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1 Introduction and result

As usual, let 𝜑 be Euler’s totient function, 𝜁 the Riemann zeta-function and 𝐿(𝑠, 𝜒) Dirichlet
𝐿-function associated with 𝜒 the Dirichlet character modulo 𝑞. Let 𝑎(𝑛) denotes the number of
non-isomorphic abelian groups of order 𝑛 and 𝐴(𝑥) denote the number of distinct abelian groups
of order ≤ 𝑥. The study of the estimating the asymptotic formula for 𝐴(𝑥) has been initiated
by Erdős and Szekeres [5]. Various authors contributed to the subject, see in [7, 9–11, 13–16].
Another arithmetical function which shares some properties of 𝑎(𝑛) is 𝑆(𝑛) which denotes the
number of non-isomorphic finite semisimple rings with 𝑛 elements. The problem of estimating
the asymptotic result about

∑︀
𝑛≤𝑥 𝑆(𝑛) has been studied by Knopfmacher in [8] and Duttlinger

in [4].
It is well-known fact that each semisimple finite ring can be expressed as a direct sum of a

finite number of simple finite rings, in a way that is unique up to permutation. The Dirichlet series
associated with 𝑆(𝑛) may be represented as

∞∑︁
𝑛=1

𝑆(𝑛)

𝑛𝑠
=

∞∏︁
𝑟=1

∞∏︁
𝑚=1

𝜁(𝑟𝑚2𝑠), (ℜ(𝑠) > 1).

Note that,

∞∑︁
𝑛=1

𝑆(𝑛)

𝑛𝑠
=

∞∏︁
𝑟=1

𝜁(𝑟𝑠)
∞∏︁

𝑚≥2

𝜁(𝑟𝑚2𝑠) =
∞∑︁
𝑛=1

𝑎(𝑛)

𝑛𝑠

∞∏︁
𝑚≥2

𝜁(𝑟𝑚2𝑠), (1)

where the last infinite product is convergent in ℜ(𝑠) > 1/4. Then, one can obtain an asymptotic
result about

∑︀
𝑛≤𝑥 𝑆(𝑛) from 𝐴(𝑥). Calderón and Zárate [2] used the expression in (1) to derive

an asymptotic formula for
∑︀

𝑛≤𝑥 𝑆(𝑛) which improves the previously result in [4, 8] and its
𝑂-term has the same order of 𝐴(𝑥) in [9]. Calderón and Zárate proved that, for 𝑥 > 1,∑︁

𝑛≤𝑥

𝑆(𝑛) = 𝐴1𝑥 + 𝐴2𝑥
1/2 + 𝐴3𝑥

1/3 + 𝑂(𝑥97/381(log 𝑥)35),

where

𝐴𝑗 =
∞∏︁
𝑣=1
𝑣 ̸=𝑗

∞∏︁
𝑟=1

∞∏︁
𝑚=2

𝜁
(︁𝑣
𝑗

)︁
𝜁
(︁𝑟𝑚2

𝑗

)︁
, 𝑗 = 1, 2, 3.

The 𝑂-term was improved later by Calderón [1] to 𝑂(𝑥55/219(log 𝑥)7).
In other direction, the distribution of the arithmetical function 𝑎(𝑛) over an arithmetical

progression is also studied in 1953 by Richert [12]. Analogously it natural to ask whether the
bound given by Richert for

∑︀
n≤x

n≡ℓ (mod q)

𝑎(𝑛) function is also satisfied for
∑︀
n≤x

n≡ℓ (mod q)

𝑆(𝑛).

In this article we shall study on the asymptotic mean values over arithmetical progressions of
𝑆(𝑛) by using the idea of Calderón and Zárate in [2]. We prove the following theorem:
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Theorem 1.1. Let ℓ and 𝑞 denote relatively prime positive integers. Then∑︁
𝑛≤𝑥

𝑛≡ℓ ( mod 𝑞)

𝑆(𝑛) = 𝑔1(𝜒0)
𝑥

𝑞
+ (𝑔2(𝜒0) + ℎ1(ℓ))

