then we have a better bound

𝑝 ≤ (𝑘 + 1)(𝑘2 + 2𝑘 + 2)

2
.

Proof. Let 𝑝 be a prime such that 𝑘 | 𝑝 − 1 and there exists a special number 𝑑 of degree 𝑝− 1

𝑘
.

Then we have
Z𝑝 = {𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 − 𝑑𝑐

𝑝−1
𝑘 |𝑎, 𝑏, 𝑐 ∈ Z𝑝}. (4)

Let [𝑥1], [𝑥2], . . . , [𝑥𝑘] be 𝑘 distinct solutions of the polynomial 𝑥𝑘 − 1 in the field Z𝑝. Then

{𝑎
𝑝−1
𝑘 |𝑎 ∈ Z𝑝} = {[0], [𝑥1], [𝑥2], . . . , [𝑥𝑘]}. (5)

We have⃒⃒⃒
{𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 − 𝑑𝑐

𝑝−1
𝑘 | 𝑎, 𝑏, 𝑐 ∈ Z𝑝}

⃒⃒⃒
≤

⃒⃒⃒
{𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 | 𝑎, 𝑏 ∈ Z𝑝}

⃒⃒⃒
.
⃒⃒⃒
{𝑑𝑐

𝑝−1
𝑘 | 𝑐 ∈ Z𝑝}

⃒⃒⃒
. (6)

By (5), we have ⃒⃒⃒
{𝑑𝑐

𝑝−1
𝑘 |𝑐 ∈ Z𝑝}

⃒⃒⃒
≤ 𝑘 + 1.

Using Lemma 2.4 and (5), we have⃒⃒⃒
{𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 | 𝑎, 𝑏 ∈ Z𝑝}

⃒⃒⃒
= |{𝑥+ 𝑦 | 𝑥, 𝑦 ∈ {[0], [𝑥1], [𝑥2], . . . , [𝑥𝑘]}|

≤ |{𝑥+ 𝑦 | 𝑥, 𝑦 ∈ {0, 𝑥1, 𝑥2, . . . , 𝑥𝑘}}|

≤ (𝑘 + 1)(𝑘 + 2)

2
.
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Combine with (6) we have⃒⃒⃒
{𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 − 𝑑𝑐

𝑝−1
𝑘 |𝑎, 𝑏, 𝑐 ∈ Z𝑝}

⃒⃒⃒
≤ (𝑘 + 1)2(𝑘 + 2)

2
.

Combine with (4), we have

𝑝 ≤ (𝑘 + 1)2(𝑘 + 2)

2
.

If 𝑘 is even, [−𝑥𝑗] is also a solution of the polynomial 𝑥𝑘 − 1 in Z𝑝, for every 𝑗 = 1, 2, . . . , 𝑘.
Therefore, for each 𝑗 ∈ {1, 2, . . . , 𝑘}, it has the unique index ℎ(𝑗) ̸= 𝑗, ℎ(𝑗) ∈ {1, 2, . . . , 𝑘} such
that [𝑥ℎ(𝑗)] + [𝑥𝑗] = [0].

Set 𝐴 := {𝑥+𝑦 | 𝑥+𝑦 ̸= [0], 𝑥, 𝑦 ∈ {[𝑥1], [𝑥2], . . . , [𝑥𝑘]}, and 𝐵 := {(𝑙, 𝑗) | 𝑙 ≥ 𝑗, 𝑙 ̸= ℎ(𝑗)}.
Then

|𝐵| = 𝑘 +

(︂
𝑘

2

)︂
− 𝑘

2
=

𝑘2

2
.

Consider the function
𝑓 : 𝐵 → 𝐴

(𝑙, 𝑗) ↦→ [𝑥𝑗] + [𝑥𝑙].

