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1 Introduction

In the last ten years, extensive research has been carried out on both the Fibonacci sequence and its
generalizations, as well as the quaternions with Fibonacci coefficients and the generalizations of
these quaternions [2, 12, 15,20,21,32,33,45]. Many researchers have developed a great interest
in the Fibonacci numbers because of the concept of the golden ratio obtained by the ratio of
consecutive terms of the Fibonacci sequence, which may occur in nature or in a variety of other
fields such as architecture, finance, art, music, etc.

As it is well known, the Fibonacci numbers are a sequence of integers in which every number
is the sum of two numbers preceding it in the sequence. Thus, the n-th Fibonacci number denoted
by F, satisfies the recurrence relation: F,, = F,_| + F,,_5 for all n > 2 with the initial conditions
Fy = 0and F; = 1. On the other hand, the n-th Lucas number denoted by L,, holds the recurrence
relation: L,, = L,,_1 + L,_o for all n > 2 with the initial conditions Ly, = 2 and L; = 1
[13,26,27,39]. While the recurrence relations of Fibonacci and Lucas numbers are the same,
some new numbers with different recurrence relations and different initial conditions have been
introduced. Starting from a similar point of view the features analogical to those obtained from
Fibonacci numbers have been examined for these numbers. One of these number sequences is the
Leonardo numbers sequence, which has been first studied by Catarino and Borges [7] (A001595
in [39]). The n-th Leonardo number denoted by Le,, satisfies the following recurrence relations:

Le, = Le, 1+ Le,_o+ 1, forall n > 2 (D)

or
Le,.1 =2Le, — Le, o, forall n > 2 2)

with the initial conditions Ley = 1, Le; = 1 [7].
In the following Table 1, some values can be seen concerning these three types of special
recurrence sequences [3,7,26,39].

Table 1. Some values for Fibonacci, Lucas and Leonardo numbers

'njof1]2[3[4]5]6[7[8]| 9 [10][11]12]13] 14 | ]
E,lol1|1]2]3]5]8]13]21] 34 ] 55| 89 [144]233] 377
L, 121134711 ]18]29]47| 76 | 123|199 | 322|521 | 843
Le, | 1[113[5]9]15]25|41 67109 | 177 | 287 | 465 | 753 | 1219

The studies on the Leonardo numbers, generalizations and matrices of these numbers have
been gathered speed in recent years. For instance, Alp and Koger have examined some properties
of the Leonardo numbers in [3]. Catarino and Borges have presented the incomplete Leonardo
numbers in [8]. Subsequently, the generalization of the Leonardo sequence has become a current
issue. Shannon [35], Soykan [43], and Kuhapatanakul and Chobsorn [28] have followed different
approaches to this issue. Shannon and Deveci have also studied the generalized and extended
Leonardo sequences in [36]. Vieira et al. have introduced the two-dimensional and three-
dimensional relations of the Leonardo sequence in [47, 49], respectively. Then, Vieira et al.
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have examined the matrix formulas of Leonardo numbers in [48]. Soykan has studied the special
cases of generalized Leonardo numbers in [44]. Karatas has introduced the complex Leonardo
numbers in [23]. Mangueira et al. [31] have determined the Leonardo’s bivariate and complex
polynomials.

The quaternions formed with the Pauli matrices are called Pauli—quaternions [25]. Specifically,
if the coefficients of these type quaternions are Fibonacci and Lucas numbers, respectively, the
obtained quaternions are called the Pauli—Fibonacci quaternions and Pauli-Lucas quaternions
[46].

In this study, we define the Pauli-Leonardo quaternions in the light of the related studies in
the literature, especially [25] and [46]. Additionally, we give several fundamental and important
formulas, properties, and equalities for the Pauli-Leonardo quaternions. We not only study the
Pauli-Leonardo quaternions but also investigate some properties, including the relations between
the Pauli-Leonardo quaternions, Pauli-Fibonacci quaternions, and Pauli—Lucas quaternions.

2 Preliminaries

This section provides some basic information about the Leonardo numbers and Pauli quaternions.
First, some properties of the Leonardo numbers are given.

The characteristic equation of the recurrence relation (2) is 23 — 222 + 1 = 0, and Binet
formula of the Leonardo numbers is given, for all n > 0, as

2£n+1 — 94t _ (5 _ (S)

Ley = = 3)

1+5 1-V5
2 2
For all n > 0, the Leonardo numbers satisfy the following equations given by [7]

where £ = an ) = are the roots of the characteristic equation 2® — 222 + 1 = 0 [3,7].

