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1 Introduction 

In [1], the idea of rhotrix was introduced as an object whose elements are arranged in a 

rhomboidal nature which of course was an extension of matrix-tertions and matrix-noitrets 

given by Atanassov and Shannon [5]. Suppose  𝑅 and 𝑄 are two rhotrices such that 
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𝑅 = ⟨
𝑎

𝑏    ℎ(𝑅)     𝑑
𝑒   

⟩ , 𝑄 = ⟨
𝑓

𝑔    ℎ(𝑄)     𝑗
𝑘   

⟩, 

where h(R) and h(Q) are the hearts of these rhotrices. 

It follows from Ajibade [1] that: 

𝑅 + 𝑄 = ⟨
𝑎

𝑏    ℎ(𝑅)     𝑑
𝑒   

⟩ +  ⟨
𝑓

𝑔    ℎ(𝑄)     𝑗
𝑘   

⟩ = ⟨
𝑎 + 𝑓

𝑏 + 𝑔    ℎ(𝑅) + ℎ(𝑄)    𝑑 + 𝑗
𝑒 + 𝑘   

⟩ 

and 

     𝑅 ∘ 𝑄 = ⟨

    𝑎ℎ(𝑄) + 𝑓ℎ(𝑅)

𝑏ℎ(𝑄) + 𝑔ℎ(𝑅)    ℎ(𝑅)ℎ(𝑄)      𝑑ℎ(𝑄) + 𝑗ℎ(𝑅)

    𝑒ℎ(𝑄) + 𝑘ℎ(𝑅)   

⟩ 

An alternative multiplication method was given by Sani [16] as follows: 

𝑅 ∘ 𝑄 = ⟨

    𝑎𝑓 + 𝑑𝑔

𝑏𝑓 + 𝑒𝑔      ℎ(𝑅)ℎ(𝑄)    𝑎𝑗 + 𝑑𝑘
   𝑏𝑗 + 𝑒𝑘   

⟩. 

In [4], Aminu and Michael introduced the concept of paraletrix as an extension of rhotrix 

earlier given in [1]. In this case, the number of rows of the rhotrix is not equal to the number of 

columns. The addition and multiplication of two paraletrices presented in [4] are as follows: 

1

2 3 41

5 6 7

8 9 10

11

,

a

a a ap

a a a

a a a

a



 

1

2 3 42

5 6 7

8 9 10

11

b

b b bp

b b b

b b b

b



 

 

1

2 3 41 2

5 6 7

8 9 10

11

,

d

d d dp p

d d d

d d d

d

 

 

where 𝑑𝑖 = 𝑎𝑖 + 𝑏𝑖 is such that  𝑖 = 1, 2, 3, … , 11. 

1

2 3 41 2

5 6 7

8 9 10

11

,

c

c c cp p

c c c

c c c

c


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where each 𝑐𝑖 = 𝑎𝑖ℎ(𝑝2) + 𝑏𝑖ℎ(𝑝1) is such that  𝑖 = 1,2,3, … ,11, 𝑖 ≠ 6 and 𝑐6 = ℎ(𝑝1)ℎ(𝑝2),

ℎ(𝑝1) = 𝑎6, ℎ(𝑝2) = 𝑏6. It is important to note that the multiplication of the two matrices 

above follows Ajibade’s multiplication of rhotrices [1]. However, the multiplication of 

paraletrix 𝑝1 and 𝑝2 using Sani [16] rhotrix approach is only possible whenever the number of 

columns of  𝑝1 is equal to the rows of  𝑝2. 

Rhotrix vector spaces and rhotrix linear mappings have been studied by Aminu in [2, 3]. 

Oni and Aminu [12] presented paraletrix linear space as an extension of rhotrix vector space.  

The concept of fractional calculus in paraletrix spaces, control theory, semigroup theory etc 

is one of the tremendous avenues for the analysis of real life problems. Fractional calculus is a 

branch of mathematical analysis that deals with construction and application of integrals and 

derivatives of arbitrary order [6]. 

Numerous definitions has been proposed for this concept. The definitions are divided into 

two main sources: the local (singular) kernel and non-singular kernels. The singular kernel 

such as Riemann–Liouville and Caputo fractional derivatives which uses power law as their 

kernels are the most popular used derivatives for researchers. Though Caputo derivatives is 

mostly used for modeling initial value problems, Riemann–Liouville derivative is the most 

natural and popular models of fractional calculus [7]. 

The non-singular kernel like Atangana–Baleanu and Caputo–Fabrizio fractional derivatives 

uses the Mittag-Leffler function and exponential decay function respectively as their kernels. 

These recent fractional derivatives are proposed to deal with real data which corresponds to 

complex models and requires sophisticated kernels. 

Recent years have seen a considerable interest in the application of fractional calculus 

especially in the area of physics, chemistry, engineering, design of heat flux meters, signal and 

image processing, epidemiology [10, 11, 13, 15]. In this respect, a fractional order multi-

vaccination model for Covid-19 with non-singular kernel was proposed by Omame et al. [14] 

and the references there in. 

This work therefore gives a presentation of linear mappings in paraletrices as an extension 

of rhotrix linear mappings given in [3] and consequently considers their application to 

fractional calculus. 

2 Preliminaries 

In this section we recall some definitions as well as some known results which will be useful in 

this paper. For notation and terminologies not mentioned in this paper, the reader is referred to 

[4, 6, 9, 11, 12, 15]. 

Definition 2.1. Let  𝑝1, 𝑝2 and 𝑝3 be  3 × 7-dimensional heart-oriented paraletrices such that 

𝑓𝑖  ϵ 𝑝3, 𝑖 = 1,2,3, … . ,11, 𝑓6 = ℎ(𝑝3) and let  𝜌 ∶ 𝑝1 → 𝑝2, 𝜎 ∶ 𝑝2 → 𝑝3.  The composition of  

𝜌 and 𝜎 denoted by  𝜎 ∘ 𝜌 is the mapping  𝜎 ∘ 𝜌 ∶ 𝑝1 → 𝑝3 defined by (𝜎 ∘ 𝜌)(𝑎) = 𝜎(𝜌(𝑎)). 

