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Abstract: Let fr : Nr −→ C be an arithmetic function of r variables, where r ≥ 2. We study
multiple Dirichlet series defined by

D(fr, s1, . . . , sr) =
+∞∑

n1,...,nr=1
(n1,...,nr)=1

fr(n1, . . . , nr)

ns11 · · ·nsrr
,

where fr(n1, . . . , nr) = f(n1) · · · f(nr) and f is a completely multiplicative or a specially
multiplicative arithmetic function of a single variable. We obtain formulas for these series
expressed by infinite products over the primes. We also consider the cases of certain particular
completely multiplicative and specially multiplicative functions.
Keywords: Completely multiplicative function, Specially multiplicative function, Multiple
Dirichlet series, Eulerian product, Riemann zeta function, Dirichlet L-function.
2020 Mathematics Subject Classification: 11M32, 11M06, 11A25.

1 Introduction

A function f : N −→ C is called specially multiplicative if f is the Dirichlet convolution of two
completely multiplicative functions. For example, the function σk = 1 ∗ idk, in particular, the
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divisor function τ = 1∗1 and the sum of divisors function σ = 1∗ id are specially multiplicative.
Another example is the alternating sum of divisors function β = λ ∗ id.

We define multiple Dirichlet series by

D(fr, s1, . . . , sr) =
+∞∑

n1,...,nr=1

fr(n1, . . . , nr)

ns11 · · ·nsrr
,

where fr : Nr −→ C and (s1, ..., sr) is in the region of absolute convergence for D(fr, s1, ..., sr).
Werner Georg Nowak and L. Tòth [3], L. Tòth ([4–6]), L. Tòth and Wenguang Zhai [8] gave a
representation of the multiple Dirichlet series of some special multiplicative arithmetic functions
of r variables.
In the present paper, we establish formulas for the multiple Dirichlet series defined by

D(fr, s1, . . . , sr) =
+∞∑

n1,...,nr=1
(n1,...,nr)=1

fr(n1, . . . , nr)

ns11 · · ·nsrr
,

where fr(n1, . . . , nr) = f(n1) · · · f(nr) and f is a completely multiplicative or a specially
multiplicative arithmetic function of a single variable. We also consider certain particular
completely multiplicative and specially multiplicative functions. Our main results and their proofs
are presented in the following sections.

2 Notations

• N := {1, 2, · · · },

• (n1, . . . , nr) is the Greatest Common Divisor of n1, · · · , nr ∈ N,

• (f ∗ g)(n) =
∑
d|n
f(d)g(n/d) is the Dirichlet convolution of the functions f, g : N −→ C,

• id(n) = n, idk(n) = nk(k ∈ R ∨ C, n ∈ N) ,

• Ω(n) stands for the number of prime power divisors of n,

• σk(n) =
∑
d|n
dk, k ∈ R,

• σ(n) = σ1(n) is the sum of divisors of n,

• τ(n) = σ0(n) is the number of divisors of n,

• λ(n) = (−1)Ω(n) is the Liouville function,

• ζ is the Riemann zeta-function,

• L(s, χ) is the Dirichlet L-function given by L(s, χ) =
+∞∑
n=1

χ(n)

ns
, where χ is the Dirichlet

character,

• D(f, s) =
+∞∑
n=1

f(n)

ns
is the Dirichlet series,
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• β(n) is the number of integers x such that 1 ≤ x ≤ n and (x, n) is a square, β(n) given by
β(n) =

∑
d|n
dλ(n/d).

3 Main results

Theorem 3.1. Let f be a completely multiplicative arithmetic function and let a ∈ R be
the abscissa of absolute convergence for the Dirichlet series of f . For every s1, s2, . . . , sr in

Da = {s ∈ C / < (s) > a} with r > 1 such that
+∞∑
n=1

∣∣∣f(n)
nsi

∣∣∣ <∞, (i ∈ {1, . . . , r}), we have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

f(n1) · · · f(nr)

ns11 · · ·nsrr
=

r∏
i=1

D(f, si)
∏
p

(
1− (f(p))r

ps1+s2+···+sr

)
.

