
Notes on Number Theory and Discrete Mathematics
Print ISSN 1310–5132, Online ISSN 2367–8275
2022, Volume 28, Number 4, 666–676
DOI: 10.7546/nntdm.2022.28.4.666-676

New type degenerate Stirling numbers
and Bell polynomials

Hye Kyung Kim
Department of Mathematics Education, Daegu Catholic University

Gyeongsan 38430, Republic of Korea
e-mail: hkkim@cu.ac.kr

Received: 19 July 2022 Revised: 22 September 2022
Accepted: 24 October 2022 Online First: 27 October 2022

Abstract: In this paper, we introduce a new type degenerate Stirling numbers of the second
kind and their degenerate Bell polynomials, which is different from degenerate Stirling numbers
of the second kind studied so far. We investigate the explicit formula, recurrence relation and
Dobinski-like formula of a new type degenerate Stirling numbers of the second kind. We also
derived several interesting expressions and identities for bell polynomials of these new type
degenerate Stirling numbers of the second kind including the generating function, recurrence
relation, differential equation with Bernoulli number as coefficients, the derivative and Riemann
integral, so on.
Keywords: Stirling numbers of the first and second kind, Degenerate Stirling numbers of the
second kind, Bell polynomials, Bernoulli polynomials.
2020 Mathematics Subject Classification: 05A15, 05A18, 11B68.

1 Introduction

Special functions and polynomials appear in mathematical physics, electrodynamics, quantum
mechanics, and even in statistics and biology to find explicit solutions to the most important
problems. Among them, one of the most important sets of special numbers is the class of Stirling
numbers (of the first and second kind), introduced in 1730 by the Scottish mathematician James
Stirling (1692, 1770). The Stirling numbers of the second kind are generally denoted by S2(n, k)

and are often denoted by
{
n

k

}
in combinatorics problems.
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The degenerate version of these special numbers and polynomials were stared by Carlitz
[3]. In recent years, some mathematicians have explored degenerate versions of many special
polynomials and numbers, including the degenerate Stirling numbers of the first and second
kinds, the degenerate Bell numbers and polynomials, the degenerate Bernoulli polynomials,
the degenerate Euler polynomials, degenerate Hermite polynomials, degenerate Lah–Bell
polynomials and so on (see [3–6, 8, 10, 12, 13, 15–17, 19]). Many scholars have found many
interesting results for these degenerate versions by using several other tools such as combinatorial
methods, function generations, p-adic analysis, umbral calculus techniques, differential equations,
probability theory and operator theory, so on (see [7, 9, 11, 14, 18, 20]).

In this paper, we introduce a new type degenerate Stirling numbers of the second kind and
their degenerate Bell polynomials, which is different from degenerate Stirling numbers of the
second kind studied so far. We investigate several interesting expressions and identities for
these numbers and polynomials. In more detail, we derive the explicit formula of a new type
degenerate Stirling numbers of the second kind, the generating function and recurrence relation of
degenerate Bell polynomials, the derivative and Riemann integral expressions for their degenerate
Bell polynomials, so on. In addition, we investigate the Dobinski-like formula of the degenerate
Bell polynomials for new type of degenerate String number of second kind by using the series
transformation formula proved by Boyadzhiev in [1].

First, we introduce several definitions and properties needed in this paper.

The Stirling numbers of the second kind S2(n, k) are the number of ways in which n-labelled
objects can be subdivided among k disjoint and non-empty subsets. The Stirling numbers of the
second kind S2(n, k) are given by

xn =
n∑
l=0

S2(n, l)(x)l (1)

(see [2, 3, 10]), where (x)0 = 1 and (x)n = x(x− 1)(x− 2) · · · (x− n+ 1).
From (1), the generating function of S2(n, k) is

1

k!
(et − 1)k =

∞∑
n=k

S2(n, k)
tn

n!
(2)

(see [2, 3, 10]).
For n ≥ 0, the Stirling numbers of the first kind S1(n, k) are defined by

(x)n =
n∑
l=0

S1(n, l)x
l (3)

(see [2, 3]), and the generating function of S1(n, k) is

1

k!
(log(1 + t))k =

∞∑
n=k

S1(n, k)
tn

n!
(4)

(see [2, 3]).
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The ordinary Bell polynomials are given by

beln(x) =
n∑
k=0

S2(n, k)x
k (5)

(see [2, 3]).
By (5), it is well known that the generating function of beln(x) are given by

ex(e
t−1) =

∞∑
n=0

beln(x)
tn

n!
(6)

(see [2, 3, 13, 17]).
The Bernoulli polynomials are given by the generating function to be

t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
. (7)

When x = 0, Bn = Bn(0) are called the Bernoulli numbers.
For any λ ∈ R, the degenerate exponential function exλ(t)

exλ(t) = (1 + λt)
x
λ =

∞∑
n=0

(x)n,λ
tn

n!
(8)

(see [6–19]), where (x)0,λ = 1 and (x)n,λ = x(x− λ) · · ·
(
x− (n− 1)λ)

)
, (n ≥ 1).

