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1 Introduction

Throughout the sequel, we use the following notation

o0

(@;9)oo = [ ] (1 = ag™),

n=0

where a and ¢ are complex numbers with |¢| < 1. For |ab| < 1, Ramanujan’s general theta
function is defined by

o0

f(a,b) := Z "M = (—a; ab)oo(—b; ab) oo (ab; ab) s .

n=—oo
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Further, Ramanujan [1, p. 36] considers the following three special cases of f(a,b):

_ ) (4% ¢%) o
v(a) = f(g,q) —1+22q = Dol P
B e (0457w
U(q) = f(a,q Zq —q’q o
and -
fl=a) = fl—q.—¢) = > (~1)"g" 5 Z " = (g )
n=0 n=1

After Ramanujan, we define

X(q) == (—¢:¢°) and [, := f(—q"),

where n is any positive integer. Let P(q) denote Ramanujan’s Eisenstein series of weight 2,

defined by
=1-24 Z

For any positive integer n, set P, := P(q").

1—q

In the unorganized pages of his second notebook [10] and the lost notebook [11, p. 55],
Ramanujan recorded theta function identities involving f1, fo, fr and fo, for certain positive
integer k. We call such identities as level 2k theta function identities. B. C. Berndt [2, pp.
204-208] proved level 6 and level 10 identities using Ramanujan’s modular equations. Also S.
Bhargava, K. R. Vasuki and K. R. Rajanna [3] have proved these identities by using Ramanujan’s
1%, summation formula.

In a paper [7] S. Cooper and D. Ye deduced the below Eisenstein series identities: If

3 4
z = qf1f2f7/ 14, v:q(f2f14) and w:q<f1f14) 7

Jifz fofz
then
1 ( P+P+4+7TP — TP ) 1
2V = = 1 2 7 14 32’
1

8
(Pl 4P2—7P7+28P14)—§Z,

v 18
5

2w = 144(5131 —26P, +91P;, — 70P4) + 62 and
z 1 5

— 13P, + 10Py — 35P; + 182P,

” 144( 3P, +10FP;, — 35P; + 18 14)+62

Further they showed that
72—1—821}4—5—210—3:0.
v w

This yields the following theta function identity of level 14:
1 1
-+ +T7T=w+ —,
v w
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which is equivalent to the modular equation recorded by Ramanujan [10, Ch. 19, Entry 19, ix].
Motivated by this, in this article we extend the above technique to obtain all level 6 and level 10
theta function identities. In Sections 2 and 4, we prove certain Eisenstein series identities which
are required to prove Ramanujan’s theta function identities of level 6 and level 10, respectively.
In Sections 3 and 5, we prove level 6 and level 10 theta function identities, respectively.

2 Eisenstein series of level 6

In this section, we recall certain known Eisenstein series identities which are required to prove
level 6 theta function identities. S. Cooper [6, Theorem 6.19, p. 378] has given a proof of the
below six Eisenstein series identities (2.5)—(2.10) and it is interesting to see that these identities
can be written as a linear combination of the form

aPy 4+ bP, + cPs + dF%,

where 6a 4 3b+ 2c+d = 0. Among these identities, we prove (2.6)—(2.8). Then E. N. Bhuvan [4]
set

2 3
©*(—q’)
l :: 5 (2.1)
©*(—q)
and then showed that p
2=ay, log(1) = 4q¥*(q)*(¢°), (2.2)
9
X’ (—q) 8
= 2.3
=) T >
4 2
e (q®)  12—1
N
P, — 2P, —9P; + 18P; = 8 , (2.5)
f3f6
and i
P, — 4P, — 3Py + 12P; = 6f1 I3 (2.6)

fife
R. G. Veeresha [12, pp. 88-89] proved the below Eisenstein series identity by using W. N.
Bailey’s formula:

o f21s
—P1+P2—|—3P3—3P6—24q22. (27)
fifs
Theorem 2.1. The following identities hold:
I o/
—P + 2P, + P; — 2P = 24q , (2.8)
fife
N fifs
Py —10P, +15P3 — 6P = —24q %z (2.9)
[ 15
and .
oy f2ts
—5P, +2P, —3P;+ 30F; = 24f5f5. (2.10)
1J6
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Proof. From (2.3), we have
X'(-¢) 8
X(=¢®) 9 -1

This implies
RE s
B3 o -1
Differentiating logarithmically with respect to ¢, using (2.1), (2.3) and the definition of F,,, we
obtain (2.8). From (2.1) and (2.3), we find that
ZZ Xg(_q) — 812
=) -1

This is

hfs 81?

fife 9P —1
Differentiating logarithmically with respect to ¢, using (2.1), (2.3) and the definition of F,, we
obtain (2.9). From (2.3) and (2.4), we have

AW B

q — )
X (=q)v*(q) 8
which implies
fff _P-1
q = .
fifs 8

By logarithmic differentiation and using (2.1), (2.3) and (2.4), one can easily obtain (2.10). [

3 Theta function identities of level 6

In this section, we prove the below Ramanujan’s theta function identities (3.1)—(3.3) of level 6 by
applying the level 6 Eisenstein series identities proven in the previous section. For convenience,

set Z = q2 f1 o fs fo.
Theorem 3.1. Let

x= Sy bl Bl Ny g e
q2i fo qs fs q2i f3 q2i fs qm f3 qs fe
Then, ; .
5 8 (YY" (X
o= (1) - (3
9 L\? K\*
(KL)? - TP _ (?) -8 (f) (3.2)
and . .
9 N M
(MN)2+ (]\/[N)2 = (M) + (F) . 3.3)

Ramanujan recorded (3.2) and (3.3) in his second notebook [10, p. 327] and recorded a
modular equation equivalent to (3.1) in his second notebook [10, p. 230].
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Proof. From (2.6) and (2.7), we find that

[ 8
— P, — 2P, +3P;+6P; =67 |(XY)® + }
1 2 3 6 ( ) (XY)3

Also from (2.9) and (2.10), we obtain that

[ /v\® /x\°
—P, - 2P 3P, +6FP; =67 — | = =
1 o+ o3+ 0% (X) (Y)

Identity (3.1) follows from the above two identities. From (2.5) and (2.8), we find that

P, — 2P, — 3P+ 6P = 27 {(KL)2 - %} .