𝑥1/2

𝑞

+ (𝑔3(𝜒0) + ℎ2(ℓ))
𝑥1/3

𝑞
+ 𝑂(𝑞8/5𝑥3/10(log 𝑥)9/10),

where 𝜒0 denotes the principal character modulo 𝑞, and the term in 𝜒1, 𝜒2 occur if and only if
there exist characters 𝜒1 ̸= 𝜒0, 𝜒2 ̸= 𝜒0, modulo 𝑞 such that 𝜒2

1 = 𝜒0, 𝜒
3
2 = 𝜒0, and

𝑔𝜇(𝜒) =
∞∏︁
𝑣=1
𝑣 ̸=𝜇

∞∏︁
𝑟=1

∞∏︁
𝑚=2

𝐿
(︁𝑣
𝜇
, 𝜒𝑣

)︁
𝐿
(︁𝑟𝑚2

𝜇
, 𝜒𝑟𝑚2

)︁
, 𝜇 = 1, 2, 3,

ℎ1(ℓ) =

⎧⎨⎩𝜒1(ℓ)𝑔2(𝜒1), for 𝑞 ≥ 3,

0, for 𝑞 = 2,

ℎ2(ℓ) =

⎧⎨⎩2ℜ
(︀
𝜒2(ℓ)𝑔3(𝜒2)

)︀
, for 3 | 𝜑(𝑞),

0, otherwise.

Remark 1.2. Since the rate of convergence of 𝐿(𝑠, 𝜒) to 1 as ℜ(𝑠) → ∞, (see examples pp.
226 in [6]), all infinite products in this present paper converge. From proposition 1. in [3], our
infinite products always converge uniformly in ever closed half-plane ℜ(𝑠) > 0 when all terms
are regular.

Remark 1.3. Since we use the properties of Dirichlet Characters, the restrition on the coprime
of ℓ and 𝑞 is necessary condition.

To prove our result we will give the following lemma.

Lemma 1.1. Let 𝜒 be any character modulo 𝑞. Let 𝑆*
4(𝑛) be the arithmetical function such that

for ℜ(𝑠) > 1/4

∞∑︁
𝑛=1

𝑆*
4(𝑛)

𝑛𝑠
=

∞∏︁
𝑟=1

∞∏︁
𝑚=2

𝜁(𝑟𝑚2𝑠). (2)

Then, for 𝜎 > 1/4, we have∑︁
𝑛≤𝑥

𝑆*
4(𝑛)𝜒(𝑛)

𝑛𝜎
=

∞∑︁
𝑛=1

𝑆*
4(𝑛)𝜒(𝑛)

𝑛𝜎
+ 𝑂(𝑥1/4−𝜎). (3)

Proof. Given any character 𝜒 modulo 𝑞 and ℜ(𝑠) > 1/4, we write (2) as
∞∑︁
𝑛=1

𝑆*
4(𝑛)𝜒(𝑛)

𝑛𝑠
=

∞∏︁
𝑟=1

𝐿(4𝑟𝑠, 𝜒4𝑟)
∞∏︁

𝑚=3

𝐿(𝑟𝑚2𝑠, 𝜒𝑟𝑚2

)

=
(︁ ∞∑︁

𝑛=1

𝑎(𝑛)𝜒(𝑛)

𝑛4𝑠

)︁(︁ ∞∑︁
𝑚=1

𝑆*
9(𝑚)𝜒(𝑚)

𝑚𝑠

)︁
,

where 𝑎(𝑛) is the number of non-isomorphic abelian groups with 𝑛 elements and the second
series is convergent for ℜ(𝑠) > 1/9. Thus, we have
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∑︁
𝑛≤𝑥

𝑆*
4(𝑛)𝜒(𝑛) =

∑︁
𝑛4𝑚≤𝑥

𝑎(𝑛)𝜒(𝑛)𝑆*
9(𝑚)𝜒(𝑚)

=
∑︁
𝑚≤𝑥

𝑆*
9(𝑚)𝜒(𝑚)

∑︁
𝑛≤𝑥1/4𝑚−1/4

𝑎(𝑛)𝜒(𝑛)

= 𝑂
(︁
𝑥1/4

∑︁
𝑚≤𝑥

𝑆*
9(𝑚)

𝑚1/4

)︁
= 𝑂(𝑥1/4).