Applying this theorem on a completely multiplicative arithmetic functions, we obtain the
following results:

Corollary 3.1. Let s1, s2, . . . , sr ∈ D1 (r ≥ 2) where D1 = {s ∈ C / < (s) > 1} . We have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

1

ns11 · · ·nsrr
=
ζ (s1) ζ (s2) · · · ζ (sr)

ζ (s1 + s2 + · · ·+ sr)
, (1)

where identity (1) is representing the Dirichlet series of the characteristic function of the set
of points in Nr, which are visible from the origin (cf.T.M.Apostol [1], page 248, Ex.15), (see
formula (17) in [7]).

Corollary 3.2. Let s1, s2, . . . , sr ∈ D1. For any integer number k ≥ 1 and χ a character modulo
k, we have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

χ (n1) · · ·χ (nr)

ns11 · · ·nsrr
=
L (s1, χ)L (s2, χ) · · ·L (sr, χ)

L (s1 + s2 + · · ·+ sr, χr)
.

Corollary 3.3. Let s1, s2, . . . , sr ∈ D1. For χ = χ0 the principal character to modulus k, we
have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

χ0 (n1) · · ·χ0 (nr)

ns11 · · ·nsrr
=

r∏
m=1

ζ (sm)
r∏

m=1

∏
p|k

(
1− 1

psm

)
ζ (s1 + s2 + · · ·+ sr)

∏
p|k

(
1− 1

ps1+s2+···+sr

) .
Corollary 3.4. Let s1, s2, . . . , sr ∈ Dk+1 = {s ∈ C / < (s) > k + 1} and k ∈ R−{0}. We have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

idk(n1) · · · idk(nr)
ns11 · · ·nsrr

=
ζ(s1 − k)ζ(s2 − k) · · · ζ(sr − k)

ζ(s1 + s2 + · · ·+ sr − kr)
.
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Corollary 3.5. Let s1, s2, . . . , sr ∈ D1 and λ the Liouville lambda function.

• If r is even, we have
+∞∑

n1,...,nr=1
(n1,...,nr)=1

λ (n1) · · ·λ (nr)

ns11 · · ·nsrr
=

r∏
i=1

ζ (2si)

ζ (si)
× 1

ζ (s1 + s2 + · · ·+ sr)
.

• If r is odd, we have
+∞∑

n1,...,nr=1
(n1,...,nr)=1

λ (n1) · · ·λ (nr)

ns11 · · ·nsrr
=

r∏
i=1

ζ (2si)

ζ (si)
× ζ (s1 + s2 + · · ·+ sr)

ζ (2 (s1 + s2 + · · ·+ sr))
.

Corollary 3.6. Given a finite or infinite set of primes P, let fP denote the characteristic function
of the positive integers that do not have a prime divisor belonging to the set P. Thus fP is the
completely multiplicative function defined by fP = 1 if p /∈ P and fP = 0 if p ∈ P. For all
s1, s2, · · · , sr ∈ D1, we have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

fP (n1) · · · fP (nr)

ns11 · · ·nsrr
=

ζ (s1) ζ (s2) . . . ζ (sr)

ζ (s1 + s2 + · · ·+ sr)

r∏
i=1

∏
p∈P

(
1− 1

psi

)∏
p∈P

(
1− 1

ps1+s2+···+sr

)−1

.

Theorem 3.2. Let g and h be two completely multiplicative functions and let f = g ∗ h. Let a
and b be the abscissae of absolute convergence for the Dirichlet series of g and h respectively.
For every s1, s2, . . . , sr in Da,b = {s ∈ C / < (s) > max(a, b)}, (a, b ∈ R) with r ≥ 2 such that
+∞∑
n=1

∣∣∣g(n)
nsi

∣∣∣ <∞ and
+∞∑
n=1

∣∣∣h(n)
nsi

∣∣∣ <∞, (i ∈ {1, . . . , r}) , we have

+∞∑
n1,...,nr=1

(n1,...,nr)=1

f(n1) · · · f(nr)

ns11 · · ·nsrr
=

r∏
i=1

D(g, si)D(h, si)
∏
p

Mr(p),

and

Mr(p) =
r∑

k=1

(−1)k−1
∑

0≤i1<i2<···<ik≤r−1

Ksr−i1
(p)Ksr−i2

(p) · · ·Ksr−ik
(p),

Ksri
(p) =

(
1− g(p)

psri

)(
1− h(p)

psri

)
.