The degenerate Stirling numbers of the second kind are given by as follows:

(x)n,λ =
n∑
l=0

S2,λ(n, l)(x)l, (n ≥ 0) (9)

(see [6–10, 13, 16, 17]).
As an inversion formula of the degenerate Stirling numbers of the second kind, the degenerate

Stirling numbers of the first kind are defined by

(x)n =
n∑
l=0

S1,λ(n, l)(x)l,λ, (n ≥ 0) (10)

(see [6–10, 13, 17]).
From (9) and (10), it is well known that

1

k!

(
eλ(t)− 1

)k
=
∞∑
n=k

S2,λ(n, k)
tn

n!
(k ≥ 0) (11)

(see [10, 11, 13, 17]) and

1

k!

(
logλ(1 + t)

)k
=
∞∑
n=k

S1,λ(n, k)
tn

n!
(k ≥ 0) (12)

(see [6, 15, 16]).
The degenerate partial Bell polynomials were introduced by Kim et al. in [13] as follows:

beln,λ(x) =
n∑
j=1

S2,λ(n, j)x
j, (n ≥ 0). (13)

When x = 1, beln,λ = beln,λ(1) are called the degenerate partial Bell numbers.
When limλ→0 beln,λ(x) = beln(x).
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From (13), the generating function of beln,λ(x) is

ex(eλ(t)−1) =
∞∑
n=0

beln,λ(x)
tn

n!
(14)

(see [13]).
In this paper, we introduce a new type degenerate Stirling numbers of the second kind and

degenerate Bell polynomials, which is different from degenerate Stirling numbers of the second
kind studied so far. We investigate several interesting expressions and identities for these numbers
and polynomials.

2 New type of degenerate Stirling numbers
and its Bell polynomials

Let t be a real variable, λ be a real number, and let n be a nonnegative integer.
In view of (2), we introduce a new type degenerate Stirling numbers of the second kind as

1

k!
(et − 1)k,λ =

∞∑
n=k

S∗2(n, k|λ)
tn

n!
and S∗2(n, 0|λ) = 0, (n ≥ 1). (15)

When limλ→0 S
∗
2(n, k|λ) = S2(n, k).

Theorem 2.1. For n ≥ k ≥ 0, we have

S∗2(n, k|λ) =
1

k!

n∑
j=0

k∑
l=j

j! S2,λ(k, l)S1(l, j)S2(n, j),

where S2,λ(n, l) are the degenerate Stirling numbers of the second kind.

Proof. From (2), (3), (9) and (15), we note that

∞∑
n=k

S∗2(n, k|λ)
tn

n!
=

1

k!
(et − 1)k,λ =

1

k!

k∑
l=0

S2,λ(k, l)(e
t − 1)l

=
1

k!

k∑
l=0

S2,λ(k, l)
l∑

j=0

S1(l, j)(e
t − 1)j

=
1

k!

k∑
j=0

k∑
l=j

S2,λ(k, l)S1(l, j)j!
∞∑
n=j

S2(n, j)
tn

n!

=
1

k!

∞∑
n=k

n∑
j=0

k∑
l=j

j! S2,λ(k, l)S1(l, j)S2(n, j)
tn

n!
.

(16)

By comparing the coefficients of both sides of (16), we have the desired identity.
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Remark 1. Replacing t by log(1 + t) in (15), we note that
1

k!
(t)k,λ =

∞∑
m=k

S∗2(m, k|λ)
1

m!

(
log(1 + t)

)m
=

∞∑
m=k

S∗2(m, k|λ)
∞∑
n=m

S1(n,m)
tn

n!

=
∞∑
n=k

( n∑
m=k

S∗2(m, k|λ)S1(n,m)

)
tn

n!
.