Then 𝑓 is a surjection and hence |𝐴| ≤ |𝐵| = 𝑘2

2
. From this, we deduce that

|{𝑥+ 𝑦|𝑥, 𝑦 ∈ {[0], [𝑥1], . . . , [𝑥𝑘]}}| ≤ |{[0]}|+ |𝐴|+ |{[𝑥1], [𝑥2], . . . , [𝑥𝑘]}|

≤ 1 +
𝑘2

2
+ 𝑘 =

𝑘2 + 2𝑘 + 2

2
.

Moreover, ⃒⃒⃒
{𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 |𝑎, 𝑏 ∈ Z𝑝}

⃒⃒⃒
= |{𝑥+ 𝑦|𝑥, 𝑦 ∈ {[0], [𝑥1], . . . , [𝑥𝑘]}}| .

So, we obtain ⃒⃒⃒
{𝑎

𝑝−1
𝑘 + 𝑏

𝑝−1
𝑘 |𝑎, 𝑏 ∈ Z𝑝}

⃒⃒⃒
≤ 𝑘2 + 2𝑘 + 2

2
.

From Theorem 2.4, we have the following corollary:

Corollary 2.1. (i) There does not exist any special number of degree 𝑝− 1 with 𝑝 ≥ 5.

(ii) Let 𝑘 be a given positive integer. Then there are only finitely many primes 𝑝 such that
𝑘 | 𝑝− 1 and there exists a special number of degree 𝑝− 1

𝑘
.

Let 𝑥 be a positive real number and 𝑎, 𝑏 be positive integers such that gcd(𝑎, 𝑏) = 1. We let
𝜋(𝑥, 𝑎, 𝑏) denote the number of primes 𝑝 such that 𝑝 ≤ 𝑥 and 𝑝 ≡ 𝑎 (mod 𝑏). Then we have the
following corollary.

Corollary 2.2. Let 𝑡 be a positive integer such that 𝜋(𝑡(
√
2𝑡− 1 − 3) + 1, 1, 𝑡) > 0. Then there

does not exist any special numbers of degree 𝑡.
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Proof. Suppose that there exists a special number 𝑑 of degree 𝑡.
Since 𝜋(𝑡(

√
2𝑡− 1 − 3) + 1, 1, 𝑡) > 0, there exists a prime 𝑝 ≡ 1 (mod 𝑡) such that

𝑝 ≤ 𝑡(
√
2𝑡− 1 − 3) + 1. We write 𝑝 = 𝑘𝑡 + 1, 𝑘 ∈ N, then 𝑡 =

𝑝− 1

𝑘
and because

𝑝 ≤ 𝑡(
√
2𝑡− 1− 3) + 1, we have

𝑘 ≤
√
2𝑘 − 1− 3. (7)

By Theorem 2.4, we deduce that

𝑝 ≤ (𝑘 + 1)2(𝑘 + 2)

2
.

This implies 𝑡 ≤ 𝑘2 + 4𝑘 + 5

2
and therefore, 𝑘 ≥

√
2𝑡− 1− 2. This contradicts to (7). Thus, there

does not exist any special number of degree 𝑡.

From Corollary 2.1, Corollary 2.2 and Theorem 2.3, we see that for each positive integer 𝑛, to
check the existence of the special number of degree 𝑛, we need to determine if 𝑛 is a square-free
satisfies that 𝜋(𝑛(

√
2𝑛− 1 − 3) + 1, 1, 𝑛) vanishes and 𝑛 + 1 is not a prime. By computer, we

have proved that if 𝑛 ≤ 10000 and

𝑛 ̸∈ {1, 2, 3, 5, 7, 11, 13, 17, 19, 31, 59, 85, 159, 197, 227, 317, 415, 457, 521},

then there does not exist any special number of degree 𝑛.

3 Conclusion

In this article, we prove that if there exists a special number of degree 𝑛, then 𝑛 must be a
square-free number and present many square-free numbers 𝑛 such that there does not exist any
special number of degree 𝑛. In the future, we will consider the special number of degree 3.
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[6] Sierpiński, W. (1988). Elementary Theory of Numbers. North-Holland.

29