In particular, gives for r = 2,
+∞∑

n1,n2=1
(n1,n2)=1

f(n1)f(n2)

ns11 n
s2
2

=
2∏
i=1

D(g, si)D(h, si)
∏
p

M2(p)

=
2∏
i=1

D(g, si)D(h, si)
∏
p

(Ks2(p) +Ks1(p)−Ks2(p)Ks1(p)) .

(2)

In the case r = 3, we have
+∞∑

n1,n2,n3=1
(n1,n2,n3)=1

f(n1)f(n2)f(n3)

ns11 n
s2
2 n

s3
3

=
3∏
i=1

D(g, si)D(h, si)
∏
p

M3(p),
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where∏
p

M3(p) =
∏
p

(Ks3(p) +Ks2(p) +Ks1(p)−Ks3(p)Ks2(p)

−Ks3(p)Ks1(p)−Ks2(p)Ks1(p) +Ks3(p)Ks2(p)Ks1(p)).

Applying this theorem on a specially multiplicative arithmetic functions, we obtain the following
results:

Corollary 3.7. For every s1, s2 in D1 = {s ∈ C /Re (s) > 1}, we have

+∞∑
n1,n2=1

(n1,n2)=1

τ(n1)τ(n2)

ns11 n
s2
2

= ζ2(s1)ζ2(s2)
∏
p

(
1− 4

ps1+s2
+

2

p2s1+s2
+

2

ps1+2s2
− 1

p2s1+2s2

)
.

Proof. Applying formula (2) for f = τ, g = h = 1, gives

+∞∑
n1,n2=1

(n1,n2)=1

τ(n1)τ(n2)

ns11 n
s2
2

=
2∏
i=1

ζ2(si)
∏
p

((
1− 1

ps2

)2

+

(
1− 1

ps1

)2

−
(

1− 1

ps2

)2(
1− 1

ps1

)2
)

= ζ2(s1)ζ2(s2)
∏
p

(
1− 4

ps1+s2
+

2

p2s1+s2
+

2

ps1+2s2
− 1

p2s1+2s2

)
.

Corollary 3.8. For every s1, s2 in Dk+1 = {s ∈ C / < (s) > k + 1} (k ≥ 1), we have

+∞∑
n1,n2=1

(n1,n2)=1

σk(n1)σk(n2)

ns11 n
s2
2

=
2∏
i=1

ζ(si)ζ(si − k)

∏
p

(
p2s1+2s2−2k − ps1+s2−2k + 2ps1+s2−k − ps1+s2 + ps2−k + ps1−k + ps2 + ps1 − 1

p2s1+2s2−2k

)
.

In the case k = 1, the identity in corollary 3.8 reduces to

+∞∑
n1,n2=1

(n1,n2)=1

σ(n1)σ(n2)

ns11 n
s2
2

=
2∏
i=1

ζ(si)ζ(si − 1)

∏
p

(
1− 1

ps1+s2
− 2

ps1+s2−1
− 1

ps1+s2−2
+

1

p2s1+s2−1
+

1

ps1+2s2−1
+

1

p2s1+s2−2
+

1

ps1+2s2−2
− 1

p2s1+2s2−2

)
,

forRs1,Rs2 > 2.

Corollary 3.9. For every s1, s2 in D2 = {s ∈ C / < (s) > 2}, we have

+∞∑
n1,n2=1

(n1,n2)=1

β(n1)β(n2)

ns11 n
s2
2

=
2∏
i=1

ζ(2si)ζ(si − 1)

ζ(si)

∏
p

(
1− 1

ps1+s2
+

2

ps1+s2−1
− 1

ps1+s2−2
+

1

p2s1+s2−1
+

1

ps1+2s2−1
− 1

p2s1+s2−2
− 1

ps1+2s2−2
− 1

p2s1+2s2−2

)
.
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4 Proof of Theorem 3.1

4.1 Preparing lemmas

Lemma 4.1. For any completely multiplicative arithmetic function f such that
+∞∑
n=1

∣∣∣f(n)
ns

∣∣∣ <∞ in

a domain Da ⊂ C and for all s ∈ Da and any m ∈ N, we have
+∞∑
n=1

(n,m)=1

f(n)

ns
= D (f, s)

∏
p|m

(
1− f (p)

ps

)
.