Le, =2F,1 — 1, 4
2
Len = S(Ln—&-Q + Ln) - ]-7 (5)
1
Lenys = 5 (Lypg7 + Lns1) — 1, (6)
Len = Ln+2 - Fn+2 - ]-7 (7)

and for all n > 1, the equations given by [3]

Le, 1 + L6n+1 = 2Ln+1 -2, ()
Le, +2F, = Le, 1, 9
Le,+ F,+ L, =2Le, + 1. (10)

The (—n)-th Leonardo number with negative subscript is defined as follows [3]:

Le_, = (=1)"(Lep—o + 1) — 1, forall n > 2. (11)



Furthermore, the recurrence relation concerning negative subscripted Leonardo numbers
is presented in [48] as:

Le_, =—Le_p1+ Le_p,0— 1, forall n >0 (12)

and some values of negative subscripted Leonardo numbers are: Le ; = —1,Le o = 1,
Le 3=—-3,Le_4,=3,Le_5=—T1.

Additionally, Alp and Koger [3] have presented the matrix representation of Leonardo numbers
as a3 x 3 matrix:

2 10
0 01
-1 0 0

and found some properties with respect to the matrix. Vieira et al. have studied the matrix
formulas for Leonardo numbers in [48] for both non-negative and negative subscripts (see the
studies [28, 43, 44] including matrix methods of the Leonardo numbers). We want to refer to
also the studies [14, 22, 24, 30, 34, 37,4042, 50-53] including impressive techniques of matrix
representations of some special numbers.

On the other hand, the quaternions introduced by Hamilton have various application areas
and importance as the expansion of the complex numbers [17-19]. They are used in many areas,
such as pure mathematics, applied mathematics, motion geometry, differential geometry, graph
theory, computer animation, robotics, and others (cf. [1,4, 9]). The algebra of quaternions is
associative, non-commutative, and 4-dimensional Clifford algebra. The quaternion set is denoted
by H and defined as: H = {q|¢ = qo + ¢1¢ + ¢2J + @3k, 0, ¢1, 2,93 € R} where i, j, k are
the quaternionic units that satisfy the rules (for real quaternions): i = j2 = k* = —1,
1] =—gi=k,jk=—kj=1iki=—ik=7j[17-19].

The Pauli matrices determined by W. Pauli are Hermitian and unitary and given as follows

[10,25,46]:
(o) ooy _ o=\ _ (10
o 1) N\ o)\ o) TR o <1 )

where the following rules are held:

oi=105=10;=1, (13)

0102:—0201:i03, 0'20'3:—0'30'222'0'1, 0301:—0103:i02.

The basis of Pauli quaternions is {1,i01,i09,i03} and the set is isomorphic to the set H.
Besides, an isomorphism exists from H to the set obtained via the map: 1 — 1,7 — —ioy,
] — —iog, k - —iozorl — 1,1 — 10y, ] — i03, k — 103 [5,6,10,25,29,46]. The Pauli
matrices have wide application areas such as mathematics, physics, mathematical physics; see
more detailed information in [5,6, 10,11, 16,25,29, 38,46].

In [25], Kim has examined the Pauli quaternions as: p = x¢l + x101 + 2202 + x303. Then,
Torunbalc1 Aydin [46] has defined the Pauli—Fibonacci quaternions and Pauli-Lucas quaternions
as follows, respectively:



QpFn = Fol + Fp101 + Foy202 + F 1303, (14)
Qan = Lnl + Ln+101 + Ln+20-2 + Ln+30'3- (15)

For more detailed information about the Pauli quaternions, Pauli-Fibonacci quaternions, and
Pauli-Lucas quaternions, we can refer to the studies [25,46].

3 Pauli-Leonardo quaternions

In this section, we introduce the Pauli-Leonardo quaternions, and then we give some special
formulas and properties of them.

Definition 3.1. For all n > 0, the n'" Pauli-Leonardo quaternion is defined as follows:
L, = Le,1 4 Lep1101 + Ley 003 + Ley 303 (16)

where Le,, is the n-th Leonardo number, and o1, 02, 03 satisfies the rules (13). The set of all
Pauli—-Leonardo quaternions is denoted by L.