Lemma 2.2. Let 𝜌 ∶ 𝑝1 → 𝑝2, 𝜎 ∶ 𝑝2 → 𝑝3  and  𝜋 ∶ 𝑝3 → 𝑝4  for 𝑔𝑖 ϵ  𝑝4, 𝑖 = 1, 2, 3, … , 11, 

𝑔6 = ℎ(𝑝4). Then we have that  𝜋 ∘ (𝜎 ∘ 𝜌) = (𝜋 ∘ 𝜎) ∘ 𝜌. 

Proof.  Let  𝑎 ϵ 𝑝1. Then we have that   

(𝜋 ∘ (𝜎 ∘ 𝜌))(𝑎) = 𝜋((𝜎 ∘ 𝜌)(𝑎)) = 𝜋(𝜎(𝜌(𝑎))). 
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Similarly,   

((𝜋 ∘ 𝜎) ∘ 𝜌)(𝑎) = (𝜋 ∘ 𝜎)(𝜌(𝑎)) =  𝜋(𝜎(𝜌(𝑎))). 

It follows that for every 𝑎 ϵ𝑝1, (𝜋 ∘ (𝜎 ∘ 𝜌))(𝑎) = ((𝜋 ∘ 𝜎) ∘ 𝜌)(𝑎) and the result follows.  

Definition 2.3. Suppose 𝑃 and 𝑄 are two be  3 × 7-dimensional heart-oriented paraletrix linear 

spaces over the same field 𝐾 (ℝ or ℂ). A mapping  𝜓 ∶ 𝑃 → 𝑄 is said to be linear if it satisfies 

the following two conditions; 

i) for 𝑎, 𝑏 ϵ 𝑃, 𝜓(𝑎 + 𝑏) = 𝜓(𝑎) + 𝜓(𝑏) 

ii) for 𝑘 𝜖 𝐾 and 𝑎 ϵ 𝑃, 𝜓(𝑘𝑎) = 𝑘𝜓(𝑎). 

Remark 2.4. It is important to note that for 𝑘1, 𝑘2ϵ 𝐾 and 𝑎, 𝑏 ϵ 𝑃, we have that 

𝜓(𝑘1𝑎 + 𝑘2𝑏) = 𝜓(𝑘1𝑎) + 𝜓(𝑘2𝑏) = 𝑘1𝜓(𝑎) + 𝑘2𝜓(𝑏). 

A linear mapping 𝜓 ∶ 𝑃 → 𝑄 is characterized by the condition that 𝜓(𝑘1𝑎 + 𝑘2𝑏) = 𝑘1𝜓(𝑎) +

𝑘2𝜓(𝑏). We shall employ this condition subsequently and refer  𝜓 ∶ 𝑃 → 𝑃 to be a linear 

operator. In this case  𝜓 = 𝛾. 

Example 2.5. It is shown in [9] that polynomial equations can be defined over paraletrices. 

Now consider the paraletrix linear space  𝑃 of polynomials over the real field  ℝ. Let 𝑝1(𝑡) and 

𝑝2(𝑡) be any polynomial in 𝑃 and let 𝑘 be any scalar. Let  𝐷 ∶ 𝑃 → 𝑃 be the derivative 

mapping. It follows from [9] that 
𝑑

𝑑𝑡
〈𝑝1(𝑡) + 𝑝2(𝑡)〉 =

𝑑

𝑑𝑡
𝑝1(𝑡) +

𝑑

𝑑𝑡
𝑝2(𝑡) and 

𝑑

𝑑𝑡
〈𝑘𝑝1(𝑡)〉 =

𝑘
𝑑

𝑑𝑡
𝑝1(𝑡). Thus  𝐷(𝑝1 + 𝑝2) = 𝐷(𝑝1) + 𝐷(𝑝2) and𝐷(𝑘𝑝1) = 𝑘𝐷(𝑝1). This shows that the 

derivative mapping is linear. 

Definition 2.6. Let  𝑋 be a vector space (ℝ or ℂ) and 𝐾 a scalar field  (ℝ or ℂ) of 𝑋. An inner 

product on 𝑋 is a function 〈  , 〉 ∶ 𝑋 × 𝑋 → 𝐾 such that for  𝑥, 𝑦 ϵ 𝑋  and 𝑘1, 𝑘2ϵ 𝐾, the 

following axioms are satisfied, 

i)  〈𝑥, 𝑥〉 ≥ 0,    〈𝑥, 𝑥〉 = 0  if and only if  𝑥 = 0 

ii) 〈𝑘1𝑥 + 𝑘2 𝑦, 𝑧〉 = 𝑘1〈𝑥 , 𝑧〉 + 𝑘2〈𝑦, 𝑧〉 

iii) 〈𝑥, 𝑦〉 = 〈𝑦, 𝑧〉, when 𝑋 is a complex vector space, then  〈𝑥, 𝑦〉̅̅ ̅̅ ̅̅ ̅ = 〈𝑦, 𝑥〉. 

Remark. 2.7. It is worthy to note that when 𝑋 is an inner product space, 𝑋 defines a norm on 𝑋 

given by ∥ 𝑥 ∥= √〈𝑥, 𝑥〉 . The properties of a norm can be found in [8]. A metric on  𝑋 is given 

by  𝑑(𝑥, 𝑦) =∥ 𝑥 − 𝑦 ∥= √〈𝑥 − 𝑦, 𝑥 − 𝑦〉. We say that a real or complex vector space is called 

a normed linear space or a normed vector space if there is a function ∥ . ∥ satisfying the 

properties of a norm given in [8]. 