Theorem 2.2. For n ≥ k ≥ 0, we have

S∗2(n, k + 1|λ) = 1

k + 1

n−1∑
l=k

(
n

l

)
S∗2(l, k|λ)−

1− kλ
k + 1

S∗2(n, k|λ), if n ≥ k + 1

and
kλ

k + 1
S∗2(k, k|λ) = 0.

Proof. From (15), we observe that
∞∑

n=k+1

S∗2(n, k + 1|λ) t
n

n!
=

1

k + 1
· 1
k!
(et − 1)k,λ(e

t − 1− kλ)

=
1

k + 1

∞∑
l=k

S∗2(l, k|λ)
tl

l!

( ∞∑
j=1

tj

j!
− kλ

)

=
1

k + 1

∞∑
n=k+1

( n∑
l=k

(
n

l

)
S∗2(l, k|λ)− kλS∗2(n, k|λ)

)
tn

n!
− kλ

k + 1
S∗2(k, k|λ).

(17)

By comparing the coefficients of both sides of (17), we have the desired result.

In view of (5), let us consider the new type degenerate Bell polynomials for S∗2(n, k|λ) as

φ∗n(x|λ) =
n∑
k=0

S∗2(n, k|λ)xk. (18)

Note that limλ→0 φ
∗
n(x|λ) = beln(x).

When x = 1, φ∗n(λ) = φ∗n(1|λ) are called the degenerate Bell numbers.

Theorem 2.3. For n ≥ 0, we have the generating function of φ∗n(x|λ) as
∞∑
n=0

φ∗n(x|λ)
tn

n!
= ee

t−1
λ (x).

Proof. From (15) and (18), we observe that
∞∑
n=0

φ∗n(x|λ)
tn

n!
=
∞∑
n=0

( n∑
k=0

S∗2(n, k|λ)xk
)
tn

n!

=
∞∑
k=0

( ∞∑
n=k

S∗2(n, k|λ)
tn

n!

)
xk

=
∞∑
k=0

1

k!
(et − 1)k,λx

k = ee
t−1
λ (x).

(19)

By (19), we have the generating function of φ∗n(n|λ).
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Remark 2. Replacing t by log(1 + t) in Theorem 2.3, we have

etλ(x) =
∞∑
l=0

φ∗l (x|λ)
(log(1 + t))l

l!
=
∞∑
l=0

φ∗l (x|λ)
∞∑
n=l

S1(n, l)
tn

n!

=
∞∑
n=0

( n∑
l=0

φ∗l (x|λ)S1(n, l)

)
tn

n!
.

Theorem 2.4. For n ≥ 0, we have

φ∗n(x|λ) =
n∑
k=0

S2(n, k)

(
log(1 + λx)

λ

)k
= beln

(
log(1 + λx)

λ

)
,

where, beln(x) are the ordinary Bell polynomials.

Proof. From (2), (8) and (18), we observe that
∞∑
n=0

φ∗n(x|λ)
tn

n!
= ee

t−1
λ (x) = (1 + λx)

et−1
λ = e

et−1
λ

log(1+λx)

=
∞∑
k=0

1

λk
(log(1 + λx))k

1

k!
(et − 1)k

=
∞∑
k=0

(
log(1 + λx)

λ

)k ∞∑
n=k

S2(n, k)
tn

n!

=
∞∑
n=0

n∑
k=0

(
log(1 + λx)

λ

)k
S2(n, k)

tn

n!
.

(20)

By comparing the coefficients of the both sides of (20), we get the first identity. From (5) and
(20), we have the second identity.

Theorem 2.5. For n ≥ 0, we have

φ∗n+1(x|λ) =
1

λ
log(1 + λx)

n∑
l=0

(
n

l

)
φ∗l (x|λ).

Proof. Let f(t) = ee
t−1
λ (x) = (1 + λx)

et−1
λ . Then log f(t) = 1

λ
(et − 1) log(1 + λx).

From Theorem 2.3, we have

d

dt
f(t) =

1

λ
et log(1 + λx)ee

t−1
λ (x)

=
1

λ
log(1 + λx)

∞∑
j=0

tj

j!

∞∑
l=0

φ∗l (x|λ)
tl

l!

=
1

λ
log(1 + λx)

∞∑
n=0

n∑
l=0

(
n

l

)
φ∗l (x|λ)

tn

n!
.

(21)

On the other hand, we observe that

d

dt

∞∑
n=0

φ∗n(x|λ)
tn

n!
=
∞∑
n=0

φ∗n+1(x|λ)
tn

n!
. (22)

From (21) and (22), we have the desired identity.
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Theorem 2.6. For n ≥ 1, we have

d

dx
φ∗n(x|λ) = (φ∗n(x|λ))′ =

1

1 + λx

n−1∑
l=0

(
n

l

)
φ∗l (x|λ), (n ≥ 1).

