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Abstract: Let f, : N — C be an arithmetic function of r variables, where » > 2. We study
multiple Dirichlet series defined by

B o= fr(ny, ... n,)
D(fr,51,...,8) = Z BT —

npme=1 U s
(TL1 7777 n'r)—l
where f.(ny,...,n,) = f(n1)---f(n,) and f is a completely multiplicative or a specially

multiplicative arithmetic function of a single variable. We obtain formulas for these series
expressed by infinite products over the primes. We also consider the cases of certain particular
completely multiplicative and specially multiplicative functions.

Keywords: Completely multiplicative function, Specially multiplicative function, Multiple
Dirichlet series, Eulerian product, Riemann zeta function, Dirichlet L-function.

2020 Mathematics Subject Classification: 11M32, 11M06, 11A25.

1 Introduction

A function f : N — C is called specially multiplicative if f is the Dirichlet convolution of two
completely multiplicative functions. For example, the function o, = 1 * idj, in particular, the

603



divisor function 7 = 1% 1 and the sum of divisors function o = 1 xid are specially multiplicative.
Another example is the alternating sum of divisors function 5 = A * id.
We define multiple Dirichlet series by

D(fry815--,8) = Z lel’—ﬁa

where f, : N* — C and (sy, ..., S, is in the region of absolute convergence for D(f,, s1, ..., S;).
Werner Georg Nowak and L. Toth [3], L. Toth ([4-6]), L. Toth and Wenguang Zhai [8] gave a
representation of the multiple Dirichlet series of some special multiplicative arithmetic functions
of r variables.

In the present paper, we establish formulas for the multiple Dirichlet series defined by

= fr(na, ... n,)

D(fr,81,...,8) = Z

i i n‘il . nir
(n1,...,nr)=1
where f.(nq,...,n,) = f(n1)---f(n,) and f is a completely multiplicative or a specially

multiplicative arithmetic function of a single variable. We also consider certain particular
completely multiplicative and specially multiplicative functions. Our main results and their proofs
are presented in the following sections.

2 Notations

o N:={1,2,..-1,

e (nq,...,n,) is the Greatest Common Divisor of ny,--- ,n, € N,

(f*xg)(n) =>_ f(d)g(n/d) is the Dirichlet convolution of the functions f,g: N — C,
dln

e id(n) =n,id,(n) =n*(k e RVC,n €N),
e ()(n) stands for the number of prime power divisors of n,

o o.(n)=> dt keR,
dln

e o(n) = o1(n) is the sum of divisors of n,
e 7(n) = oy(n) is the number of divisors of n,
e \(n) = (—=1)%™ is the Liouville function,

e ( is the Riemann zeta-function,

“+o00o
e [(s,x) is the Dirichlet L-function given by L(s,x) = >_ X (?, where Y is the Dirichlet
n=1 TN
character,
+00
o D(f,s)= > f(n) is the Dirichlet series,
n=1 ns
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e (3(n) is the number of integers x such that 1 < z < n and (x, n) is a square, 5(n) given by

pn) = %dk(n/d)-

3 Main results

Theorem 3.1. Let f be a completely multiplicative arithmetic function and let a € R be

the abscissa of absolute convergence for the Dirichlet series of f. For every si,S2,...,S, in
+o0o

D,={seC /R(s) >a}withr > 1 suchthat J;(Z) < oo, (i €{1,...,1}), we have
n=1

PO | L) | ( ()

p

Applying this theorem on a completely multiplicative arithmetic functions, we obtain the
following results:

Corollary 3.1. Let sy, So,...,8. € Dy (r > 2) where Dy = {s € C / R(s) > 1}. We have

— L (s)¢s2)C(s)
Z 81"'”?_C(51+52+“'+Sr)7 (1)

where identity (1) is representing the Dirichlet series of the characteristic function of the set
of points in N”, which are visible from the origin (cf.T.M.Apostol [1], page 248, Ex.15), (see
formula (17) in [7]).