Now, let us give the algebraic properties concerning the Pauli-Leonardo quaternions, such as
equality, addition, subtraction, multiplication by a scalar, multiplication of any two Pauli-Leonardo
quaternions, conjugate, norm, scalar and vector parts, respectively. Let us take £,,, £,,, € L, then
we have:

e Equality:

L,=L, < Le, = Ley,, Le,y1 = Lepy1, Leyyo = Ley o, Leyys = Ley i

o Addition/Subtraction:

£n + ﬁm = (Len + Lem) 1 + (L€n+1 + L€m+1) oy + <L€n+2 + L6m+2) (o))
+ (L€n+3 + L€m+3) o3

e Multiplication by a scalar:

cL, =cle,1+cle, 101+ cLe, 209+ cLe, 303, c € R

e Multiplication:

LyLm = (Le,1 + Leyy101 + Ley 002 + Leyy30s) (Leyl + Ley 1101 + Ley 1202 + Ley,1303)
= (LepLey + Lepy1Leni1 + LepioLlep o + LepisLenis) 1
+ [(LepLéms1 + Leny1Len,) + i (LepyoLémys — LenysLlenpi2)] o1
+ [(LenLem+2 + LentoLem) + i (LentgLemy1 — Lenyi Lemis)| o2

+ [(LepLemys + Lepyslen,) + i (Lept1Lepyo — LepyoLenmt1)] os
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Also, the multiplication can be expressed as:

Le, Le,q Le, o Le, 3 Le,,
Lor = Le, 1 Le, —i1Le, 3 1Lenio Lep, 1
Le,.o iley.s Le, —iLle,1| | Lemio
Le,.s —ile,, o 1Leyiq Le, Le,, 3
e Conjugate:
L, = Le,1 — Le, 101 — Le, 902 — Le, 1303 (17

e Norm:

N (L,) = \/}Enzn| = \/‘Znﬁn, = \/‘Lei - Le?H—l - L€i+2 - L€i+3|
Here, if N(£,,) = 1, then L, is called unit Pauli-Leonardo quaternion.

e Scalar and Vector Parts: The scalar part of £, is represented as S, and S;, = Le,1.
The vector part of £, is represented by V. and V. = Le, 101 + Le, 202 + Le, 1303.

Therefore, Sﬁniﬁm = Sﬁn + Sﬂm = (En + ﬁm) 1 and VLn,iLm, = Vgn + VLm.

Theorem 3.1 (Recurrence Relation). Let L, be n-th Pauli—Leonardo quaternion. For alln > 2,

the following recurrence relation holds:
Lo=Ly 1+ Ly o+ W (18)

where W = 1+ 01 + 02 + o3. Additionally, for all n > 2 the following recurrence relation is

satisfied for Pauli—Leonardo quaternions:
Lo =2L,— L, . (19)
Proof. By using the equations (1) and (16), the following can be written:

L, =Le,1+ Le, 101+ Le, 002 + Le, 303
=(Lep—1+ Lep—o+ 1)1+ (Ley, + Ley—1 + 1) o1 + (Lept1 + Le, + 1) 02
+ (Lensa + Lep + 1) o3
= Le, 11+ Le,o1 + Le, 102+ Le, 003+ Le,, 51+ Le, 101 + Le, 02
+ Ley 103+ 1+01+ 02+ 03
=L 14 Loo+ W

where we use the expression W = 1+ o1 + 03 + o3 for the sake of brevity. The other recurrence
relation can be proved by using (2). ]

We can also define the negative subscripted Pauli—Leonardo quaternions as follows:

L ,=Le 1+ Le 101+ Le_, 205+ Le_,, 303, forall n > 0. (20)



Theorem 3.2. Let L_,, be the (—n)-th Pauli-Leonardo quaternion and Le,, be the n-th Leonardo
number, respectively. The following equations are valid.

Loy =(—1)"[(Len—s + 1)1+ (Len_y + 1) o9

(21)
+ (=" ' [(Lens+ 1) o1 + (Ley_5+ 1) a3) — W, forall n > 2
L ,=—L 1+ L 10— W, forall n >0 (22)
Proof. By using the equations (11) (for equation (21)), (12) (for equation (22)) and (20), the proof
can be completed. O

In the following Table 2 and Table 3, we construct numerical algorithms in order to calculate
the n-th and (n + 1)-th terms of the Pauli-Leonardo quaternions.

