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Abstract: In this paper, we obtain asymptotic formula on the “hyperbolic” summation

Z Dy (ged (m,n)) (k€ Zss),

mn<z

such that Dy, (n) = = (n) ,where 7, (n) = > 1 denotes the Piltz divisor function, and 7; (n)

I;k ( ) ning..ng=n

is the unitary analogue function of 7 (n).
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1 Introduction

For all integers m, n > 1, we denote by ged(m,n) = (m,n) the greatest common divisor of
the integers m and n. The details of the function Dy, (n) is given in [4] and for many properties

of the classical functions 74 (n), 75 (n) see, e.g. [5,6]. Let f, g be two arithmetic functions. The
m,n

ST g ((m,n))

estimation of the ) is a research topic of many researchers, see, fore.g., [1] and [3].
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In [3], the authors give an important result of the sum »_ __ f ((m,n)) in the case where
f(n) satisfies the condition
f (n) < n” (log )" (1)

with 3,0 € R and 8 < 1. In this case, they gave an error term as follows

2BD/2 (log )™ if0< B <lorf=0,08#—1,
Ry (z) < { z'?loglogu, if=0,0=-1,
o2\ (z), if 3 <0,

where
A (iL‘) - efc(logx)3/5(loglogz)_l/5

)
with some constant ¢ > 0.

The function Dy, (n) checks the estimate (1), where 0 < 5 < 1 and 6 = 0. So, the application
of Theorem 2.2 in [3], gives the following error term

Rp, (z) < 22 og 1.

Note that, if 0 < 8 < 1, then Rp, (z) = O (2°*¢) where 1/2 < § < 1 and ¢ > 0 is a constant.

The aim of this paper is to give an estimate for the sum » Dy, ((m,n)) with an optimized

mn<z
error term. We use elementary methods to prove Rp, (z) = O <x9+5 (log x)k_l) , Where 6 =

517/1648 ~ 0.3113. .. . More precisely, we will prove the following result:
Theorem 1.1. For v > €2, ¢ > 0 and for any fixed integer k > 2, we have
S (x) = Bz (logz + My,) + O (x9+5 (log x)k_l) :

517
where 6 = Tois = 0.3113...,

and

= (D 1
Mk:2'7_1_22( K+ 1) (n) ogn.

n2
n=1

2 Proof of Theorem 1.1

In order to prove the above result, we first establish some auxiliaries lemmas.

Lemma 2.1. For each integer k > 2, and for each real number x > 1, we have

S(x) = D> (Drxp) ()7 (0)

s<x t2(=s
= et Y ), )
thl/Z ng/tQ

where g, = Dy, * L.
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Proof. We putm = hm' and n = hn/, with (m/,n’) = 1, one has, for any integer s > 2,

L(s)= > Dp((mmn))= Y Di(h).

mn=s h2m/n'=s
(ml =1

By using the property of the Mobius p function,

1, if (m',n')=1
DIVIOEE S

0, if (m',n’) > 1,
we get

Lis) = 5 D) S )

h2m/n'=s 8|(m/,n’)
Y D= Y Demue) 31
h252m/'n' =s h2§24=s m/'n'' =4
= > De(h)p )T,
h2620=s

where 7(n) is the number of divisors of n. Therefore, by the Dirichlet convolution product we
have

L(s) = Dm0 Deh)u)

t24=s hé=t
= N (Dexu) )7 (0).

So, by this last result, one has

S() = Y. ) (Dexp)()7(0)

s<z 20=s

= > (Dexp () > 70

t2<z <z /t?

= ng(t)27(£)~ [

t<zl/2 1<z /t?

Lemma 2.2. Letn € Z>, and o > 1. For any z > e, we have

R n n!
/ " (log t)" dt < (log2)" (o N (&)
0 .
. & T (a=1)zt \a—1
Proof. We put
J, = / t~ (log t)" dt,
1
and the integration by parts gives
1 n
J,=————(1 "
(a—l)zafl(ng) +(a—l) !
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and by recurrence we obtain