Corollary 3.2. Let s1, s9,...,5, € Dy. For any integer number k > 1 and x a character modulo
k, we have
f X () - x () _ L(s1,00) L(s2,) -~ L (s, X)
T /|
(n1,0eemr) =1
Corollary 3.3. Let sq,52,...,5. € Dy. For x = Xq the principal character to modulus k, we

have

r

. [1 ¢ (s) T

(1-5)
k P

$ b)) s e
1o =1 n e C(s1+s2+-+s) (1 - ﬁ)
(n1,...,nr)=1 plk P

Corollary 3.4. Let sy, S2,...,5. € Dy ={s € C /R(s) >k+ 1}and k € R—{0}. We have

f idp(na) - - idi(ny) _ G(s1 = k)C(s2 — k) - Csr — )
nyt--ongr C(s1+so+--+s —kr)
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Corollary 3.5. Let sq, s2,...,5,. € Dy and X the Liouville lambda function.

e [fris even, we have

f A(ng) - A(ny) ﬁ( 25s;) 1
niy...,np=1 nl i—1 C Sz 31—|—32+...+ST)‘

e [frisodd, we have

X Am) A () T C(2s) (st sat 48y
2 i | Sy Rl e

Nn1,e.ey ny=1 =1

Corollary 3.6. Given a finite or infinite set of primes P, let fp denote the characteristic function
of the positive integers that do not have a prime divisor belonging to the set P. Thus fp is the
completely multiplicative function defined by fp = 1if p ¢ Pand fp = 0ifp € P. For all

81,89, -, 8 € D1, we have
1 —1 B
H - p51+52+"'+5r )
peP

Z fIP’ fIP’ (n,) _ C(s1)C (s HH
T* C (81 + S9 + + Sr
Theorem 3.2. Let g and h be two completely multiplicative functions and let f = g = h. Let a

i=1 peP

and b be the abscissae of absolute convergence for the Dirichlet series of g and h respectively.
For every s1, S, . . sr in Doy ={s € C /R(s)>max(a,b)}, (a,b € R) withr > 2 such that

—+o0
> L o(n) , (te{l,...,r}), we have
n=1
X f) - fn) T
o e =[] Dlg,s) Dk, si) [T M),
=1 LT i1 »
(n1,...,nr)=1
and

M,(p) => (- > K., (p)Ks, ., (p) - K, (p),

k=1 0<i1 <t <<, <r—1

K. (p) = <1 - i(i)) (1 _ ’;@) |

In particular, gives for r = 2,

Z f 81 52 HDg?Sl <h>SZ)HM2<p)

(Zi Zi) 11 ’ )
= H D(.ga Sz)D(h7 Si) H (Ksz(p) + Ks1 (p) - Ks2(p)Ks1 (p)) :

In the case r = 3, we have

Z f(n2i1n82n53 H D g7 (h, Si) H M3(p)

ni,n2,n3=1
(n1,n2,n3)=1
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where

[T Ms(p) = [[(Kes (p) + Ko (p) + Koy (p) = Koy () Koy (p)

p

- Kss (p)Ksl (p) - KS2 (p)Ksl (p) + K53(p)K32 <p>KS1 (p))

Applying this theorem on a specially multiplicative arithmetic functions, we obtain the following
results:

Corollary 3.7. For every s1,s9in Dy = {s € C /Re(s) > 1}, we have

+oo
7'(77/1> (TLQ) 9 9 4 2 2 1
Z n51n52 - C (Sl)C (82) H 1 - p51+82 + p251+52 + p81+252 - p281+232 :

ni,n2=1 D
(n1,n2)=1

Proof. Applying formula (2) for f = 7,9 = h = 1, gives

£ - feont () (-5) - () ()

ni,na=1 =1 D

(n1,m2)=1
4 2 2 1
_ 2 2
- g (Sl)C (82) H <1 - p81+82 _I_ p281+82 + p81+282 - p281+282) : D

p

Corollary 3.8. Forevery s1,s9in D41 ={s€ C /R(s) >k+1} (k> 1), we have

+o00

Z Uk: ny) Uk n2)
nslnsz HC S’L
ni,n2=1 1772
(nl,ng) 1
(p281+252—2k‘ _ p51+82—2k + 2p81+82—k‘ _ p81+82 _|_p82—k‘ _|_p81—k‘ _'_psg +p81 _ 1)
2s1+2s0—2k :
» p

In the case k£ = 1, the identity in corollary 3.8 reduces to

—+00

> o HC 5:)C
nilngz

ni,ne=1
(n1,m2)=1

1 1 2 1 1 1 1 1 1
H _p31+82 _p51+8271 _p31+8272 +p281+5271 +p81+28271 +p251+8272 +p81+28272 - p281+25272 ’
p

for Rsq1, Rsy > 2.
Corollary 3.9. For every s1, 80 in Dy = {s € C / R(s) > 2}, we have