Proof. Consider the set A = {n ∈ N | (n,m) = 1}, It follows that p ∈ A if, and only if, p does
not divide m. Hence, we have

+∞∑
n=1

(n,m)=1

f(n)

ns
=

+∞∑
n∈A

f (n)

ns
=
∏
p

(
1− f (p)

ps

)−1∏
p|m

(
1− f (p)

ps

)
,

from which we obtain
+∞∑
n=1

(n,m)=1

f(n)

ns
= D (f, s)

∏
p|m

(
1− f (p)

ps

)
.

Lemma 4.2. Let f be a completely multiplicative arithmetic function and m ∈ N.

1. For any prime number p and u, v ∈ C, we have the following formula(
1− f(p)

pu

)1 +
+∞∑
α=1

(f (p))α
(

1− (f(p))m

pv

)
pαu

 =

(
1− (f (p))m+1

pu+v

)
.

1 +
+∞∑
α=1

(f (p))α
(

1− (f(p))m

pv

)
pαu

=

(
1− f(p)

pu

)−1
(

1− (f (p))m+1

pu+v

)

2. We suppose that
+∞∑
n=1

∣∣∣f(n)
ns

∣∣∣ <∞ in a domain D for C. then for every pair (u, v) in D2
a, the

following formula makes sense
+∞∑
n=1

f (n)

nu

∏
p|n

(
1− (f (p))m

pv

)
= D (f, u)

∏
p

(
1− (f (p))m+1

pu+v

)
.

Proof. 1. First we write in the domain Da

1 +
+∞∑
α=1

(f (p))α
(

1− (f(p))m

pv

)
pαu

= 1 +
+∞∑
α=1

(f (p))α

pαu
−

+∞∑
α=1

(f (p))α+m

pαu+v
.

Then, taking into account the complete multiplicativity of the function f , the product
development (

1− f(p)

pu

)(
1 +

+∞∑
α=1

(f (p))α

pαu
−

+∞∑
α=1

(f (p))α+m

pαu+v

)
,

gives the first formula from which we deduce the second.
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2. The arithmetic function

n 7→ h(n) = f (n)
∏
p|n

(
1− (f (p))m

pv

)
(n ∈ N)

is multiplicative. For all prime number p and any α ∈ N, we have
h (pα) = (f (p))α

(
1− (f(p))m

pv

)
. One has

+∞∑
n=1

h (n)

nu
=
∏
p

1 +
+∞∑
α=1

(f (p))α
(

1− (f(p))m

pv

)
pαu

 , .

According to the first assertion of the lemma, we have

1 +
+∞∑
α=1

(f (p))α
(

1− (f(p))m

pv

)
pαu

=

(
1− f(p)

pu

)−1
(

1− (f (p))m+1

pu+v

)
,

then
+∞∑
n=1

h (n)

nu
=
∏
p

(
1− f(p)

pu

)−1∏
p

(
1− (f (p))m+1

pu+v

)
,

from which we infer that
+∞∑
n=1

f (n)

nu

∏
p|n

(
1− (f (p))m

pv

)
= D (f, u)

∏
p

(
1− (f (p))m+1

pu+v

)
.

Lemma 4.3. For any completely multiplicative arithmetic function f and any m, k ∈ N, we have

1. For all s ∈ C, the arithmetic function h (n) defined by

n 7→ h (n) = f(n)
∏
p|(n,k)

(
1− (f (p))m

ps

)
(n ∈ N) ,

is multiplicative where

h (pα) =

{
f(pα)

(
1− (f(p))m

ps

)
if p | k

f (pα) if p - k
(p a prime number and α ∈ N) .

2. We suppose that
+∞∑
n=1

∣∣∣f(n)
ns

∣∣∣ < ∞ in a domain Da in C. Then, for any pair (u, v) in D2
a, we

have
+∞∑
n=1

f (n)

nu

∏
p|(n,k)

(
1− (f (p))m

pv

)
= D (f, u)

∏
p|k

(
1− (f (p))m+1

pu+v

)
.

Proof. 1. Let α and β in N such that (α, β) = 1, we have

p | (α× β, k)⇔ p | (α, k) or p | (β, k) .

