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Abstract: Using a strictly increasing function « : [1,00) — [1,00), we define below (see(1.1)
and (1.2)) two functions S, : [1,00) — Nand S¥ : [1,00) — N, where N is the set of all natural
numbers. The functions S, and S} respectively generalize the functions S and S, introduced and
studied by J. Sandor [5] as well as the functions GG and G, considered by N. Anitha [1]. In this
paper we obtain several properties of S, and S - some of which give the results of Sdndor [5]
and of Anitha [1] as special cases.
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1 Introduction

Suppose « : [1,00) — [1,00) is a strictly increasing function. For any real number z, define the
functions
Sa(z) = min{m € N: a(m) > z} (1.1)

and
S (xz) = max{m € N: a(m) < z}, (1.2)

where N is the set of all natural numbers.
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Clearly, both S, (z) and S¥(x) are defined for z > 1, with their values in N. Also if z = a(k)
for some k € N, then S,(z) = Si(z) = k; and if a(k) < 2 < a(k + 1) for some k € N, then
Sa(x) = k + 1 while S (z) = k, so that

Su(x) = S*(x), ifz = a(k)forsomek € N
) SE(x) 1, ifak) <z < a(k+1) for some k € N,
Hence
SH(x) < Sulz) < Si(x)+1 forz € [1,00). (1.3)
Examples:

(a) If F(z) = [z]! for x > 1, then note that
Sp(z) = S(z) and Sp(x) = Si(z), (1.4)

the two functions introduced and studied by J. Sandor [5], who called S(x) as “the additive
analogue of the Smarandache function” and S, (z) as the “dual” of S(x).

(b) If E(x) = e” for z > 1, then we observe that
Sgp(x) = G(x) and Sy (z) = G.(x), (1.5)
the two functions considered by N. Anitha [1].

(c) If I(x) = x for x > 1, then
Si(x) = [«], (1.6)
showing that S* () is a generalization of the greatest integer function.

(d) If I,(z) = 2" forx > 1 and r > 0, then

1

Sy (x) = [a7). (1.7)

In Section 2 of this note, we show that the basic properties proved for S, (x) in [5] and for
G.(z) in [1] also hold for S} (z), in addition to some new discussed here. An asymptotic result
proved for S¥(x) (in Section 3) gives an easy proof for the similar result for G, (x) established
in [1].

2 Properties of S}, ()

In the rest of the paper « : [1,00) — [1,00) is a strictly increasing function and S’ (z) is the
corresponding function defined in (1.2).
Note that, in view of (1.3), it suffices to study S¥(x).

Theorem 2.1. (A) S% : [1,00) — N is surjective and monotonic increasing.
(B) For x > «(9) the interval (S},(x), 357 (x)) has at least one prime. In other words,

’» 3«

7 (55:0) = 7 (8260 2 1for > (o),

where  (t) is the number of primes not exceeding t > 1
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Proof. (A) Given k € N, then for any = € [a(k), a(k + 1)) we have S%(x) = k, proving S is a
surjection.

If x,y € [1,00) with x < y, then there exist k,! € N such that x € [a(k),a(k + 1)) and
y € [a(l),a(l + 1)). Since « is strictly increasing it follows that & < [ giving S (z) < SZ(y).

(B) If = > «(9), then, by (A) of the theorem, there is a n € N such that S¥(x) = n and that
n=.5x) > Si(a(9)) =9. Thatis,
if > «(9), then there isn € N with S (z) =nandn > 9. (2.1)

Rohrbach and Weiss [4] showed that for any integer n > 118 the open interval ( n, 1—3 ) has

at least one prime number. Also, by a direct verification, one finds that for any integer n with
. . . 14 4 .
9 < n < 118 the open interval (n, 3n) has at least one prime. Since 13 < 3- it follows that

4
(n, gn) has at least one prime number for any integer n > 9. (2.2)

From (2.1) and (2.2), part (B) of the theorem follows. [l

Remark 2.2. We note that in the special case of a(x) = F(x) = [z]!, it has been proved in [3],
using estimates for In(n!) that the open interval (S(x), S(x?)) has at least one prime for z > v/13!.

Theorem 2.3. (A) If D = {«a(k) : k € N}, then at each point of D the function S (z) is
right-continuous but not left-continuous; also S (x) is contiuous elsewhere in [1,00). More
precisely, S’ (x) is continuous on [1,00) — D.

b
(B) On any bounded interval [a, b], the function S} (x) is Riemann integrable and that / S*(z)dx

is as given in (2.4).
Proof. (A) Observe that

St (a(k) +0) = lim S:(z)=kand S. (a(k) —0) = lim Si(zr)=Fk—1,
z—a(k) z—a(k)
x>a(k) x<a(k)
which shows that S (z) is discontinuous at each a(k). Also since S% (a(k)) = k, we get
St (a(k)+0) = St(a(k)) = k and S’ (a(k) —0) # SE(a(k)). Thatis, Si(zx) is right-
continuous at each «(k) and not left-continuous at any «(k). Clearly, it is continuous elsewhere.