Proof. We note that

∂

∂x
ee
t−1
λ (x) =

∂

∂x
(1 + λx)

et−1
λ =

et − 1

1 + λx
ee
t−1
λ (x). (23)

By Theorem 2.3 and (23), we observe that
∞∑
n=0

d

dx
φ∗n(x|λ)

tn

n!
=

1

1 + λx

{
(et − 1)ee

t−1
λ (x)

}
=

1

1 + λx

{
(et − 1)

∞∑
l=0

φ∗l (x|λ)
tl

l!

}
=

1

1 + λx

∞∑
n=0

{ n∑
l=0

(
n

l

)
φ∗l (x|λ)− φ∗n(x|λ)

}
tn

n!

=
1

1 + λx

∞∑
n=0

{ n−1∑
l=0

(
n

l

)
φ∗l (x|λ)

}
tn

n!
.

(24)

By comparing the coefficients on both sides of (24), we have

Theorem 2.7. For n ≥ 1, we have
n∑

m=0

(
n

m

)
Bn−m

d

dx
φ∗m(x|λ) =

n

1 + λx
φ∗n−1(x|λ),

where Bn are the Bernoulli numbers.
In particular, we have

d

dx
φ∗0(x|λ) = 0.

Proof. By multiple t
et−1 at both sides of the first equality of (24), we get

t

et − 1

∞∑
n=0

d

dx
φ∗n(x|λ)

tn

n!
=

t

1 + λx
ee
t−1
λ (x). (25)

The right-hand side of (25) is

t

1 + λx
ee
t−1
λ (x) =

1

1 + λx

∞∑
n=1

nφ∗n−1(x|λ)
tn

n!
. (26)

On the other hand, by (7), the left-hand side of (25) is

t

et − 1

∞∑
m=0

d

dx
φ∗m(x|λ)

tm

m!
=
∞∑
j=0

Bj
tj

j!

∞∑
m=0

d

dx
φ∗m(x|λ)

tm

m!

=
∞∑
n=0

n∑
m=0

(
n

m

)
Bn−m

d

dx
φ∗m(x|λ)

tn

n!
.

(27)

By comparing the coefficients on (26) and (27), we have the desired identity.
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Theorem 2.8. For n ≥ 1, we have∫ x

0

φ∗n−1(x|λ)dx =
1 + λx

n

n∑
l=0

(
n

l

)
Bn−lφ

∗
l (x|λ)−

1

n
Bn,

where Bn are the Bernoulli numbers.
In addition, we have (1 + λx)φ∗0(x|λ) = 1.

Proof. From Theorem 2.3, we observe that

∞∑
n=0

∫ x

0

φ∗n(x|λ)dx
tn

n!
=

∫ x

0

ee
t−1
λ (x)dx

=

[
1 + λx

et − 1
ee
t−1
λ (x)

]x
0

=
1

et − 1

(
(1 + λx)ee

t−1
λ (x)− 1

)
.

(28)

By multiplying t at both sides of (28), we have

∞∑
n=1

∫ x

0

nφ∗n−1(x|λ)dx
tn

n!
=
∞∑
j=0

Bj
tj

j!

(
(1 + λx)

∞∑
l=0

φ∗l (x|λ)
tl

l!
− 1

)

= (1 + λx)
∞∑
n=0

( n∑
l=0

(
n

l

)
Bn−lφ

∗
l (x|λ)

)
tn

n!
−
∞∑
n=0

Bn
tn

n!
.

(29)

By comparing the coefficients of both sides of (29), we have the desired identity.

Let D =
d

dx
, and let f be analytic on an open set U in C. Then, for each x ∈ U , we have

(xD)nf(x) =
n∑
k=0

S2(n, k)x
kDkf(x), (n ≥ 0) (30)

(see [11]).
K. N. Boyadzhiev [1] showed a formula that turns power series into series of functions by

using (30) as follows: Assume that f(x) =
∑∞

n=0 anx
n and g(x) =

∑∞
k=0 ckx

k are power series
convergent on some open disks centered at the origin. Then we have

∞∑
k=0

g(k)(0)

k!
f(k)xk =

∞∑
n=0

f (n)(0)

n!

n∑
k=0

S2(n, k)g
(k)(x)xk (31)

(see [1, 12]).