It follows that h (α× β) = h (α)×h (β). Let p a prime number and α ∈ N, the expression
of h (pα) gives the following relation∏

p|(pα,k)

(
1− (f (p))m

ps

)
=

{ (
1− (f(p))m

ps

)
if p | k

1 if p - k
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2. We consider the multiplicative arithmetic function h(n) of the first assertion

h (n) = f (n)
∏
p|(n,k)

(
1− (f (p))m

pv

)
(n ∈ N) .

We have
+∞∑
n=1

h (n)

nu
=
∏
p

(
1 +

+∞∑
α=1

h (pα)

pαu

)
= P1 × P2,

or

P1 =
∏
p-k

(
1 +

+∞∑
α=1

h (pα)

pαu

)
and P2 =

∏
p|k

(
1 +

+∞∑
α=1

h (pα)

pαu

)
.

Hence, we can thus write

P1 =
∏
p

(
1 +

+∞∑
α=1

f (pα)

pαu

)∏
p|k

(
1 +

+∞∑
α=1

f (pα)

pαu

)−1

= D (f, u)
∏
p|k

(
1− f (u)

pu

)
,

and

P2 =
∏
p|k

(
1 +

+∞∑
α=1

h (pα)

pαu

)
=
∏
p|k

(
1 +

+∞∑
α=1

f(pα)

pαu

(
1− (f (p))m

pv

))
.

The first assertion of Lemma 4.2 implies that

P2 =
∏
p|k

(
1− f(p)

pu

)−1
(

1− (f (p))m+1

pu+v

)
,

we obtain
+∞∑
n=1

h (n)

nu
= P1 × P2 = D (f, u)

∏
p|k

(
1− (f (p))m+1

pu+v

)
.

4.2 Proof of Theorem 3.1.

For r = 2, we have

Σ (s1, s2) =
+∞∑
n1=1

+∞∑
n2=1

(n1,n2)=1

f (n1) f (n2)

ns11 n
s2
2

=
+∞∑
n1=1

f (n1)

ns11

+∞∑
n2=1

(n1,n2)=1

f (n2)

ns22

.

By Lemma 4.1, we obtain

+∞∑
n2=1

(n1,n2)=1

f (n2)

ns22

= D (f, s2)
∏
p|n1

(
1− f(p)

ps2

)
,

then

Σ (s1, s2) = D (f, s2)
+∞∑
n1=1

f (n1)

ns11

∏
p|n1

(
1− f(p)

ps2

)
.

610



The second assertion of Lemma 4.2 implies

+∞∑
n1=1

f (n1)

ns11

∏
p|n1

(
1− f(p)

ps2

)
= D (f, s1)

∏
p

(
1− (f (p))2

ps1+s2

)
.

It follows that

Σ (s1, s2) = D (f, s1)D (f, s2)
∏
p

(
1− (f (p))2

ps1+s2

)
.

Assuming r ≥ 3 and writing that

Σr = Σ (s1, s2, . . . , sr) =
+∞∑
n1=1

+∞∑
n2=1

· · ·
+∞∑
nr=1

(n1,n2,...,nr)=1

f (n1) f (n2) · · · f (nr)

ns11 n
s2
2 · · ·nsrr

.

We have

Σr =
+∞∑
n1=1

f (n1)

ns11

+∞∑
n2=1

f (n2)

ns22

· · ·
+∞∑

nr−1=1

f (nr−1)

n
sr−1

r−1

+∞∑
nr=1

(nr,(n1,n2,...,nr−1))=1

f (nr)

nsrr
.

The application of Lemma 4.1 with (n = nr and m = (n1, n2, . . . , nr−1)) leads to

+∞∑
nr=1

(nr,(n1,n2,...,nr−1))=1

f (nr)

nsrr
= D (f, sr)

∏
p|(n1,n2,...,nr−1)

(
1− f (p)

psr

)
,

we can easily get

Σr = D (f, sr)
+∞∑
n1=1

f (n1)

ns11

+∞∑
n2=1

f (n2)

ns22

· · ·
+∞∑

nr−2=1

f (nr−2)

n
sr−2

r−2

+∞∑
nr−1=1

h (nr−1)

n
sr−1

r−1

,

or
+∞∑

nr−1=1

h (nr−1)

n
sr−1

r−1

=
+∞∑

nr−1=1

f (nr−1)

n
sr−1

r−1

∏
p|(n1,n2,...,nr−1)

(
1− f (p)

psr

)
.