Example 2.8. Let 𝑃[𝑎, 𝑏] be the paraletrix linear space of all paraletrix functions on the closed 

interval [𝑎, 𝑏]. The following defines an inner product on 𝑃[𝑎, 𝑏] where 𝑝1(𝑡) and 𝑝2(𝑡) are 

paraletrix functions (polynomials in 𝑡 ) in  𝑃[𝑎, 𝑏]:   

〈𝑝1, 𝑝2〉 = ∫ 𝑝1(𝑡)𝑝2(𝑡)
𝑏

𝑎

𝑑𝑡. 
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Example 2.9 [8]. Let 𝑀𝑚,𝑛 be the vector space of all real  𝑚 × 𝑛 matrices. An inner product is 

defined on 𝑀𝑚,𝑛 where  𝐴 = [𝑎𝑖𝑗] and 𝐵 = [𝑏𝑖𝑗] are matrices in 𝑀𝑚,𝑛 : 

〈𝐴, 𝐵〉 = 𝑡𝑟(𝐵𝑇𝐴) = ∑ ∑ 𝑎𝑖𝑗𝑏𝑖𝑗  𝑛
𝑗=1

𝑚
𝑖=1 and ∥ 𝐴 ∥2= 〈𝐴, 𝐴〉 = ∑ ∑ 𝑎𝑖𝑗

2𝑛
𝑗=1

𝑚
𝑖=1  . 

Theorem 2.10 [17]. Suppose 𝐴 = [𝑎𝑖𝑗] and  𝐵 = [𝑏𝑖𝑗] are matrices and  𝑘 ϵ 𝐾 is a scalar. Then 

we have that: 

i) (𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇 

ii) (𝑘𝐴)𝑇 = 𝑘𝐴𝑇 

iii) (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 

iv) (𝐴𝑇)𝑇 = 𝐴 

It is important to note that Theorem 2.10 is analogous to the one given in Theorem 5.1 of [4]. 

Definition 2.11. Let  𝑃 and 𝑄 be two paraletrix linear spaces and  𝜓 ∶ 𝑃 → 𝑄 be a linear 

mapping. The adjoint of  𝜓 is the function 𝜓∗ ∶ 𝑄 → 𝑃 such that  〈𝜓(𝑎), 𝑚〉 = 〈𝑎, 𝜓∗(𝑚)〉 for 

every 𝑎 ϵ 𝑃 and 𝑚 ϵ 𝑄. If  𝜓 is a linear operator, then 𝜓 = 𝛾 and 〈𝛾(𝑎), 𝑚〉 = 〈𝑎, 𝛾∗(𝑚)〉 

every 𝑎, 𝑏 ϵ 𝑃. 

Theorem 2.12 [12]. Let 𝑃 be the set of all 3 × 7-dimensional heart-oriented paraletrix. Then 

𝑃 is a vector space. 

Definition 2.13. Let {𝑥𝑛} be a sequence of real numbers. Then {𝑥𝑛} is a Cauchy sequence if for 

all  𝜀 > 0 there is  𝑁 such that  𝑛, 𝑚 ≥ N 

 implies that  ∥ 𝑥𝑛 − 𝑥𝑚 ∥ < 𝜀 . 

Definition 2.14. Let  𝑊  be an inner product space on {𝑥𝑛} 𝜖 𝑊. Then {𝑥𝑛} is called a Cauchy 

sequence if for each 𝜀 > 0, there is an  𝑁 such that  𝑚, 𝑛 ≥ 𝑁 implies ∥ 𝑥𝑛 − 𝑥𝑚 ∥ < 𝜀. We  

say that {𝑥𝑛} converges to  𝑢 if  for each 𝜀 > 0, there is an 𝑁 such that 𝑛 ≥ 𝑁 implies 

∥ 𝑥𝑛 − 𝑢∥ < 𝜀. 

Definition 2.15. A normed linear space  𝑋 is said to be complete if every Cauchy sequence in 

𝑋 converges. 

Theorem 2.16. [12] Let 𝑃 be a paraletrix linear space and define a map  ∥ ∥ ∶ 𝑃 → ℝ  by ∥ 𝑝1 ∥

 = max
𝑖≤11

|𝑎𝑖| where  𝑝1 𝑖𝑠 𝑎  3 × 7-dimensional heart-oriented paraletrices such that 𝑎𝑖 ϵ 𝑝1,

𝑖 = 1,2,3, … . ,11, 𝑎6 = ℎ(𝑝1), then  𝑝1 is a norm and (𝑝, ∥ 𝑝1 ∥) is a normed linear space. 

Definition 2.17. Let  𝑃 and Q  be two paraletrix linear spaces and  𝜓 ∶ 𝑃 → 𝑄 be a linear 

mapping. Then  𝜓 is said to be bounded if there is a constant  𝐴 such that  ∥ 𝜓(𝑎) ∥ ≤ 𝐴 ∥ 𝑎 ∥ 

for all  𝑎 ϵ 𝑃. 

Definition 2.18. [7]. Suppose  𝑔 ϵ 𝐶′ ([𝑎, 𝑏], ℝ+) where  𝑏 > 0and  𝑞 ϵ (0,1), then the 

Riemann–Liouville fractional integral is given by 

𝐽 𝑡
𝑞

𝑎  
  𝑔(𝑡) =

1

Γ(𝑞)
∫ (𝑡 − 𝜀)𝑞−1

𝑡

𝑎

𝑔(𝜀) 𝑑𝜀, 𝑅𝑒 (𝑞) > 0. 
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Definition 2.19. [6]. Suppose 𝑔 ϵ 𝐶′ ([𝑎, 𝑏], ℝ+) where  𝑏 > 0 and  𝑛 − 1 < 𝑞 ≤ 𝑛, then the 

Riemann–Liouville fractional derivative is given by 

𝐷𝑎 
𝑅𝑙

 𝑡
𝑞

 

 
 𝑔(𝑡) = 𝐷𝑛 𝐽 𝑡

𝑛−𝑞
𝑎  

  𝑔(𝑡) =
𝑑𝑛

𝑑𝑡𝑛
[

1

Γ(𝑛 − 𝑞)
∫ (𝑡 − 𝜀)𝑛−𝑞−1

𝑡

𝑎

𝑔(𝜀) 𝑑𝜀] , 𝑅𝑒(𝑞) ≥ 0, 

  𝑛 𝜖 ℕ. 