<= = 2 7 1_1
>y B(n1)B(n2) s HC Si) 85 )
i=1

ni,na=1 Z
(n1,m2)=1

1 1 2 1 1 1 1 1 1
H - p31+52 +p51+5271 _p81+8272 +p251+5271 +p81+25271 _p2$1+8272 - p81+25272 _p251+28272 :
p
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4 Proof of Theorem 3.1

4.1 Preparing lemmas

L’Z) < ooin
n

+o00
Lemma 4.1. For any completely multiplicative arithmetic function f such that

n=1

a domain D, C C and for all s € D, and any m € N, we have

*i 100 g9 (1-£2).

pS
plm

(n,m)=1
Proof. Consider the set A = {n € N| (n,m) = 1}, It follows that p € A if, and only if, p does
not divide m. Hence, we have
+o0 +o0 —1
S 00 N300 gy (1_ f(p)) 0 (1_ f(p))
ns ns ps ps ?
(n?;)l: . neA P plm

from which we obtain

io fT(LZ):D(f’S)HO_f(p))' -

pS

Lemma 4.2. Let | be a completely multiplicative arithmetic function and m € N.

1. For any prime number p and u,v € C, we have the following formula

(1_@> Ly e (L-97)N (1_ <f<p>>m“> |

pu pau pu—f—v

a=1

pau pu pu+v

SRl (1-mm) (1_M)‘1 (1_ (f(p))mﬂ)

f(n)

+o0o
2. We suppose that ) |-3*| < oo in a domain D for C. then for every pair (u,v) in D?, the
n=1

following formulaimakes sense
+oo n m m—+1
ST (1- ) b ] (1——“551& )
n=1 p|n p

Proof. 1. First we write in the domain D,

pau paquv

+oo o _M +o00 « +oo a+m
LU (1- 1@ ):1+Z<f]§§3> A

Then, taking into account the complete multiplicativity of the function f, the product

f(p) — ()" =)
(-5 (”;W‘ZW>’

development

a=1

gives the first formula from which we deduce the second.
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2. The arithmetic function

th(n):f(n)H<1—M> (n € N)

p
pln

is multiplicative. For all prime number p and any o € N, we have
hp*) = (f ()" (1~ L22). One has

£2 1 (n) oo (f (p))° <1 _ <f<;;3>"’)
_ 1+ ..
- ny rp[ ; po

According to the first assertion of the lemma, we have

o o (1 _ U ) -
LU (p : ):(1_%> (1_<f§z)+)v )
then
M (- 22) T - ).

from which we infer that
Zféf)H(l—(f(p))m)=D<f,u>H<1—(f§fi)3:n > .

pln p p
Lemma 4.3. For any completely multiplicative arithmetic function f and any m.,k € N, we have

1. Forall s € C, the arithmetic function h (n) defined by

n—hn)=fn) [] (1-%) (n €N),

pl(n.k) P

is multiplicative where

o _ U™y ;
h(p®) = { /) <1 p° ) ok (p a prime number and o € N).
F @) ifptk

+o0
2. We suppose that ‘%") < oo in a domain D, in C. Then, for any pair (u,v) in D% we
n=1

(f @)™ _ e
I (1—]9—1,)—D<f,u>H(1 A )

pl(n,k) plk

have

*f f (n)
n=1 n¥
Proof. 1. Let @ and $3 in N such that (o, 8) = 1, we have

pl(ax k)< p| (k) orp| (B k).

It follows that i (o x ) = h («) X h (/3). Let p a prime number and « € N, the expression
of h (p*) gives the following relation

T (1_ (f(p))m> :{ (122 ifp | &

ol ) p lifptk
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2. We consider the multiplicative arithmetic function h(n) of the first assertion

hn)=fm) ] (“M) (neN).
)

pl(nk P
We have . .
X h(n X h(p®
iy (1 £2)
n= P o=
or
< h () < h(p*)
P1:H 1+Z — andP2:H 1+ZT
pik a1 P plk a=1 P

Hence, we can thus write

~+00 o +00 o -1
eI (1 A T (1452 280) - o (1 £

p
P plk plk

and

+ooh a +o0o a m
P2=1|_£<1+;%> :g<1+;%<1——wﬁ)) >>

The first assertion of Lemma 4.2 implies that

e 1 (1- 12 (1__<f;3>3;”“),

pu
plk

we obtain
+

8

hin) =P xPy=D(fu)]] (1——(f(p))m+l>.

nu o pu—l—v
plk

3
Il
—

4.2 Proof of Theorem 3.1.

For r = 2, we have

400 400 +oo +0o0
f(m) f (n2) f () f(n2)
S (s1,8) = Y ZW => 51 > ne
ni=1ns=1 1772 ni=1 1 no=1 2
(n1,n2):1 (TL1,TL2)=1

By Lemma 4.1, we obtain

then




The second assertion of Lemma 4.2 implies

+o00 2
> IO (1 400) < o T (- U22°),
- ' p " D

It follows that

psl +s2

X (s1,82) = D (f.51) D (f,52) [ ] (1 U (p))Q) .