(%) (%) ]

It is easy to see that from the above two identities, we obtain (3.2). From (2.5) and (2.8), we find
that

Also from (2.6) and (2.7), we find that

P1—2P2—3P3+6P6:22

9
P, +2P, — 3P, + 6P, =47 MN2+—].
2P, — 3P, + 6, [( Tt

G (3]

From the above two identities, (3.3) holds. O

Also from (2.9) and (2.10), we find that

—P1—|—2P2—3P3+6P6:4Z

4 Eisenstein series of level 10

In this section, we obtained three new Eisenstein series identities by using the relations involving
Ramanujan function £ [10, p. 326] and is defined by

k=r(Qr(d),

where r(q) is the Rogers—Ramanujan continued fraction and

) 0 1— q5jf4 1 — q5j71
r(g) = a° H : 5‘—3)( 5'—2)‘
(1—¢%2)(1— g2
Note that the below three Eisenstein series identities (4.6)—(4.8) can be obtained from [6, Theorem

10.12, p. 536] but we prove them by logarithmic differentiation. The identities (4.3)—(4.8) can be
written as a linear combination of the form

J=1

CLPl +bP2+CP5+dP10,

where 10a + 5b + 2¢ + d = 0.
Of the identities (4.1) below, the first two are due to Ramanujan [11, p. 56] and the last two
identities are due to C. Gugg [8].

585



1-k (=4 Bo_ (=0
1—dk -k ¢*(=q)"  1-k "X°(—¢°)

4.1)
1+ k—k? 2 1+ k2
* = 1/}2(61; and Va = LI 17»2&(@) =7 Y0,
k q*(q°) k ¢"/%9(q°)
where )
2 5\2\ 2
v, — < w(qg2_2+5qw(q3 ) '
q(q°) ¥(q)
S. Cooper [5], deduced the following identity which is a derivative of Ramanujan function k:
d hizts
q— log(k) = ) “4.2)
dgq (£) f 120
Further, S. Cooper [5], deduced the following Eisenstein series identities:
Py — 4P, — 5P5 + 20Pyy = 12Yq2 f2£2, (4.3)
L f5f3
—3Py + 2P, — 5P; + 30Py = 24Y,q? 2> (4.4)
I3 fo
and 5
P, — 2P, — 25P5 + 50P; = 24Yyq? / ”;§f 10 (4.5)
5
Theorem 4.1. The following Eisenstein series identities hold:
s [y fi
Py — Py — 5P+ 5Py = —24Yq2 520 (4.6)
fifs
3 f 13 f 150
fafs
and ;
— P+ 2Py + Py — 2Py = zmq%%. (4.8)
1

Proof. From (4.1), we have
©*(—q) 1 -4k - k?

P=q’) 1-k?

This implies
fiffy  1—4k—k?

IZA S
Differentiating logarithmically with respect to ¢ and using the definition of P, and (4.1), (4.2),

we arrive at (4.6). From (4.1), we see that

Vox(=q) _ 1+k—k
V()X (—¢) 1 -k

This implies
f3fio  1+k—k
AfE 1k
Differentiating logarithmically with respect to ¢ and using the definition of P, and (4.1), (4.2),

one can easily deduce (4.7). From (4.1), we find that
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P () (@x(—q) _ 1+k—Fk
P (=) (@) (—°) 1 -4k =k

which implies

f2f  14+k—k

ffio 1—4k—k*
Differentiating logarithmically with respect to ¢ and using the definition of P, and (4.1), (4.2),
we obtain (4.8). [l

5 Theta function identities of level 10

The following theorem gives the proof of Ramanujan’s theta function identities of level 10 in
which (5.1) and (5.3) are noted by Ramanujan [11, p. 55], and (5.2) is noted by Ramanujan in his
second notebook [10, p. 327]. Now let us set Zy = qfz 3 Yo.

Theorem S5.1. Let

P = {1 7Q:J—57A:#73231f—170:f_17andl): 1f2 .
q2i fo q21 f1o qs8 f5 q8 fio qs f5 q3 f1o
Then o 5 3
9 4 (Q\" (P
o+ gp = (3) - (@) D
5 B\? A\?Z
AB _E:<Z> - (E) 62
and ; o
5 D
C’D+O—D = (5) + (5) . (5.3)

Proof. From (4.3) and (4.6), we find that

4
—P1 - 2P2 + 5P5 + 10P10 - 1220 |:(PQ)2 + :| :

() -(5)

From the above two identities, one can easily seen that (5.1) holds. From (4.5) and (4.8), we
obtain that

Also, from (4.4) and (4.7), we find that

P, — 2P, + 5Ps + 10P, = 127,

5
P, —2P, —5P; +10P)y =47y |AB — —
1 2 5+ 10 0[ AB}

(5) -(5)

From the above two identities, it follows that (5.2) holds. From (4.5) and (4.8), we find that

Also from (4.3) and (4.6), we find that

P —2P, —5P; +10P, g = 4%,

5
—P,+ 2P, — 5P, 10P,, =67, |CD + —
1+ 205 5+ 10 0[ + CD}
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Also from (4.4) and (4.7), we find that

—P 4+ 2P, — 5P+ 10P)y = 6%

From the above two identities, it follows that (5.3) holds. [l
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