Definition 2.20. [6, 7]. Suppose 𝑔 ϵ 𝐶′ ([𝑎, 𝑏], ℝ+) where  𝑏 > 0, then the Caputo fractional 

derivative is given by 

𝐷𝑎 
𝑐

 𝑡
𝑞

 

 
 𝑔(𝑡) = 𝐽 𝑡

𝑛−𝑞
𝑎  

 𝐷𝑛𝑔(𝑡) = 𝐽 𝑡
𝑛−𝑞

𝑎  
 𝑔𝑛𝑔(𝑡) =

1

Γ(𝑛 − 𝑞)
∫ (𝑡 − 𝜀)𝑛−𝑞−1

𝑡

𝑎

𝑔(𝜀) 𝑑𝜀,  

𝑅𝑒(𝑞) ≥ 0, 𝑛 − 1 < 𝑞 ≤ 𝑛,   𝑛 ϵ ℕ. 

 

Definition 2.21. [7]. Suppose 𝑔 ϵ 𝐶′ ([𝑎, 𝑏], ℝ+) where  𝑏 > 0, then the Atangana–Baleanu 

derivative in Caputo sense is given by 

𝐷𝑎 
𝐴𝐵𝐶

 𝑡
𝑞

 

 
 𝑔(𝑡) =

𝑤(𝑞)

1 − 𝑞
∫ 𝐸𝑞

𝑡

0

(
−𝑞(𝑡 − 𝜀)𝑞

1 − 𝑞
)  𝑔(𝜀) 𝑑𝜀, 0 < 𝑞 < 1. 

Definition 2.22. [10]. Suppose  𝑔 ϵ 𝐶′ ([𝑎, 𝑏], ℝ+) where  𝑏 > 0, then the Caputo–Fabrizio 

fractional derivative of order  𝑞 is given by  

𝐷𝑎 
𝐶𝐹

 𝑡
𝑞

 

 
 𝑔(𝑡) =

(𝑧 − 𝑞)𝑤(𝑞)

𝑧(1 − 𝑞)
∫ exp (−

𝑞(𝑡 − 𝜀)

1 − 𝑞
)

𝑡

𝑎

𝑔′(𝜀) 𝑑𝜀, 0 < 𝑞 < 1, 𝑡 ≥ 0, 

where 𝑤(𝑞) represents the normalization function such that  𝑤(0) = 𝑤(1) = 1 is satisfied. 

3 Paraletrix linear mappings  

In this section, we consider the linear mappings on paraletrices. Our interest will be on linear 

mappings embedded in a 3 × 7-dimensional heart-oriented paraletrix. 

Now suppose  𝜓 ∶ 𝑃 → 𝑄 is a linear mapping. The kernel of  𝜓 which we usually denote as 

ker 𝜓 is the set of elements in  𝑃 that map into the zero vector  0 ϵ 𝑃. In other words, we have 

that 

ker 𝜓 = {𝑎 𝜖 𝑃 ∶  𝜓(𝑎) = 0}. 

The theorem below easily follows. 

Theorem 3.1. Let  𝜓 ∶ 𝑃 → 𝑄 be a linear mapping. Then 𝑘𝑒𝑟 𝜓  is a subspace of   𝑃. 

Proof. The proof is a routine check.  

One can combine paraletrix linear mappings to obtain new paraletrix linear mappings. 

In our next result, we will show that the sum of two linear mappings is also a linear mapping. 

Suppose that 𝜓 ∶ 𝑃 → 𝑄 and 𝜃 ∶ 𝑃 → 𝑄 are linear mappings over a field  𝐾. Then  𝜓 + 𝜃 

and 𝑘𝜓 where 𝑘 ϵ 𝐾 can be defined to be the mapping(𝜓 + 𝜃)(𝑎) ≡ 𝜓(𝑎) + 𝜃(𝑎) and  

(𝑘𝜓)(𝑎) ≡ 𝑘𝜓(𝑎). With this, we have the following Lemma. 
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Lemma 3.2.  Let  𝜓 𝑎𝑛𝑑 𝜃  be as defined above. Then  𝜓 + 𝜃 and  𝑘𝜓  are also linear. 

Proof.  Let 𝑎, 𝑏 𝜖 𝑃 and 𝑘1, 𝑘2 𝜖 𝐾, then we have that 

(𝜓 + 𝜃)(𝑘1𝑎 + 𝑘2𝑏) = 𝜓(𝑘1𝑎 + 𝑘2𝑏) + 𝜃(𝑘1𝑎 + 𝑘2𝑏) 

       = 𝑘1 𝜓(𝑎) + 𝑘2 𝜓(𝑏) + 𝑘1𝜃(𝑎) + 𝑘2𝜃(𝑏) 

     = 𝑘1(𝜓(𝑎) + 𝜃(𝑎)) + 𝑘2(𝜓(𝑏) + 𝜃(𝑏)) 

                                                    = 𝑘1(𝜓 + 𝜃)(𝑎) + 𝑘2(𝜓 + 𝜃)(𝑏). 

Similarly, 

(𝑘𝜓)(𝑘1𝑎 + 𝑘2𝑏) = 𝑘𝜓(𝑘1𝑎 + 𝑘2𝑏) 

       =   𝑘(𝑘1 𝜓(𝑎) + 𝑘2 𝜓(𝑏)) 

   = 𝑘1𝑘𝜓(𝑎) + 𝑘2𝑘𝜓(𝑏) 

                                                                  = 𝑘1(𝑘𝜓)(𝑎) + 𝑘2(𝑘𝜓)(𝑏). 

Hence 𝜓 + 𝜃 and  𝑘𝜓 are linear.  

Theorem 3.3. Let 𝑃 𝑎𝑛𝑑 𝑄  be two paraletrix linear spaces over a field  𝐾.  Then the collection 

of all linear mappings from 𝑃 𝑡𝑜𝑄  with the operation of addition and scalar multiplication 

form a vector space over 𝐾. 

Proof. The proof is a routine check.  

We know from Lemma 2.2 that the composition of mappings is associative. The next result 

shows that the composition of paraletrix linear mappings is linear. 