Assuming r > 3 and writing that

+o0o 400 +o00
Y, =31(81,82,...,8.) = Z sz(nl S{ ZZ)f(nr)

ce.mS
2 nrr

We have

—+00 “+o00 —+00 —+00
fn f(n f(n.— I (n,
I N DI DV -
ni=1 a1 no=1 M2 ny_1=1 M1 ny=1 2

(nr,(n1,n2,...,np—1))=1

The application of Lemma 4.1 with (n = n,, and m = (ny,ns,...,n,_1)) leads to

S I opp 1 (1—M),
)

pr
ny=1 pl(n1,n2,...,nr—1
(nT7(n17n2 """ TL,,‘,l)):l

we can easily get

+o00 +o00 400 400
. f (1) f(n2) f(n,_2) h(n,_1)
ZT =D (f7 87") ; nil 7; ngz o 'mg::l nir722 Z Sp—1 )

1 ()

pl(nin2,...,nr—1)

or

f h(n_,) i’f f(no_y)
Sr—1 - Sr—1
=1 n,y e n,

After r — 1 applications of the second assertion of Lemma 4.3 to sums

= () s~ f () (f ()"
Z n5r7kk = Z Tf H ) 1_p8er++sr )

ne_g=1 Tk Ny —p=1 Tk pl(r—ks(n1,n2,.
(k=1,...,7— 1), which appear in the expression of ¥,., we obtain the formula
+00 r—1
f(n1) (f (»)
Er:D(fasr)D(faSr—l)“'D(f>52)Z i H 1—W .
ni=1 pln1

The second assertion of Lemma 4.2 implies

[ () Fe) ™\ (f (p)"
> a1 <1—W> —D(fﬁl)l;[(l—lm)-

ni=1 1 p|n1

This completes the proof of the Theorem 3.1.
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5 Proof of Theorem 3.2

We need the following result.

5.1 Preparing lemmas

. _§ f e g(n)
Lemma 5.1. [2] Let r be an integer. If F(s) = Y. and G(s) = Y. ==, where the
n= n= ns
(n, T)l 1 (n,r)lzl
series converge absolutely for R(s) > a, then
f*g
Fs)G(s) = Z V290 for sy >

(n,r)fl
Proof. For any s for which both series converge absolutely we have
PP E - X A

n,m=1
( ) (m'r) 1 (nmr) 1

Because of absolute convergence we can multiply these series together and rearrange the terms is
any way we please without altering the sum, hence

<X h(k
Z kszf Z ]is)’

mn=Fk k=1

(K (kor)=1

where h(k) = > f(n)g(m) = (f*g)(k)-

mn=Fk

This completes the proof of Lemma 5.1. U

Lemma 5.2. Let g and h be two completely multiplicative functions and let f = g * h such that
+oo
=
m € N, we have

g(n)

< oo for every s in a domain D, C C. Forall s € D, and any

ns

- D (f7 S) K5<p)
Proof. This is a direct consequence of Lemma 4.1 and Lemma 5.1. ]

Lemma 53. Let g and h be two completely multiplicative functions and let f = g x h such that

Z <ooandz

1. Foralls,_; € D,, (j=1,...,r)andanyr € N, we have the following formula

Znsr 110 =D (fse ) [[ M), G=1,..0r

pln
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2. Foralls,_; € D,, (j=1,...,r)andanyr,m € N, we have

“+00
n=1

e | R I | EU R

pl(n,m) plm

J
where M;(p) = Z(—l)k_lg(k,j)(p)a and

k=1

(k) (P) = > K, . (0K, _, () K, (p)

0<i1 << <3 <j—1
forallj=1,... 1.

Proof. 1. The arithmetic function

e g(n) = f () [T M), (neN)

p|n

is multiplicative. For all prime number p and any « € N, we have g (p®) = (f (p))* M;(p).