Table 2. Numerical Algorithm 1

’ A Numerical Algorithm for Finding n-th Term of the Pauli-Leonardo Quaternion

1. Begin

2. Input Ly, £, and W

3. Compose L,, according to the equation (18) for all n > 2
4. Countup L,

5. Output £,, = Le, 1 + Le, 101 + Le, 902 + Le, 303
6. Finish

Table 3. Numerical Algorithm 2

A Numerical Algorithm for Finding (124 1)-th Term of the Pauli-Leonardo Quaternion

1. Begin

2. Input £, and £,

3. Compose L,, according to the equation (19) for all n > 2

4. Countup L, 11

5.0utput £,,.1 = Le,, .11+ Le, 001 + Le, 305 + Le, 403
6. Finish

In the following Table 4, we also form a numerical algorithm for calculating the (—n)"* term
of the Pauli-Leonardo quaternion.

Table 4. Numerical Algorithm 3

A Numerical Algorithm for Finding (—n)-th Term of the Pauli-Leonardo Quaternion

1. Begin

2. Input £L_1, Lo and W

3. Compose L_,, according to the equation (22) for all n > 0

4. Countup £_,,

5.0utput L_,, = Le_,1+ Le_,, 101+ Le_, 002+ Le_,, 303
6. Finish




It should be noted that we are interested in the non-negative Pauli—-Leonardo quaternions
in general terms throughout this paper. We also give the definition of negative subscripted
Pauli-Leonardo quaternions (20), and equations (21) and (22). The following equations, formulas,
and properties can be expressed separately for negative subscripted Pauli-Leonardo quaternions.

Theorem 3.3. Let L, be the n'* Pauli-Leonardo quaternion. For all n > 0, the following
relations exist.

() L, + L, =2Le,1
(i) £2 =2Le L1 — L, L,
(i) £,1 = Ly1101 — L0202 — L1303 = (Len —Lepyo — Lepgy — L€n+6) 1
Proof. (1) By using the (16) and (17), we can establish:
L, + L, = Le,1 + Lep 101 + Lepi002 + Ley 303 + Le,1 — Ley, 104
— Ley 902 — Le, 303
= 2Le,1.

(i) By means of the equation which is seen in part (i), we get:

L.L, =L, (2Le,1 — L,) = 2Le, L1 — L, L,,.

(iii) Via (16) and (13), we have:
Lol—Ly101— L2023 — L1303
= (Le,1+ Le, 101 + Le, 202 + Ley303) 1
— (Leps114 Leyi201 + Leyp 302 + Ley1403) 01
— (Lent2l + Leyy301 + Lenys0a + Ley503) 02
— (Lepysl + Leyq01 + Ley 502 + Le, 1 603) 03

= (Le, — Leyo — Leyiq — Lepyg) 1. O

Theorem 3.4. Let L, and Q),F,, be the n'" Pauli-Leonardo quaternion and Pauli—-Fibonacci
quaternion respectively. The following relations are satisfied.

(i) L, =2Q,F1 — W, for alln >0
(i) Ly41 = Ly +2Q,F,, for alln > 1
Proof. By using (16), (4) and (14), we have:

L, = Le, 1+ Le, 101+ Ley 002 + Le, 303
= (2F1 — 1)1+ (2F2 —1)o1 + (2F3 — 1) o + (2F44 — 1) 03
=2(Fop1l + Frpoy + Fsos + Fyos) — (1 + 01 + 02 + 03)
=2QpF — W.

The other property can be shown easily by using the equation (9). [l

8



Theorem 3.5. Let £,, and Q,, L, be the n'" Pauli-Leonardo quaternion and Pauli-Lucas quaternion,
respectively. The following equalities are satisfied.

ol DN

() L, ==(QpLni2+ QpLy,) — W, for alln >0

1
(i1) £n+3 = g (Qan—f—? + Qan-i-l) -W, fOl" alln >0
(i) Lp—1+ L1 = 2Qp Ly — 2W, for alln > 1
Proof. Via utilizing the equations (5), (6), (8), (15) and (16), we can complete the proof. [l

Theorem 3.6. Let L,,, Q,F, and Q,L,, be the n'"* Pauli-Leonardo quaternion, Pauli-Fibonacci
quaternion and Pauli-Lucas quaternion, respectively. The following equalities are held.