After r − 1 applications of the second assertion of Lemma 4.3 to sums

+∞∑
nr−k=1

h (nr−k)

n
sr−k
r−k

=
+∞∑

nr−k=1

f (nr−k)

n
sr−k
r−k

∏
p|(nr−k,(n1,n2,...,nr−k−1))

(
1− (f (p))k

psr−k+1+···+sr

)
,

(k = 1, . . . , r − 1) , which appear in the expression of Σr, we obtain the formula

Σr = D (f, sr)D (f, sr−1) · · ·D (f, s2)
+∞∑
n1=1

f (n1)

ns11

∏
p|n1

(
1− (f (p))r−1

ps2+···+sr

)
.

The second assertion of Lemma 4.2 implies

+∞∑
n1=1

f (n1)

ns11

∏
p|n1

(
1− (f (p))r−1

ps2+···+sr

)
= D (f, s1)

∏
p

(
1− (f (p))r

ps1+s2+···+sr

)
.

This completes the proof of the Theorem 3.1. �
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5 Proof of Theorem 3.2

We need the following result.

5.1 Preparing lemmas

Lemma 5.1. [2] Let r be an integer. If F(s) =
+∞∑
n=1

(n,r)=1

f(n)

ns
and G(s) =

+∞∑
n=1

(n,r)=1

g(n)

ns
, where the

series converge absolutely forR(s) > a, then

F(s)G(s) =
+∞∑
n=1

(n,r)=1

(f ∗ g)(n)

ns
, forR(s) > a.

Proof. For any s for which both series converge absolutely we have

F(s)G(s) =
+∞∑
n=1

(n,r)=1

f(n)

ns

+∞∑
m=1

(m,r)=1

g(m)

ms
=

+∞∑
n,m=1

(nm,r)=1

f(n)g(m)

(nm)s
,

Because of absolute convergence we can multiply these series together and rearrange the terms is
any way we please without altering the sum, hence

F(s)G(s) =
+∞∑
k=1

(k,r)=1

1

ks

∑
mn=k

f(n)g(m) =
+∞∑
k=1

(k,r)=1

h(k)

ks
,

where h(k) =
∑

mn=k

f(n)g(m) = (f ∗ g)(k).

This completes the proof of Lemma 5.1.

Lemma 5.2. Let g and h be two completely multiplicative functions and let f = g ∗ h such that
+∞∑
n=1

∣∣∣g(n)
ns

∣∣∣ < ∞ and
+∞∑
n=1

∣∣∣h(n)
ns

∣∣∣ < ∞ for every s in a domain Da ⊂ C. For all s ∈ Da and any

m ∈ N, we have
+∞∑
n=1

(n,m)=1

f(n)

ns
= D (g, s)D (h, s)

∏
p|m

(
1− g (p)

ps

)(
1− h (p)

ps

)

= D (f, s)Ks(p).

Proof. This is a direct consequence of Lemma 4.1 and Lemma 5.1.

Lemma 5.3. Let g and h be two completely multiplicative functions and let f = g ∗ h such that
+∞∑
n=1

∣∣∣g(n)
ns

∣∣∣ <∞ and
+∞∑
n=1

∣∣∣h(n)
ns

∣∣∣ <∞ for every s in a domain Da ⊂ C.

1. For all sr−j ∈ Da, (j = 1, . . . , r) and any r ∈ N, we have the following formula

+∞∑
n=1

f (n)

nsr−j

∏
p|n

Mj(p) = D (f, sr−j)
∏
p

Mj+1(p), j = 1, . . . , r
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2. For all sr−j ∈ Da, (j = 1, . . . , r) and any r,m ∈ N, we have

+∞∑
n=1

f (n)

nsr−j

∏
p|(n,m)

Mj(p) = D (f, sr−j)
∏
p|m

Mj+1(p), j = 1, . . . , r,

where Mj(p) =

j∑
k=1

(−1)k−1σ(k,j)(p), and

σ(k,j)(p) =
∑

0≤i1<i2<···<ik≤j−1

Ksr−i1
(p)Ksr−i2

(p) · · ·Ksr−ik
(p),

for all j = 1, . . . , r.