Theorem 2.9. For n ≥ 0, we have

n∑
m=0

S∗2(n,m|λ)f(m)xm =
∞∑
m=k

n∑
j=0

j∑
k=0

(
n

j

)
f (n)(0)k!

m!
S2(m, k)S

∗
2(j, k|λ)φ∗n−j(x|λ)

(
x

1 + λx

)k
,

where S2(n, k) are the Stirling numbers of the second kind.
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Proof. Let g(x) = ee
t−1
λ (x). Then, we observe that

g(k)(x) =

(
d

dx

)k
ee
t−1
λ (x) =

(et − 1)k,λ
(1 + λx)k

ee
t−1
λ (x). (32)

From (15), (31) and (32), we note that
∞∑
m=0

(et − 1)m,λ
m!

f(m)xm =
∞∑
m=0

f (m)(0)

m!

m∑
k=0

S2(m, k)x
k (e

t − 1)k,λ
(1 + λx)k

ee
t−1
λ (x)

= ee
t−1
λ (x)

∞∑
m=0

f (m)(0)

m!

m∑
k=0

S2(m, k)

(
x

1 + λx

)k
k!
∞∑
j=k

S∗2(j, k|λ)
tj

j!

= ee
t−1
λ (x)

∞∑
j=0

∞∑
m=k

j∑
k=0

f (m)(0)

m!
S2(m, k)

(
x

1 + λx

)k
k!S∗2(j, k|λ)

tj

j!

=
∞∑
l=0

φ∗l (x|λ)
tl

l!

∞∑
j=0

∞∑
m=k

j∑
k=0

f (m)(0)

m!
S2(m, k)

(
x

1 + λx

)k
k!S∗2(j, k|λ)

tj

j!

=
∞∑
n=0

n∑
j=0

∞∑
m=k

j∑
k=0

(
n

j

)
f (n)(0)k!

m!
S2(m, k)S

∗
2(j, k|λ)φ∗n−j(x|λ)

(
x

1 + λx

)k
tn

n!
.

(33)

On the other hand, by (15), we have
∞∑
m=0

(et − 1)m,λ
m!

f(m)xm =
∞∑
m=0

f(m)xm
∞∑
n=m

S∗2(n,m|λ)
tn

n!

=
∞∑
n=0

n∑
m=0

S∗2(n,m|λ)f(m)xm
tn

n!
.

(34)

By (33) and (34), we have the desired identity.

Theorem 2.10. For n ≥ 0, we have

(
(1 + λx)

d

dx

)k
φ∗n(x|λ) =


k!

n∑
l=0

l∑
j=0

(
n

l

)
S∗2(n− l, k|λ)S∗2(l, j|λ)xj, if n ≥ 0,

0, otherwise.

Proof. From (15), we observe that(
(1 + λx)

d

dx

)k
ee
t−1
λ (x) = (et − 1)k,λe

et−1
λ (x)

= k!
∞∑
m=k

S∗2(m, k|λ)
tm

m!

∞∑
l=0

l∑
j=0

S∗2(l, j|λ)xj
tl

l!

= k!
∞∑
n=k

n∑
l=0

l∑
j=0

(
n

l

)
S∗2(n− l, k|λ)S∗2(l, j|λ)xj

tn

n!
.

(35)

On the other hand, from Theorem 2.3, we have(
(1 + λx)

d

dx

)k
ee
t−1
λ (x) =

∞∑
n=0

(
(1 + λx)

d

dx

)k
φ∗n(x|λ)

tn

n!
. (36)

By (35) and (36), we have the desired result.
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We consider(
x
d

dx

)n
ee
t−1
λ (x) =

(
x
d

dx

)n ∞∑
k=0

(et − 1)k,λ
xk

k!
=
∞∑
k=0

(et − 1)k,λ
kn

k!
xk. (37)

Let us put
∞∑
k=0

(et − 1)k,λ
kn

k!
xk = χn,λ(x). Then, we observe that

∞∑
n=0

χn,λ(x)
tn

n!
=
∞∑
n=0

∞∑
k=0

(et − 1)k,λ
kn

k!
xk
tn

n!

=
∞∑
k=0

(et − 1)k,λ
1

k!
xk

∞∑
n=0

kn
tn

n!

=
∞∑
k=0

(et − 1)k,λ
1

k!
xkekt = ee

t−1
λ (xet).

(38)

Therefore, by (38), the generating function of new type polynomials χn,λ(x) is ee
t−1
λ (xet).
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