Now, for ℜ(𝑠) = 𝜎 > 1/4,∑︁
𝑛>𝑥

𝑆*
4(𝑛)𝜒(𝑛)

𝑛𝜎
= 𝑂

(︁∫︁ ∞

𝑥

𝑑𝑡

𝑡𝜎+1−1/4

)︁
= 𝑂(𝑥1/4−𝜎).

Then, (3) follows.

2 Proof

Proof of Theorem 1.1. Given any character 𝜒 modulo 𝑞, the Dirichlet series associated with 𝑆(𝑛)

are
∞∑︁
𝑛=1

𝑆(𝑛)𝜒(𝑛)

𝑛𝑠
=

∞∏︁
𝑟=1

∞∏︁
𝑚=1

𝐿(𝑟𝑚2𝑠, 𝜒𝑟𝑚2

), (ℜ(𝑠) > 1)

=
∞∏︁
𝑟=1

𝐿(𝑟𝑠, 𝜒𝑟)
∞∏︁

𝑚≥2

𝐿(𝑟𝑚2𝑠, 𝜒𝑟𝑚2

) =
(︁ ∞∑︁

𝑛=1

𝑎(𝑛)𝜒(𝑛)

𝑛𝑠

)︁(︁ ∞∑︁
𝑚=1

𝑆*
4(𝑚)𝜒(𝑚)

𝑚𝑠

)︁
,

where the last series is convergent in ℜ(𝑠) > 1/4. Thus, we have∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒(𝑛) =
∑︁
𝑛𝑚≤𝑥

𝑎(𝑛)𝜒(𝑛)𝑆*
4(𝑚)𝜒(𝑚) =

∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒(𝑚)

∑︁
𝑛≤𝑥/𝑚

𝑎(𝑛)𝜒(𝑛). (4)

Let 𝜒0 is the principal character modulo 𝑞. Let 𝜒1, 𝜒2 denote the non-principal character that
having order 2 and 3, with respectively. Now, by equation (72-75) of Richert [12], we have∑︁

𝑛≤𝑥

𝑎(𝑛)𝜒0(𝑛) =
𝜑(𝑞)

𝑞
𝑐1(𝜒0)𝑥 +

𝜑(𝑞)

𝑞
𝑐2(𝜒0)𝑥

1/2

+
𝜑(𝑞)

𝑞
𝑐3(𝜒0)𝑥

1/3 + 𝑂(𝜑(𝑞)𝑞8/5𝑥3/10(log 𝑥)9/10), (5)

∑︁
𝑛≤𝑥

𝑎(𝑛)𝜒1(𝑛) =
𝜑(𝑞)

𝑞
𝑐2(𝜒1)𝑥

1/2 + 𝑂(𝜑(𝑞)𝑞4/3𝑥3/10(log 𝑥)9/10), (6)

∑︁
𝑛≤𝑥

𝑎(𝑛)𝜒2(𝑛) =
𝜑(𝑞)

𝑞
𝑐3(𝜒2)𝑥

1/3 + 𝑂(𝜑(𝑞)𝑞3/5𝑥3/10(log 𝑥)9/10), (7)

and ∑︁
𝑛≤𝑥

𝑎(𝑛)𝜒(𝑛) = 𝑂(𝜑(𝑞)𝑞8/5𝑥3/10(log 𝑥)9/10), if 𝜒2 ̸= 𝜒0, 𝜒3 ̸= 𝜒0. (8)
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In view of (4) and (5), we have∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒0(𝑛) =
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒0(𝑚)

(︁𝜑(𝑞)

𝑞
𝑐1(𝜒0)(

𝑥

𝑚
) +

𝜑(𝑞)

𝑞
𝑐2(𝜒0)(

𝑥

𝑚
)1/2

+
𝜑(𝑞)

𝑞
𝑐3(𝜒0)(

𝑥

𝑚
)1/3 + 𝑂(𝜑(𝑞)𝑞8/5(

𝑥

𝑚
)3/10(log(

𝑥

𝑚
))9/10)

)︁
=

𝜑(𝑞)

𝑞
𝑐1(𝜒0)𝑥

∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒0(𝑚)

𝑚
+

𝜑(𝑞)

𝑞
𝑐2(𝜒0)𝑥

1/2
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒0(𝑚)

𝑚1/2

+
𝜑(𝑞)

𝑞
𝑐3(𝜒0)𝑥

1/3
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒0(𝑚)

𝑚1/3
+ 𝑂(𝜑(𝑞)𝑞8/5𝑥3/10(log 𝑥)9/10)

∑︁
𝑚≤𝑥

𝑆*
4(𝑚)

𝑚3/10
.