Proof. 1. The arithmetic function

n 7→ g(n) = f (n)
∏
p|n

Mj(p), (n ∈ N)

is multiplicative. For all prime number p and any α ∈ N, we have g (pα) = (f (p))αMj(p).
One has

+∞∑
n=1

g (n)

nsr−j
=
∏
p

(
1 +

+∞∑
α=1

(f (p))αMj(p)

pαsr−j

)

=
∏
p

(
1 +

j∑
k=1

(−1)k−1σ(k,j)(p)
+∞∑
α=1

(f (p))α

pαsr−j

)
.

where
+∞∑
α=1

(f(p))α

pαsr−j
=

1

Ksr−j(p)
− 1.

This gives

1 +

j∑
k=1

(−1)k−1σ(k,j)(p)
+∞∑
α=1

(f (p))α

pαsr−j

= 1 + σ(1,j)(p)

(
1

Ksr−j(p)
− 1

)
− σ(2,j)(p)

(
1

Ksr−j(p)
− 1

)
+ · · ·+ (−1)j−1σ(j,j)(p)

(
1

Ksr−j(p)
− 1

)
,

then

Ksr−j(p)

(
1 +

j∑
k=1

(−1)k−1σ(k,j)(p)
+∞∑
α=1

(f (p))α

pαsr−j

)
= Ksr−j(p) + σ(1,j)(p)

(
1−Ksr−j(p)

)
− σ(2,j)(p)

(
1−Ksr−j(p)

)
+ · · ·+ (−1)j−1σ(j,j)(p)

(
1−Ksr−j(p)

)
,
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from which we obtain

Ksr−j(p)

(
1 +

j∑
k=1

(−1)k−1σ(k,j)(p)
+∞∑
α=1

(f (p))α

pαsr−j

)
=
(
Ksr−j(p) + σ(1,j)(p)

)
−
(
σ(1,j)(p)Ksr−j(p)− σ(2,j)(p)

)
+ · · ·+ (−)j−1

(
σ(j−1,j)(p)Ksr−j(p) + σ(j,j)(p)

)
+ (−1)jσ(j,j)(p)Ksr−j(p).

We can thus write

Ksr−j(p)

(
1 +

j∑
k=1

(−1)k−1σ(k,j)(p)
+∞∑
α=1

(f (p))α

pαsr−j

)
= σ(1,j+1)(p)− σ(2,j+1)(p) + · · ·+ (−)j−1

(
σ(j,j+1)(p)

)
+ (−1)jσ(j+1,j+1)(p) = Mj+1(p).

Hence
+∞∑
n=1

f (n)

nsr−j

∏
p|n

Mj(p) =
+∞∑
n=1

g (n)

nsr−j

=
∏
p

(
1 +

j∑
k=1

(−1)k−1σ(k,j)(p)
+∞∑
α=1

(f (p))α

pαsr−j

)
=
∏
p

(
K−1
sr−j

(p)Mj+1(p)
)

= D(f, sr−j)
∏
p

Mj+1(p).

2. According to the first assertion of the Lemma 4.3, the arithmetic function

n 7→ h(n) = f (n)
∏

p|(n,m)

Mj(p), (n ∈ N)

is multiplicative. For all prime number p and any α ∈ N, we have

+∞∑
n=1

h (n)

nn
sr−j =

∏
p

(
1 +

+∞∑
α=1

h (pα)

pαsr−j

)
= P1 × P2,

or

P1 =
∏
p-m

(
1 +

+∞∑
α=1

h (pα)

pαsr−j

)
and P2 =

∏
p|m

(
1 +

+∞∑
α=1

h (pα)

pαsr−j

)
.

Hence, we can thus write

P1 =
∏
p

(
1 +

+∞∑
α=1

f (pα)

pαsr−j

)∏
p|m

(
1 +

+∞∑
α=1

f (pα)

pαsr−j

)−1

= D (f, sr−j)
∏
p|m

Ksr−j(p),

and

P2 =
∏
p|m

(
1 +

+∞∑
α=1

h (pα)

pαsr−j

)
=
∏
p|m

(
1 +Mj(p)

+∞∑
α=1

f(pα)

pαsr−j

)
.
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The first assertion of the lemma implies that

P2 =
∏
p|m

(
K−1
sr−j

(p)Mj+1(p)
)
,

we obtain
+∞∑
n=1

h (n)

nsr−j
= P1 × P2 = D (f, sr−j)

∏
p|m

Mj+1(p).