Proposition 3.4. Suppose  𝑃, 𝑄 𝑎𝑛𝑑 𝑅  be any 3 × 7-heart oriented paraletrix linear spaces 

and let  𝜓 ∶ 𝑃 → 𝑄, 𝜃 ∶ 𝑄 → 𝑅 be linear mappings. Then the mapping  𝜃 ∘  𝜓 ∶ 𝑃 → 𝑅 defined 

by  (𝜃 ∘  𝜓)(𝑎) =  𝜃(𝜓(𝑎))  is linear. 

Proof.  Let  𝑎, 𝑏 𝜖 𝑃 𝑎𝑛𝑑 𝑘1, 𝑘2𝜖 𝐾, then we have that   

(𝜃 ∘  𝜓)(𝑘1𝑎 + 𝑘2𝑏) = 𝜃(𝜓(𝑘1𝑎 + 𝑘2𝑏)) 

      = 𝜃(𝑘1𝜓(𝑎) + 𝑘2𝜓(𝑏)) 

            = 𝑘1𝜃(𝜓(𝑎)) + 𝑘2𝜃(𝜓(𝑏)) 

                                                                   = 𝑘1(𝜃 ∘  𝜓)(𝑎) + 𝑘2(𝜃 ∘  𝜓)(𝑏). 

Hence (𝜃 ∘  𝜓) is linear.  

Theorem 3.5. Let  𝑃 𝑎𝑛𝑑 𝑄  be two paraletrix linear spaces and  𝜓 ∶ 𝑃 → 𝑄  be a linear 

mapping. Then 𝜓 is bounded if and only if it is continuous. 

Proof.  For the direct part of the proof, let 𝜓 be bounded and suppose  𝜀 > 0, then for 𝑎, 𝑏 ϵ 𝑃 

we have 

∥ 𝑎 − 𝑏 ∥<
𝜀

𝐴
  implies ∥ 𝐴𝑎 − 𝐴𝑏 ∥=∥ 𝐴(𝑎 − 𝑏) ∥≤ 𝐴 ∥ 𝑎 − 𝑏 ∥< 𝜀. 

Conversely, let 𝜓 be continuous. For  𝜀 > 0, there exists 𝛿 > 0 such that ∥ 𝑎 ∥≤ 𝛿 implies ∥

𝐴𝑎 ∥< 𝜀. For any arbitrary  𝑎, the linearity of  𝜓 and the continuity precisely at 0 guarantee 

that we can write 

∥ 𝐴(𝑎) ∥  =  ∥ 𝐴 (
𝑏𝛿

∥ 𝑎 ∥
) ∥

∥ 𝑏 ∥

𝛿
  ≤   

𝜀

𝛿
∥ 𝑏 ∥. 

Thus the constant  𝐴 exists.  

Remark 3.6. We can have unbounded linear mapping but they cannot exist in the whole 

paraletrix space. It is important to note that the collection of bounded linear mappings in  𝑃 is a 
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vector space (this can be considered as an analogous result of Theorem 2.12). Simply put, it is 

a non-commutative algebra, that is to say that we can have two linear mappings  𝜓 and  𝜃 such 

that  𝜓𝜃 ≠ 𝜃𝜓. 

The Lemma below presents the norm of the composition of linear mappings since we know 

from Proposition 3.4 that the composition of linear mappings in paraletrix spaces exists. 

Lemma 3.7. Let   𝑃, 𝑄 𝑎𝑛𝑑 𝑅  be any  3 × 7-heart oriented paraletrix linear spaces and let 

𝜓 ∶ 𝑃 → 𝑄, 𝜃 ∶ 𝑄 → 𝑅  be linear mappings. Then   ∥ 𝜃 ∘  𝜓 ∥  ≤  ∥ 𝜃 ∥ ∥  𝜓 ∥. 

Proof.  Let  𝑎 𝜖 𝑃, then we have that  

∥ (𝜃 ∘  𝜓)(𝑎) ∥ = ∥ 𝜃 ∘ (𝜓(𝑎) ∥≤ ∥ 𝜃 ∥ ∥  𝜓(𝑎) ∥ 

   =∥ 𝜃 ∥ ∥  𝜓 ∥ ∥ 𝑎 ∥ . 

Consequently, ∥ 𝜃 ∘  𝜓 ∥≤∥ 𝜃 ∥ ∥  𝜓 ∥ and the proof is complete.  

We will conclude this section by considering a special case of linear mappings  from  𝑃 into 

its field  𝐾 of scalars. Obviously, our previous results for mappings from  𝑃 to 𝑄 necessarily 

hold for this special case. 

Let  𝑃 be a  3 × 7 dimensional heart-oriented paraletrix linear space over a field  𝐾. A 

mapping Λ ∶ 𝑃 → 𝐾 is said to be a linear functional if for every  𝑎, 𝑏 ϵ 𝑃 and 𝑘1, 𝑘2ϵ 𝐾, 

Λ(𝑘1𝑎 + 𝑘2𝑏) = 𝑘1Λ(𝑎) + 𝑘2Λ(𝑏). 

Example 3.8. Let 𝑃(𝑡) be a paraletrix linear space of polynomials in  𝑡 over the real field  ℝ. 

Let Φ ∶ 𝑃 → ℝ be the integral mapping defined by  𝛷(𝑃(𝑡)) = ∫ 𝑃(𝑡)𝑑𝑡
1

0
. It follows from [9] 

that  𝛷 is linear so that it is a linear functional in 𝑃. 

The following Theorem is analogous to Theorem 3.3. 

Theorem 3.9.  Let  𝑃  be a paraletrix linear space over a field  𝐾. Then the collection of all 

linear functional from 𝑃 to 𝐾 with the operation of addition and scalar multiplication form a 

vector space over 𝐾. 

Proof.  Similar to that of Theorem 3.3.  

The vector space of linear functional in Theorem 3.9 will denoted by 𝑃~ and referred to as 

the dual space of  𝑃. 

Remark 3.10. It is important to note that every 3 × 7 dimensional heart-oriented paraletrix 

linear space  𝑃 has a dual space  𝑃~ and this space consists of all the linear functions in  𝑃. This 

implies that  𝑃~ itself has a dual space 𝑃~~. This space will be referred to as the second dual of  

𝑃 and it consists of all the linear functional in 𝑃~. 