(B) If [a,b] is a bounded interval, then it has only a finite number of a(k), (since « is strictly
increasing) which are discontinuities of S’ (). Therefore, by Lebesgue’s criterion (Theorem 7.48
of [2], p. 171), S is Riemann integrable on [a, b].

If [a,b] C [a(k), a(k + 1)) for some k € N, then S%(x) = k for all = € [a, b] so that

b
/ SH(x)dr = k(b—a). (2.3)

If [a, b] is any bounded interval with a € [a(k), a(k+1)) and b € (1), (I +1)) for k,l € N,
then
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b a(k+1) I=k=1  nq(k+t+1) b
/s;;(x)dx:/ Sk (x)dx + Z/ s;;(a;)da;+/ S (z)da
a a t=1 «@

(k) all)
=k{a(k+1)—a}+ i (k+t){ak+t+1)—ak+t)} +{b—a()}, 2.4

t=1

wherein we used (2.3). []

Now we show that certain real functions are Riemann—Stieltjes integrable with respect to 57
on any bounded interval [a, b].

Theorem 2.4. Suppose f is a bounded real-valued function defined on |a,b| such that it is
left-continuous at each o(k) € Dy = D N |a,b]. Then [ is Riemann—Stieltjes integrable with
respect to S}, on |a, b] and

b
[ r@aisi@) = Y fal).
@ a(k)eDo
Trivially, the theorem holds if [ is continuous on |a, b].

Proof. Function f is left-continuous at each a(k) € D (by hypothesis) and S’ is right-continuous
at each a(k) € D, (by Theorem 2.3 (A)). Therefore, by Theorem 7.11 of [2] (p. 148-149), f is
Riemann-Stieltjes integrable with respect to S on [a, b] and the identity of the theorem holds. [

Corollary 2.5. If f is a bounded real-valued function defined on [a,b] and is left-continuous at

each integer in |a, b, then f is Riemann—Stieltjes integrable with respect to [x] and
b
[ @ = 3 s
a keNN[a,b]
Proof. Taking a(x) = I(z) = x in Theorem 2.4, the Corollary follows in view of (1.6). O
Remark 2.6. Corollary 2.5 is well-known (for instance, see [2], Theorem 7.12., p. 149).

Remark 2.7. If « is also continuous on [a, b, then by Theorem 2.4, « is Riemann—Stieltjes
integrable with respect to S* on [a, b] and

[ a@as@n= Y atm). 25
“ a(k)€Do
Taking, for instance a(x) = [,.(z) = 2" in (2.5), we get in view of (1.7), that
/b 2"d ([g;%]) =S = Y R 2.6)
¢ “SklgNgb a%%ég%b%
As a particular case of (2.6), we have

/19 2d([V]) = ) k*=098 (2.7)

1<k<3
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Again, taking a(z) = E(z) = €” for x € [e, 00) in (2.5), we get for any [a, b] C [e, 00), that

b
/ e'd(Gu(z) = Y e (2.8)

a<ek<b
keN

3 An asymptotic result

In addition to the strictly increasing nature, if the function « is also continuous on [1, c0) with
range R = « ([1,00)), then it is easy to see that o : [1,00) — R is a bijection and hence has

1

inverse a~!. Moreover, by Theorem 4.53 of [2] (p. 95), a~! is also continuous and strictly

increasing on R.

Theorem 3.1. If « is continuous and strictly increasing on [1,00), then S’ (x) ~ o~ () as
T — OQ.

Proof. For any x > 1 there is a unique n € N such that a(n) < z < a(n + 1). Then S’ (z) =n
and n < a~!(z) < n + 1. Therefore

n Sk (x) N
n+1l al(z) ~n’
which gives
S*
lim < lim 228 g
n—oo N T—r00 ail(x)
since n — oo as x — oo. This proves the theorem. ]

Corollary 3.2. If « is continuous and strictly increasing on [1,00), then S,(x) ~ a~'(x) as
T — o0

Proof. Immediate from (1.3) and Theorem 3.1. [l
Corollary 3.3. ([1], Equation (2.1)) G.(z) ~ Inz as © — .

Proof. Taking a(z) = E(x) = e for x > 1 in Theorem 3.1, the Corollary follows in view of
(1.5) and the fact E~'(z) = Inz forx > e. O

Remark 3.4. Since I 7'(z) = rand I ' (z) = z+ for z > 1, we get two trivial asymptotic results
Si(xz) = [#] ~ xand S} (x) = [x7] ~ 7 as & — oo, from Theorem 3.1.

Remark 3.5. Since F'(z) = [z]! for x > 1, is not continuous, Theorem 3.1 is not applicable for

S.(x), given in (1.4). However Sandor [5] proved that S, (z) ~ 102)5) zw as x — 00, using Stirling
formula.
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