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Abstract: The term ‘combined’ sequence includes any of the ‘coupled’, ‘intercalated’ and
‘pulsated’ sequences. In this paper, k = 3, so new combined 3-Fibonacci sequences, {αn},
{βn}, {γn}, are introduced and the explicit formulae for their general terms are developed. That
is, there are three such sequences, each with a linear recurrence relation which contains terms
from the other two. In effect, each such recurrence relation is second order, with two initial terms
which specify the subsequent delineation of the terms of the sequences. The initial terms are,
respectively, 〈α0, α1〉 = 〈2a, 2d〉, 〈β0, β1〉 = 〈b, e〉 and 〈γ0, γ1〉 = 〈2c, 2f〉 in turn. These result in
neat inter-relationships among the three sequences, which can lead to intriguing connections with
known sequences, and to a surprisingly simple graphical representation of the whole process. The
references include a comprehensive cover of the pertinent literature on these aspects of recursive
sequences particularly during the last seventy years.
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A secondary goal of the paper is to put the disarray of this part of number theory into
some semblance of order with a selection of representative references. This gives rise to a
‘combobulated sequence’, so-called because it restores partial order to a disarray of many papers
into three classes, which are fuzzy in both their membership and non-membership because of
their diverse and non-systematic derivations.
Keywords: Fibonacci sequence, 3-Fibonacci sequence, Combobulated sequence.
2020 Mathematics Subject Classification: 11B39.

1 Introduction

The first extension of the Fibonacci sequence in the direction of increasing of the number of the
sequences was described in [2, 10] (see, also [11]). There, two parallel Fibonacci sequences
were introduced. Later, these research efforts were extended to three parallel sequences, to
two-Tribonacci sequences, etc. In general, this research can be separated into three classes of
a “Combobulated Sequence”, so-called because it restores partial order to a disarray of many
papers into three classes. Some of the sequences in different classes have common properties
because they were originally developed by diverse authors with different aims:

• Coupled sequences – see [2–17, 22, 34–39];

• Diatomic sequences – see [1, 18–21, 29–31, 41, 42];

• Equivalence classes – see [23–28, 32, 33, 40, 43].

In [12–14, 19], seven different combined 3-Fibonacci sequences were introduced.
Here, we continue this direction of research, introducing new 3-Fibonacci sequences that are

different from the previous ones. So, the series of extensions of the nature of the Fibonacci
sequence (see, e.g., [11]) is continued.

2 Main results

Let everywhere below, a, b, c, d, e, f be arbitrary real numbers. The new 3-Fibonacci sequences
have the form:

α0 = 2a, β0 = b, γ0 = 2c, α1 = 2d, β1 = e, γ1 = 2f

and for each natural number n ≥ 1:

αn+1 = βn + γn−1,

βn+1 =
αn + γn

2
+ βn−1,

γn+1 = βn + αn−1.

The first values of sequences {αn}∞n=0, {βn}∞n=0 and {γn}∞n=0 are given in the following Table 1.

759



Table 1. First values of sequences {αn}∞n=0, {βn}∞n=0 and {γn}∞n=0

n αn βn γn

0 2a b 2c

1 2d e 2f

2 2c+ e b+ d+ f 2a+ e

3 b+ d+ 3f a+ c+ 2e b+ 3d+ f

4 3a+ c+ 3e 2b+ 3d+ 3f a+ 3c+ 3e

5 3b+ 6d+ 4f 3a+ 3c+ 5e 3b+ 4d+ 6f

6 4a+ 6c+ 8e 5b+ 8d+ 8f 6a+ 4c+ 8e

7 8b+ 12d+ 14f 8a+ 8c+ 13e 8b+ 14d+ 12f

8 14a+ 21c+ 21e 13b+ 21d+ 21f 12a+ 14c+ 21e

9 21b+ 35d+ 33f 21a+ 21c+ 34e 21b+ 33d+ 35f

10 33a+ 35c+ 55e 34b+ 55d+ 55f 35a+ 33c+ 55e
...

...
...

Graphically, we can represent the scheme of their construction as shown below (Figure 1).
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Figure 1. Scheme of construction of the sequences {αn}∞n=0, {βn}∞n=0 and {γn}∞n=0

Let {Fn}∞n=0 be the standard Fibonacci sequence, where F0 = 0, F1 = 1, and

Fn+2 = Fn+1 + Fn

for each natural number n ≥ 0.
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Theorem 1. For each natural number n ≥ 1:

α4n = (F4n−1 + 1)a+ (F4n−1 − 1)c+ F4ne,

β4n = F4n−1b+ F4nd+ F4nf,

γ4n = (F4n−1 − 1)a+ (F4n−1 + 1)c+ F4ne,

α4n+1 = F4nb+ (F4n+1 + 1)d+ (F4n+1 − 1)f,

β4n+1 = F4na+ F4nc+ F4n+1e,

γ4n+1 = F4nb+ (F4n+1 − 1)d+ (F4n+1 + 1)f,

α4n+2 = (F4n+1 − 1)a+ (F4n+1 + 1)c+ F4n+2e,

β4n+2 = F4n+1b+ F4n+2d+ F4n+2f,

γ4n+2 = (F4n+1 + 1)a+ (F4n+1 − 1)c+ F4n+2e,

α4n+3 = F4n+2b+ (F4n+3 − 1)d+ (F4n+3 + 1)f,

β4n+3 = F4n+2a+ F4n+2c+ F4n+3e,

γ4n+3 = F4n+2b+ (F4n+3 + 1)d+ (F4n+3 − 1)f.

Proof. We can prove the Theorem, for example, by induction. For n = 1, the validity of the
Theorem is checked directly from the above table. Let us assume that the Theorem is valid for
some natural number n ≥ 1. Then:

α4n+4 = β4n+3 + γ4n+2

= F4n+2a+ F4n+2c+ F4n+3e+ (F4n+1 + 1)a+ (F4n+1 − 1)c+ F4n+2e

= (F4n+3 + 1)a+ (F4n+3 − 1)c+ F4n+4e.

β4n+4 =
α4n+3 + γ4n+3

2
+ β4n+2

=
F4n+2b+ (F4n+3 − 1)d+ (F4n+3 + 1)f + F4n+2b+ (F4n+3 + 1)d+ (F4n+3 − 1)f

2

+ F4n+1b+ F4n+2d+ F4n+2f

=
2F4n+2b+ (2(F4n+3 − 1 + 1)d+ (2F4n+3 + 1− 1)f

2
+ F4n+1b+ F4n+2d+ F4n+2f

= F4n+2b+ F4n+3d+ F4n+3f + F4n+1b+ F4n+2d+ F4n+2f

= F4n+3b+ F4n+4d+ F4n+4f.

γ4n+4 = β4n+3 + α4n+2

= F4n+2a+ F4n+2c+ F4n+3e+ (F4n+1 − 1)a+ (F4n+1 + 1)c+ F4n+2e

= (F4n+3 − 1)a+ (F4n+3 + 1)c+ F4n+4e.

The rest formulas are checked by analogy. �
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3 Conclusion

In this paper, new combined 3-Fibonacci sequences of a new type have been introduced and
explicit formulas for their elements have been developed algebraically and demonstrated
graphically. Some readers may be tempted to relate these sequences to better-known standard
sequences. In their future research, the authors plan to modify the standard forms of the 2- and
3-Fibonacci sequences.
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