From Lemma 1.1, we have∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒0(𝑛) =
𝜑(𝑞)

𝑞
𝑐1(𝜒0)𝑥

∞∑︁
𝑚=1

𝑆*
4(𝑚)𝜒0(𝑚)

𝑚
+

𝜑(𝑞)

𝑞
𝑐2(𝜒0)𝑥

1/2

∞∑︁
𝑚=1

𝑆*
4(𝑚)𝜒0(𝑚)

𝑚1/2

+
𝜑(𝑞)

𝑞
𝑐3(𝜒0)𝑥

1/3

∞∑︁
𝑚=1

𝑆*
4(𝑚)𝜒0(𝑚)

𝑚1/3
+ 𝑂(𝜑(𝑞)𝑞8/5𝑥3/10(log 𝑥)9/10).

Similarly, from (4)-(8) and Lemma 1.1, we have∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒1(𝑛) =
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒1(𝑚)

(︁𝜑(𝑞)

𝑞
𝑐2(𝜒1)(

𝑥

𝑚
)1/2 + 𝑂(𝜑(𝑞)𝑞4/3(

𝑥

𝑚
)3/10(log(

𝑥

𝑚
))9/10)

)︁
=

𝜑(𝑞)

𝑞
𝑐2(𝜒1)𝑥

1/2
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒1(𝑚)

𝑚1/2
+ 𝑂(𝜑(𝑞)𝑞4/3𝑥3/10(log 𝑥)9/10)

∑︁
𝑚≤𝑥

𝑆*
4(𝑚)

𝑚3/10

=
𝜑(𝑞)

𝑞
𝑐2(𝜒1)𝑥

1/2

∞∑︁
𝑚=1

𝑆*
4(𝑚)𝜒1(𝑚)

𝑚1/2
+ 𝑂(𝜑(𝑞)𝑞4/3𝑥3/10(log 𝑥)9/10),

∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒2(𝑛) =
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒2(𝑚)

(︁𝜑(𝑞)

𝑞
𝑐3(𝜒2)(

𝑥

𝑚
)1/3 + 𝑂(𝜑(𝑞)𝑞3/5(

𝑥

𝑚
)3/10(log(

𝑥

𝑚
))9/10)

)︁
=

𝜑(𝑞)

𝑞
𝑐3(𝜒2)𝑥

1/3
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)𝜒2(𝑚)

𝑚1/3
+ 𝑂(𝜑(𝑞)𝑞3/5𝑥3/10(log 𝑥)9/10)

∑︁
𝑚≤𝑥

𝑆*
4(𝑚)

𝑚3/10

=
𝜑(𝑞)

𝑞
𝑐3(𝜒2)𝑥

1/3

∞∑︁
𝑚=1

𝑆*
4(𝑚)𝜒2(𝑚)

𝑚1/3
+ 𝑂(𝜑(𝑞)𝑞3/5𝑥3/10(log 𝑥)9/10),

and for 𝜒 ̸= 𝜒1, 𝜒2,∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒(𝑛) = 𝑂(𝜑(𝑞)𝑞3/5𝑥3/10(log 𝑥)9/10|
∑︁
𝑚≤𝑥

𝑆*
4(𝑚)

𝑚3/10
|)

= 𝑂(𝜑(𝑞)𝑞3/5𝑥3/10(log 𝑥)9/10).

The theorem then follows from the equation∑︁
𝑛≤𝑥

𝑛≡ℓ (mod 𝑞)

𝑆(𝑛) =
1

𝜑(𝑞)

∑︁
𝜒 (mod 𝑞)

𝜒̄(ℓ)
∑︁
𝑛≤𝑥

𝑆(𝑛)𝜒(𝑛).
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