Theorem 3.11.  Let  𝑃 be a  3 × 7 dimensional heart-oriented paraletrix linear space and  𝑃~ 

be the dual space of  𝑃.  Then each  𝑎 ϵ 𝑃 determines a unique element  𝑎̅ ϵ 𝑃~~ such that for 

any 𝛬 ϵ 𝑃~ we have that 𝑎̅(𝛬) = 𝛬(𝑎). 

Proof. We are to prove that the map  𝑎̅ ∶  𝑃~ → 𝐾 is linear. Now for any 𝑘1, 𝑘2 ϵ 𝐾 and any 

linear functionals  𝛬, 𝜔 ϵ 𝑃~, we have that 

𝑎̅(𝑘1𝛬 + 𝑘2𝜔) = (𝑘1𝛬 + 𝑘2𝜔)(𝑎) = 𝑘1𝛬(𝑎) + 𝑘2𝜔(𝑎) = 𝑘1𝑎̅(𝛬) + 𝑘2𝑎̅(𝜔). 

Thus  𝑎̅  is linear and so  𝑎̅ ϵ 𝑃~~.                                                                                               
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4 Adjoints of linear mappings in paraletrix spaces 

This section considers adjoints of linear mappings in paraletrix spaces. It is known from 

Example 2.8 that an inner product can be defined in paraletrix spaces. The results obtained in 

this section are analogous to the ones given on inner product spaces, precisely on matrix spaces 

𝑀 = 𝑀𝑚,𝑛.We start by showing that the adjoint of a linear map in paraletrix spaces is linear. 

Lemma 4.1. Let 𝑃 𝑎𝑛𝑑 𝑄 be two paraletrix linear spaces and let 𝜓 ∶ 𝑃 → 𝑄 be a linear 

mapping. Then the adjoint 𝜓∗ is linear. 

Proof. Let  𝑚, 𝑛 ϵ 𝑄. Then we have from Definition 2.3 and Definition 2.6 that 

〈𝑎,  𝜓∗(𝑚 + 𝑛)〉 = 〈𝜓(𝑎), 𝑚 + 𝑛〉 

                                                                 = 〈𝜓(𝑎), 𝑚〉 + 〈𝜓(𝑎), 𝑛〉                   (by Definition 2.6 (ii)) 

      = 〈𝑎, 𝜓∗(𝑚)〉 + 〈𝑎, 𝜓∗(𝑛)〉 

                                                                 = 〈𝑎, 𝜓∗(𝑚) + 𝜓∗(𝑛)〉 . 

It follows that  𝜓∗(𝑚 + 𝑛) = 𝜓∗(𝑚) + 𝜓∗(𝑛). 

Now let  𝑘 ϵ 𝐾 and 𝑚 ϵ 𝑄. Then we have that 

〈𝑎,  𝜓∗(𝑘𝑚)〉 = 〈𝜓(𝑎), 𝑘𝑚〉 

                                                         = 𝑘〈𝜓(𝑎), 𝑚〉                                     (by Definition 2.6 (ii)) 

                                                                = 𝑘〈𝑎,  𝜓∗(𝑚)〉 

                                                                = 〈𝑎,  𝑘𝜓∗(𝑚)〉 . 

Consequently,  𝜓∗(𝑘𝑚) =  𝑘𝜓∗(𝑚). Thus 𝜓∗ is linear.  

The following theorem gives the properties of the adjoint which is analogous to that of 

Theorem 2.10 of [17] and Theorem 5.1 of [4]. 

Theorem 4.2. Let  𝑃, 𝑄 𝑎𝑛𝑑 𝑅 be paraletrix linear spaces and let  𝜓 ∶ 𝑃 → 𝑄 𝑎𝑛𝑑  𝜃 ∶ 𝑄 → 𝑅 

be linear mappings. Then we have that 

i)    (𝜓 + 𝜃)∗ = 𝜓∗ + 𝜃∗,  

ii)   (𝑘𝜓)∗ = 𝑘𝜓∗ for all 𝑘 ϵ 𝐾, 

iii)  (𝜓 ∘ 𝜃)∗ = 𝜓∗ ∘ 𝜃∗, 

iv)   (𝜓∗)∗ = 𝜓. 

Proof. (i) For any  𝑎 ϵ 𝑃 and  𝑚 ϵ 𝑄 we have that 

〈(𝜓 + 𝜃)(𝑎), 𝑚〉 = 〈𝜓(𝑎) + 𝜃(𝑎), 𝑚〉 = 〈𝜓(𝑎), 𝑚〉 + 〈𝜃(𝑎), 𝑚〉 

                                                     = 〈𝑎, 𝜓∗(𝑚)〉 + 〈𝑎, 𝜃∗(𝑚)〉 = 〈𝑎, 𝜓∗(𝑚) + 𝜃∗(𝑚)〉 

                                                     = 〈𝑎, (𝜓∗ + 𝜃∗)(𝑚)〉 . 

Consequently, it follows that  (𝜓 + 𝜃)∗ = 𝜓∗ + 𝜃∗. 

ii) The proof is obvious. 

iii) Let  𝑎 ϵ 𝑃  and 𝑟 ϵ 𝑅, then we have that 

〈𝑎, (𝜃 ∘ 𝜓)∗(𝑟)〉 = 〈(𝜃 ∘ 𝜓)(𝑎), 𝑟〉 = 〈𝜃(𝜓(𝑎)), 𝑟〉 

                                                                  = 〈𝜓(𝑎), 𝜃∗(𝑟)〉 = 〈𝑎,  𝜓∗(𝜃∗(𝑟))〉 . 

Consequently, it follows that  

(𝜃 ∘ 𝜓)∗(𝑟) =  𝜓∗(𝜃∗(𝑟)) = (𝜓∗ ∘ 𝜃∗)(𝑟). 

Thus  (𝜃 ∘ 𝜓)∗ = 𝜓∗ ∘ 𝜃∗. 

iv) The proof is a routine check.  
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We know from Lemma 2.2 that a paraletrix linear map is a semigroup. The theorem below 

shows that the adjoint of linear mappings on paraletrix spaces is also a semigroup. 