B (log z)" " n! n!
T == (a—l )zt (;k'( ) (a—1)* +(04_1>n)+(a_1)n+17

0

from which

In the same way, we have

+00
In = / e (log t)n dt

I,
(a—1)z1  a—1""
1 = n \ (logz)"
= k!
(04—1)2‘”‘1,; < k > (a —1)"
n!(logz)" <~ [ n 1
>~ (a_l)zalgz;(k)(a_l)k
~ nl(logz)" a \" O
(a—1)zt \a—-1
Lemma 2.3. Let k > 2 be a fixed integer. For any real number x > 1, we have
t -
Z —gktg ) = By +0 (3373/4 (log x)" 2) , (5)
tSII/Q
t)logt _
PP ( 22 EL = G0 (o oga) ), ©6)
thl/Q
t
tg;’% = O(1) foreverye >0, (7)
thl/Z
517 gk logt
such that 0 = @ Z and

Proof. Firstly, we write

t<zl/2 t=1 t>x1/2

For the first series we have




and by Identity 10 of Lemma 4 in [4], we have

(Dys ) (67) = " (52 % Dit) (),

where s is the characteristic function of the square-full number, so

so(p*) =0if o =1and sy (p*) =1if @ > 2.

Then

= gk - $2><D/<;1 -
(s

t=1 p
k=1 D1 (p®
_ H 14 k-1 (p%) .
k p2a
In addition, by (2) and (3) in [4] we get

Dk_1<pa):7'k_1(p°‘) _ 1 (k+@—2>7

o, () k-1 «

igku) _ (1 1§: 1 <k+a—2>)
— k= p
1 — 1 k+a—1
IS ()

E—1< 1 k4+oa—1
(e

On the other hand, by Formula 9 of Lemma 3 in [4] we get

E—1& 1 E+oa—1 1\'*
P’ Z&a+Dﬁa< a ) ( ﬁ)

from which we deduce

1S 1 ~ 1 I\ 1 —1
kp? p (v + 1) p* a k p? k kp?

then

=

Finally,

8




0 —k
Note that the series > 2 ’“tgt) is convergent if and only if ] (1 — s+ (1 — #) ) is convergent.

t=1 p
Indeed,

(- (-3))

2
(P — 1" +p*
>

|
| =

+
| =
TN

[a—

|
Ew|'—‘
~
=
~_—

Il
el e

(p? — 1)*

Hence,

> g (t . 1 1 1\
thg)zg (2)H<1_E+E<1_E> )sz.

t=1 p

Then, by partial summation [2, p. 15], we have

k (2) 1 t
2015 w2 [ (S

t>xl/2 n<gzl/2 n<t

Hence, by (4) and the estimate [4, p. 6]

> gi (n) < /7 (logt)*~ ©)

n<t

one obtains (t)
Ik - -
> < log)
t>x1/2
From this result, we get (5).
Secondly, we note that by the same method used in the previous paragraph we can show that

t log
the series Z gkt( ¥ is convergent. So, because T < 1, then
t=1

On the other hand, we have

ng’ )logt ng )logt ng )logt

t<gl/2 t>xl/2

and by partial summation [2, p. 15], we obtain
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s wlllost_losr o () f (%Z% (n)) i

t>xl/2 n<gl/2 21/2 n<t

Using formulas (4) and (8) we get

> w = Cp,+0 (x_3/4 (log:z:)k_1> +0 (/

t§$1/2

—+00

752 (log t)*~ > dt

1/2

= Cy+0 <x’3/4 (log x)k_1> .
Finally, by (3) and (8)

gk (1) 1
[2012e g0te Z gr (n) + (20 + 2¢) t29+25+1 ng

thl/Q TLSLI:I/Q n<t

= O(x1/4 (64¢) (logx - +O / —(204-2e4+1/2) (logt)k_2> dt
1

= 0(1). O

2.1 Proof of Theorem 1.1

We have the following estimate [2, p. 472]
ZT (n) =z (logz + C) + O (2°79),

n<n
where C' =2y —1,0 = 156478 and so, by (2), we get
0+e
S = > gl <t2 (1o 35 +C) +0<(t2) ))

t§m1/2

1
— wlogatr0) Y B gy 3 e Olsl g (o 5 0D

t29+2€
t<zl/2 t<zl/2 t<zl/2

Substituting (5), (6) and (7) in this last relation we find
S(z) = Brx(logz+C)+0 <I1/4 (log Zlf)k71>
—2x (Ck + 0 <x73/4 (log l‘)k_1>> +0 (27)
= Bz (logz +C) —2Cx + O <x1/4 (log x)k_1> + O (2%%9)

= Br(logx +C —2Ck) + O <ZL‘6+€ (log a:)kq) )
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