(1) En = Qan—i-Q - QpFn+2 - VVa for alln > 0
(i) QpF, + QpLy, = L, +W, for alln > 1
Proof. We can complete the proof easily by using (7), (10), (14), (15) and (16). [l

Theorem 3.7 (Binet Formula). Let L,, be n-th Pauli—Leonardo quaternion. For all n > 0, the

following Binet formula is satisfied for Pauli—Leonardo quaternions:

5n+1§ _ gntlg
s (E1E0).

where

E=1+¢01 + 02+ a3,
S: 1+50’1 —|—(520'2—|—(530'3.

Proof. By utilizing the definition of Pauli-Leonardo quaternion (16) and the Binet formula of the
Leonardo numbers (3), we get:

L, = Le,1+ Leyi101 + Leyi002 + Ley, 303

é-n—&—l o (')‘n—‘rl é-n—i—? _ 5n+2
DT HEE) I
§n+3 _ 5n+3 5n+4 _ 5n+4
()L HEEF) )
[fnﬂ (1+&o1 + oy + 530'3) —ontl (1+do1 + 8o + 530'3)]
£-9 -

5n+15 B (5n+15

1+

+ o3 +

2




Theorem 3.8 (Generating Function). Let L,, be n-th Pauli-Leonardo quaternion. For alln > 0,
the generating function for Pauli—Leonardo quaternions is written as follows:

,Co + £1 — 250) T + (EQ — 2£1)

Z 1—2x+ 23

n=0

Proof. Assume that the following equality is the generating function of the Pauli-Leonardo
quaternions.

N Loa" =Lo+ Liz+ Loa® + -+ Loa" + -

By using the equation (19), it can be also written as:

i Lox™ = Lo+ Lix + Loz + i L,z"

= Lo+ L1+ Lox® + ) (2L 1 — Ly 3) 2"

n=3
= ;C() + ElfL‘ + £2$2 + Z Q,Cn_ll‘n — Z ,Cn_gIn
n=3 n=3
= Lo+ L1x+ Loa® +2)  Loa™ = L™
n=2

= Lo+ L1z + Loz + 2z Z Loa" — 23 Z Lx"

n=2 n=0
= Lo+ L1z + Loz + 2z (Z Lox" — Lo — £1x> — 23 Z L,x".
n=0 n=0
Then, we have:
s ﬁg + (£1 — 250) T+ (EQ — 251) .172
L, = . O
1—2x+ 23

n=0
Theorem 3.9 (Exponential Generating Function). Let L,, be the n-th Pauli-Leonardo quaternion.

For all n > 0, the exponential generating function for Pauli-Leonardo quaternions is given as:
> CelY — 5o
Z y_ _ (55—> Wt
— "nl E—90
Proof. By means of the equation (3.7), we get:
00 00 n+1¢& _ é‘n+15 n
Z y_ — Z 2 S wl L
"n! et § -0 n!
255 200 S (0y)" SNy
Z £-46 nz:% a 2 n!

=2 (fset_;gde&j — Wev. O]
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Thanks to the summation formulas for the Leonardo numbers given in [7], we get the following
summation formulas for our new type of particular number system titled the Pauli—-Leonardo
quaternions (see also the studies [28,43,44] which include the summation formulas with respect

to the Leonardo numbers).

Theorem 3.10. Let L,, be the n-th Pauli-Leonardo quaternion. For all m,n > 0, the following

summation formulas are satisfied.

n=0

(ll) Z £2n = £2m+1 — [mW + 2 (0'1 + o9 + 20’3)]
n=0

(111) Z £2n+1 = £2m+2 - (mW + 20’1 + 40’2 + 60’3)
n=0

Proof. (1) By using the definition of Pauli—-Leonardo quaternions (16), we have:

Z = Z (Lenl + Lepy10q + Ley 202 + Leny303)
n=0 n=0

m m m
= €n1 + g L6n+10'1 + E L€n+20'2 + E L€n+30'3

n=

where the following sum formula is given in [7]

> Ley = Leyin— (m+2). (23)

Also, by using (23), we obtain » | Le, 1, »_ Le,ioand > Le,ys.

Then, we have:

Z Ly = [Lemiz — (m+2)] 1+ [Lemys — (m+4)] 01 + [Legia — (m+6)] o2

+ [Lemis — (m +10)] o3
= Lepmiol 4+ Ley 301 + Ley 402 + Ley, 503
—[(m+2)14+(m+4)o1+ (m+6)os+ (m+ 10) 03]
=Lpio—[(m+2)1+(m+4)or+ (m+6)os+ (m+10) 03]
=Ly — (MW 421 + 401 + 603 + 10073) .