Theorem 4.3. Let  𝑃, 𝑄, 𝑅 𝑎𝑛𝑑 𝑆 be paraletrix linear spaces and  𝜓 ∶ 𝑃 → 𝑄, 𝜃 ∶ 𝑄 → 𝑅 𝑎𝑛𝑑 

 𝛽 ∶ 𝑅 → 𝑆 be linear mappings. Then  𝜓∗ ∘ (𝜃∗ ∘ 𝛽∗) = (𝜓∗ ∘ 𝜃∗) ∘ 𝛽∗. 

Proof. Let  𝑎 ϵ 𝑃, 𝑚 ϵ 𝑄, 𝑟 ϵ 𝑅 and 𝑠 ϵ 𝑆, then we have that 

𝜓∗ ∘ 𝜃∗ = 〈𝜓(𝑎), 𝑚〉 ∘ 〈𝜃(𝑚), 𝑟〉 = 〈𝑎, 𝜓∗(𝑚)〉 ∘ 〈𝑚, 𝜃∗(𝑟)〉 

                                               = 〈𝑎 + 𝑚, 𝜓∗(𝑚) + 𝜃∗(𝑟)〉, 

(𝜓∗ ∘ 𝜃∗) ∘ 𝛽∗ = 〈𝑎 + 𝑚, 𝜓∗(𝑚) + 𝜃∗(𝑟)〉 ∘ 〈𝑟, 𝛽∗(𝑠)〉 

                                                                = 〈(𝑎 + 𝑚) + 𝑟, (𝜓∗(𝑚) + 𝜃∗(𝑟)) + 𝛽∗(𝑟)〉.. 

Similarly, 

  𝜃∗ ∘ 𝛽∗ = 〈𝜃(𝑚), 𝑟〉 ∘ 〈𝛽(𝑟), 𝑠〉 = 〈𝑚, 𝜃∗(𝑟)〉 ∘ 〈𝑟, 𝛽∗(𝑠)〉 

                                                  = 〈𝑚 + 𝑟, 𝜃∗(𝑟) + 𝛽∗(𝑠)〉, 

𝜓∗ ∘ (𝜃∗ ∘ 𝛽∗) = 〈𝑎, 𝜓∗(𝑚)〉 ∘ 〈𝑚 + 𝑟, 𝜃∗(𝑟) + 𝛽∗(𝑠)〉 

                                                                 = 〈𝑎 + (𝑚 + 𝑟), 𝜓∗(𝑚) + (𝜃∗(𝑟) + 𝛽∗(𝑠))〉. 

Consequently, we have that  

(𝑎 + 𝑚) + 𝑟 =  𝑎 + (𝑚 + 𝑟),  (𝜓∗(𝑚) + 𝜃∗(𝑟)) + 𝛽∗(𝑟) = 𝜓∗(𝑚) + (𝜃∗(𝑟) + 𝛽∗(𝑠)). 

Thus  𝜓∗ ∘ (𝜃∗ ∘ 𝛽∗) = (𝜓∗ ∘ 𝜃∗) ∘ 𝛽∗.  

Below is an example of an adjoint. 

Example 4.4. Let  𝑃 be a paraletrix linear space and  𝛾 ∶ 𝑃 → 𝑃 be a linear operator defined by 

the rule:  𝛾(𝑝1)(𝑥) = ∫ 𝑝1(𝑡)𝑑𝑡
𝑥

0
  where  𝑝1 is a  3 × 7 dimensional heart-oriented paraletrix.  

It is known from Example 3.8 that  𝛾 is a linear functional and that integrals can be defined  

over  𝑝1 . Now suppose that  𝑝2 is also a  3 × 7 dimensional heart-oriented paraletrix and  𝛾∗ is 

such that 𝛾∗(𝑝2)(𝑦) = ∫ 𝑝2(𝑠)𝑑𝑠.
1

𝑦
 Then we have that 

〈𝛾(𝑝1), 𝑝2〉 = ∫ ∫ 𝑝1(𝑡)𝑑𝑡 𝑝2(𝑥)̅̅ ̅̅ ̅̅ ̅
𝑥

0

1

0

𝑑𝑥 = ∫ ∫ 𝑝2(𝑥)̅̅ ̅̅ ̅̅ ̅ 𝑑𝑠
1

𝑡

1

0

 𝑝1(𝑡)𝑑𝑡 

                                                = 〈𝑝1, 𝛾∗(𝑝2)〉. 

5 Application of adjoints in fractional calculus 

In this section, we look at an evolutionary equation arising from fractional calculus and then 

present an adjoint problem corresponding to this equation. 

Consider a mathematical model of some physical process that is governed by the fractional 

partial differential equation of the type: 

𝜕𝑞𝑢

𝜕𝑡𝑞 + 𝐴𝑢 = 𝑓,    𝑢(𝑥, 0) = 𝑔(𝑥),   𝑡 = 0, (5.1) 

where  𝐴 is a linear operator acting in the paraletrix space  𝑃 with the domain 𝐷(𝐴), 𝑔(𝑥) ϵ 𝑃,

𝑢 = 𝑢(𝑥, 𝑡) ϵ 𝐷(𝐴), 𝑓 = 𝑓(𝑥, 𝑡) ϵ 𝑃 for each  𝑡 ϵ [0, 𝑇], 𝑇 < ∞.  In this case,  𝑢 = 𝑢(𝑥, 𝑡) is 

an unknown continuous function with fractional order 0 < 𝑞 ≤ 1 while the continuous 
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function 𝑓 denotes the external force or source function. The quantity  
𝜕𝑞𝑢(𝑥,𝑡)

𝜕𝑡𝑞
 represents the 

Caputo fractional partial derivative defined by 

𝜕𝑞𝑢(𝑥,𝑡)

𝜕𝑡𝑞
=

1

Γ(1−𝑞)
∫ (𝑡 − 𝜀)−𝑞𝑢𝑡(𝑥, 𝜀)𝑑𝜀 ,      𝑡 > 0.