5.2 Proof of Theorem 3.2

For r = 2, we have

Σ (s1, s2) =
+∞∑
n1=1

+∞∑
n2=1

(n1,n2)=1

f (n1) f (n2)

ns11 n
s2
2

=
+∞∑
n1=1

f (n1)

ns11

+∞∑
n2=1

(n1,n2)=1

f (n2)

ns22

.

According to Lemma 5.2, we have
+∞∑
n2=1

(n1,n2)=1

f (n2)

ns22

= D (f, s2)
∏
p|n1

M1(p).

where

M1(p) = Ks2(p) =

(
1− g (p)

ps2

)(
1− h (p)

ps2

)
,

The first assertion of Lemma 5.3 implies
+∞∑
n1=1

f (n1)

ns11

∏
p|n1

M1(p) = D (f, s1)
∏
p

M2(p),

It follows that

Σ (s1, s2) = D (f, s1)D (f, s2)
∏
p

M2(p)

= D (f, s1)D (f, s2)
∏
p

(Ks2(p) +Ks1(p)−Ks2(p)Ks1(p)) .

Assuming r ≥ 3 and writing that

Σr = Σ (s1, s2, . . . , sr) =
+∞∑
n1=1

+∞∑
n2=1

· · ·
+∞∑
nr=1

(n1,n2,...,nr)=1

f (n1) f (n2) · · · f (nr)

ns11 n
s2
2 · · ·nsrr

.

We have

Σr =
+∞∑
n1=1

f (n1)

ns11

+∞∑
n2=1

f (n2)

ns22

· · ·
+∞∑

nr−1=1

f (nr−1)

n
sr−1

r−1

+∞∑
nr=1

(nr,(n1,n2,...,nr−1))=1

f (nr)

nsrr
.

The application of Lemma 5.2 with (n = nr and m = (n1, n2, . . . , nr−1)) we obtain
+∞∑
nr=1

(nr,(n1,n2,...,nr−1))=1

f (nr)

nsrr
= D (f, sr)

∏
p|(n1,n2,...,nr−1)

M1(p)
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we can easily get

Σr = D (f, sr)
+∞∑
n1=1

f (n1)

ns11

+∞∑
n2=1

f (n2)

ns22

· · ·
+∞∑

nr−2=1

f (nr−2)

n
sr−2

r−2

+∞∑
nr−1=1

h (nr−1)

n
sr−1

r−1

or
+∞∑

nr−1=1

h (nr−1)

n
sr−1

r−1

=
+∞∑

nr−1=1

f (nr−1)

n
sr−1

r−1

∏
p|(n1,n2,...,nr−1)

M1(p),

After r − 1 applications of the second assertion of Lemma 5.3 to sums
+∞∑

nr−k=1

h (nr−k)

n
sr−k
r−k

=
+∞∑

nr−k=1

f (nr−k)

n
sr−k
r−k

∏
p|(nr−k,(n1,n2,...,nr−k−1))

Mk(p),

which appear in the expression of Σr, we obtain the formula

Σr = D (f, sr)D (f, sr−1) · · ·D (f, s2)
+∞∑
n1=1

f (n1)

ns11

∏
p|n1

Mr−1(p).

The first assertion of Lemma 5.3 implies
+∞∑
n1=1

f (n1)

ns11

∏
p|n1

Mr−1(p) = D (f, s1)
∏
p

Mr(p).

This completes the proof of the Theorem 3.2.

References

[1] Apostol, T. M. (1976). Introduction to Analytic Number Theory, Springer-Verlag, New York.

[2] McCarthy, P. J. (1986). Introduction to Arithmetical Functions. Springer.

[3] Nowak, W. G., & Tóth, L. (2014). On the average number of subgroups of the group Zm ×
Zn. International Journal of Number Theory, 10(2), 363–374.
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[6] Tóth, L. (2013). Two generalizations of the Busche–Ramanujan identities. International
Journal of Number Theory, 9, 1301–1311.
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