The other parts can be obtained in the same manner. ]

Inspired by the studies [3, 48], we also establish the matrix equalities for Pauli-Leonardo

quaternions in the following Theorem 3.11.
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Theorem 3.11. Let L, be the n-th Pauli—Leonardo quaternion. For all n > 0, the following

matrix equalities are held.

£3 £2 El 2 10 £n+3 £n+2 Ln—i—l
Ly L1 Lo 0 0 1| =Lz Loy Ly
El £O »C—l -1 0 0 ‘Cn—i-l ‘Cn 'Cn—l

n

00 —1
(o £ L) |10 0| = (L0 Loit Luso)
01 2
Proof. The proof is obvious by the mathematical induction on 7, so we omit the proof. [

Now, the R-linear transformations which representing the left and right multiplications in
L via utilizing de Moivre’s formula are presented by following the same manner in the studies
[6,25,46].
Consider L,,, L£,,, € L, then the followings are given:
¢r,, L—L
Ly — ¢r, (L) = Ll

where ¢, is written as

Len Len—‘rl Len—f—? Len+3
A Len iy Le, —ilen 3 ileno
e, Le,yo ile,s Le,, —iLen,
Lenyz —ilenis  ileyiq Le,
and
¢R£n L —L

'Cm — (bRgn (Em) = Emﬁn

where ¢, is also written as

Len Len+1 L€n+2 L€n+3
Len 1 Le, iLents —ilenio
R, Le,.o —ile, 3 Le, 1Lep, 1
L€n+3 iLen—i—Q _iL€n+1 Len

For the unit Pauli-Leonardo quaternion £,, the mapping ¢, : L — L is defined as
¢r, = QL. © PR, , Cis a real number and ¢, = ¢gr. © ¢r, , and also ¢, and g, are
operators, which are identified as in A, L, and Ay Re

Also, for all £,,, L,,, L € L and ¢ € R, the listed equalities are satisfied.

() £, = Ly, ifandonlyif ¢, (L.,) = ¢r, (Li)and ¢r, (L) = ¢r,, (Lk)
() ¢r,, (Lo + Li) = b1, (L) + dr,, (Lr) and ¢r, (Lo + Li) = g, (L) + Or,, (L)
(ii1) ¢L£n (Cﬁm) = C¢LL»,L (£m> and ¢Rz:n (C‘Cm) = C¢Ran (Em)

12



(iv) ¢LG (Em)¢R£n (‘C’m> - ¢Rzn (Em)¢LLn (‘Cm)

In addition to these, the mappings of ¥, and ¥/ which are obtained as follows:

79L : (]L7 =+, ) — (M(4,R)7 @7 ®)

Le, Len iy Ley o Ley,s
Le, Le —iLe iLe
+1 n n+3 n—+2
19L(L€n1 + L€n+10'1 + L6n+20'2 + L€n+30'3) = . .
Lenyo ile,ys Le, —ilen i1
Lenyz —ilenis ilenyy Le,

and
Ur: (L, +,) = (Mg, ®,®)

Le, Lenit Leyyo Ley s
Le, Le 1Le, 3 —ile
+1 n n+3 n+2
Vr(Le,1 + Leyi101 + Lep 202 + Ley i 303) = . .
Lenys —ile,is  Ley iLen i1
Lenys ilens  —ilenyn Le,

are isomorphisms. Besides, ¥, and g are bijective ¥, (L,L,) = V.(L,)V0.(L,,) and
ﬁR(ﬁnﬁm) = 19R<£n)19R(£m)

4 Conclusions

In this paper, we have investigated a new type of number system, which is named a system of
Pauli-Leonardo quaternions. We scrutinize some special formulas and equalities concerning
them. Considering the Pauli—Fibonacci and Pauli-Lucas quaternions introduced in [46], we
have obtained the relations between these quaternions and the Pauli-Fibonacci quaternions. We
have given the recurrence relation, Binet formula, generating function, exponential generating
function, matrix formulas, and summation formulas for the newly defined number system.
Moreover, we have constructed some algorithms for finding the terms of the Pauli-Leonardo
quaternions. Also, we have presented the matrix representation and R-linear transformation for
them.
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