𝑡

0
 (5.2) 

Now the adjoint problem corresponding to Equation (5.1) is as follows: 

−
𝜕𝑞𝑢∗

𝜕𝑡𝑞
+ 𝐴∗𝑢∗ = 𝑓∗,    𝑢∗(𝑥, 0) = 𝑔∗(𝑥),   𝑡 = 𝑇, (5.3) 

where the function 𝑓∗ and 𝑔∗ are yet to be determined and 𝐴∗ is the adjoint operator of 𝐴. 𝐴∗ is 

such that at each 𝑡: 

〈𝐴𝑢, 𝑢∗〉 = 〈𝑢, 𝐴∗𝑢∗〉,      𝑢 ϵ 𝐷(𝐴), 𝑢∗ϵ 𝐷(𝐴∗). 

From (5.1) and (5.3) we have that 

∫
𝜕𝑞

𝜕𝑡𝑞

𝑇

0

(𝑢∗, 𝑢)𝑑𝑡 + ∫ [(𝐴𝑢, 𝑢∗) − (𝑢, 𝐴∗𝑢∗)]𝑑𝑡 = ∫ [(𝑓, 𝑢∗) − (𝑓∗, 𝑢)]𝑑𝑡.
𝑇

0

𝑇

0

 

. 

Thus, 

(𝑔, 𝑢𝑇) − (𝑔, 𝑢0
∗) = ∫ [(𝑓, 𝑢∗) − (𝑓∗, 𝑢)]𝑑𝑡,

𝑇

0
 (5.4) 

where 𝑢𝑇 = 𝑢(𝑇), 𝑢0
∗ = 𝑢∗(0). 

The exact solution of (5.1) using Laplace transform is given by  

𝑢(𝑥, 𝑡) = 𝑔(𝑥)𝐸𝑞(−𝐴𝑡𝑞) + ∫ (𝑡 − 𝜀)𝑞−1
𝑡

0

𝐸𝑞,𝑞(−𝐴(𝑡 − 𝜀)𝑞)𝑓(𝑥, 𝜀) 𝑑𝜀, 

where 𝐸𝑞(−𝐴𝑡𝑞) = ∑
(−𝐴𝑡𝑞)𝑘

Γ(𝑞𝑘+1)

∞
𝑘=0   , 𝑞 > 0 is the well-known Mittag-Leffler function. 

Remark 5.1. One can also find a linear functional of the solution of (5.1). In fact, sensitivity of 

this functional depends on the solution of the adjoint problem (5.3). Subsequent work will 

consider generalizations of the above results to fractional calculus with general analytic 

kernels. 

6 Conclusion 

We have used the known results in rhotrix vector spaces to study linear mappings in paraletrix 

spaces and obtained some interesting results. In section 4, we showed that the adjoints of these 

mappings exist and they are analogous to that of matrix spaces. Finally, we applied these 

adjoints to a mathematical model in fractional calculus. 

Acknowledgements 

We sincerely wish to thank the reviewers for their helpful comments. 



709 

References 

[1] Ajibade, A. O. (2003).The concept of Rhotrix in mathematical enrichment. International 

Journal of Mathematical Education in Science and Technology, 34, 175–179. 

[2] Aminu, A. (2010). Rhotrix vector spaces. International Journal of Mathematical 

Education in Science and Technology, 41(4), 531–538. 

[3] Aminu, A. (2010). An example of linear mappings: extension to rhotrices. International 

Journal of Mathematical Education in Science and Technology, 41(5), 691–698. 

[4] Aminu, A., & Michael, O. (2014). An introduction to the concept of paraletrix, a 

generalization of rhotrix. Afrika Matematica, 26, 871–885. 

[5] Atanassov, K. T., & Shannon, A. G. (1998). Matrix-Tertions and Matrix-Noitrets: Exercise 

for Mathematical Enrichment. International Journal of Mathematical Education in 

Science and Technology, 29, 898–903. 

[6] Carpinteri, A. & Mainardi, F. (1977). Fractals and Fractional Calculus in Continuum 

Mechanisms. Springer-Verlag Wien GmbH, No. 378. 

[7] Fernandez, A., Ozarslan, M. A., & Baleanu, D. (2019).  On fractional calculus with 

general analytic kernels. Applied Mathematics and Computation, 354, 248–265. 

[8] Kreyszig, E. (1978). Introductory Functional Analysis with Applications. Wiley & Sons. Inc.  

[9] Ndubuisi, R. U., Abubakar, R. B., Udoaka, O. G., & Ugbene, I. J. (2021). Characterization 

of a heart-oriented paraletrix. Journal of Mathematical and Computational Science, 

11(3), 3130–3150. 

[10] Nwajeri, U. K, Omame, A., & Onyenegecha, C. P. (2021). Analysis of a fractional order 

model for HPV and CT co-infection. Results in Physics, 28,104643. 

[11] Oldham, K. B., & Spanier, J. (1974). The Fractional Calculus. Academic Press, New York. 

[12] Oni, M., & Aminu, A. (2015). Paraletrix linear space. Journal of the Nigerian Association 

of Mathematical Physics, 31, 279–284. 

[13] Omame, A., Nwajeri, U. K, Abbas, M., & Onyenegecha, C. P. (2022). A fractional order 

control model for diabetes and Covid-19 co-dynamics with Mittag-Leffler. Alexandria 

Engineering Journal, 61(10), 7619–7635. 

[14] Omame, A., Okuonghae, D., Nwajeri, U. K., & Onyenegecha, C. P. (2021). A fractional-

order multi-vaccination model for Covid-19 with non-singular kernel. Alexandria 

Engineering Journal, 61(8), 6089–6104. 

[15] Podlubny, I. (1999). Fractional Differential Equations. Academic Press, San Diego, Vol. 

198. 

[16] Sani, B. (2004). An alternative method for multiplication of rhotrices. International 

Journal of Mathematical Education in Science and Technology, 35, 777–781. 

[17] Stephen, B., & Lieven, V. (2018). Introduction to Applied Linear Algebra: Vectors, 

Matrices and Least-Squares. Cambridge University Press. 