One has
_ (1 + ki;(—l)kla(k,j) (p) i (Za(s—]iz)ia> '
where oo o —
; i(p” = Ksle "
This gives
14 ki(—l)’“—lo—m,j)(p) i %
=1+0014(p) (K;(m - 1) — 0(2,5(P) (K;(m — 1)
+o e (1) o () (%@ N 1) !
then

a=1 pasrfj
= Ksr_j (p) + U(l,j)(p> (1 - Ks’r‘—j (p)) - U(Q,j)(p) (1 - KST—j (p)>
+o (=D oG () (1 - K, (9)

K. ,(p) (1 T S P A ) (p))a>
k=1
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from which we obtain

(HZ T >Z(£ai—]f>ia)
= (K5, () +005(0) — (00 ()Ks,_;(p) — 02,5(D))
+o ()T (0o () K, (0) + 0.5 (P) + (=1 0.5 () K, (D).
We can thus write

o (1430 g3 SO )

a=1

= o 41)(P) — oei4n®) + -+ (=)~ (U(j7j+l)(p)) + (_1)j0(j+1,j+1)(p) = M;1(p).

Hence

+
8
-
S
=
&
|
—+
8
i)

nsr—i
n=1 p|n n=1

+oo 1o}
_H 1+Z k]) );%)
_H sr J ]+1(p)>
= D(f’ Sr—j)HM+1(p)

/\/\

. According to the first assertion of the Lemma 4.3, the arithmetic function

n+— hin HM ), (n € N)

pl|(n,m)

is multiplicative. For all prime number p and any o € N, we have

= h(n)
Znn” H 1+Z | = Prx P

or

H(1+Z '>andp2:H(1+§@).
plrn P plm ozt P

Hence, we can thus write

po=]1 (1 ¥ Z%) I (1 +Z]@> =D (s [T Ko, )

plm plm

and

H<1+Z M”>:H<1+M Z a)

plm plm
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The first assertion of the lemma implies that

Py, = H (K;l_j (p)Mj—H(p)) ;
plm

we obtain

+o0 h (n)
Z s — Pl X P2 = D (f, Sr—j) H M]+1(p)
n=1 p\m

5.2 Proof of Theorem 3.2

For r = 2, we have

+o0o +o0o +oo +oo
f(n1) f (n2) f(n1) f(n2)
s =) 2 s — X Tm 2 T
ni=1no=1 ni=1 no=1
(n1,n2)=1 (n1,n2)=1
According to Lemma 5.2, we have
+oo
n
nz_:l fT(Lgf) = D (f, s2) H M (p).
(n1ma)=1 i
where ) h )
g\p p
M) = Kol = (1- 220 (1= 220)

The first assertion of Lemma 5.3 implies

Z fy(gll) HMl(p) =D(f, sl)HMz(P),

ni=1 p|n1

It follows that
Y (s1,82) = D (f,51) D (f, 52) HM2(P)

=D (fv 51) D (f7 82) H (Ksz(p) + K51(p) - Ksz(p)Ks1(p)) .

Assuming r > 3 and writing that

+oo +o0 +o00
Y, =3(81,82,...,8) = Z sz(nl S{ ZZ)f(nr)

..mSr
n?"

We have
+00 —+00 +00 —+00
f (nl) f (n2) f (nr—1> f (nr)
¥, = e - .
S S o I
ni=1 no=1 ne_1=1 nr=1
(nry(n1,n2,..np—1))=1
The application of Lemma 5.2 with (n = n,, and m = (nq,na,...,n,_1)) we obtain
+oo
f(n,) o
Z e D(f.s) H M (p)
ny=1 r pl(n1,n2,..;nr-1)

(nr,(n1,n2,...,nr-1))=1
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we can easily get

or

oo +oo
) W S W S

ni=1 Ny_o2=1 Nne—1=1

+ooh

Z 87 1 Z 87 1 H Ml(p)a

np_1=1 -1 ny—1=1 p|(n1,n2,.ynr—1)

After » — 1 applications of the second assertion of Lemma 5.3 to sums

+oo
3 ?: ,f 3 L) 11 Ma(p),

np_p=1 Ny =1 My pl(nr—i,(n1,n2,..n0 k1))

which appear in the expression of ..., we obtain the formula

Sr =D (f,5)D(f,5,1) f,52) Zf ) [12-1(p)

ni=1 p|n1

The first assertion of Lemma 5.3 implies

Zf ni) [[ 2 -1) = D (f,50) [ M. (p)-

ni= 1 p|n1 p

This completes the proof of the Theorem 3.2.
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