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Abstract: The main purpose of this paper is to define a new additive arithmetic function related
to a fixed integer £ > 1 and to study some of its properties. This function is given by

f(1)=0and fi (n) =Y (k,a),

p*|In

such that (a, b) denotes the greatest common divisor of the integers a and b.
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1 Introduction

For all integers a, b > 1, we denote by gcd(a,b) = (a,b) the largest common divisor of the

T
n = | |pf“
i=1

be the prime factorization of the positive integer n > 1. In [1] Atanassov defined and studied the

integers a and b. Let

following function:
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mult (n sz, mult (1) =1,

and in [5], Andrei V. Shubin defined the following two additive arithmetic functions

=) aandw(k,n) =) 1 (1)

p|n p|n
a<k a>k

The two functions §2(k,n) and w(k, n) are generalizations of the well-known functions 2(n) and
w(n) are respectively the number of prime divisors and the number of distinct prime divisors of
n. The definition and study of the properties of new arithmetic functions is a topic of interest to
many researchers (see for example, [2—4]).

In this paper, a new additive arithmetic function will be defined and some of its basic properties
are investigated.

2 Main results

Let k be a positive integer. Then we define fj, to be the arithmetic function such that fj (1) = 0
and

fen) =" (ko).

p*n
We note that the function f, (n) is equal to the function w (n) or to the function €2 (n) for some
particular cases of the integer k.
T

Indeed, letn = [[ pi". If k = 1, then (k, ;) = 1 forall (1 < ¢ <r). Thus

i=1
fl(n)zz La;) = Zl—w , for all n,

pi‘n pz‘n
and if a; > 2 forall 1 < ¢ < r, then
fi(n) = Zl =w(l,n).
piln
a;>1
If £ =lem (g, an, ..., ), then (k, a;) = «; forall (1 <i < 7). Thus
fk(n):Zkozz Z%—Q
pi'" pz‘n
and it can also be noticed that o; < k, then

= Zaizﬂ(/@,n).

piln
algk
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Let m be a positive integer such that m = [] qu , its canonical decomposition. If (m,n) = 1
j=1
(ie.,qj #p;foralll <i<randl <j<s),thenforall k € Z>;

fro(nm) =" (ko) + > (K, (n) + fi (m).

pz|n qj'"

On the other hand, if p;, p, and ps are different primes, then for all £ € Z>, :

fe (mph™'ps) = (k1) + (k, k +1) + (k, 1) = 3,

while
Jr (0105) + fr (p2ps) = (k, 1) + (k, k) + (k, 1) + (k, 1) = k + 3.

Therefore, it can be shown that the function fj, is additive but not completely additive.
We know that for all o; (1 < ¢ < r) and for all £ € Z>;, we have

1 S (kaaz) S (079)

which implies that

1.e.,
w(n) < fr(n) <Q(n) foralln > 1. (2)

Theorem 2.1. For any integer k € Z>1, fr (n) = w (n) if and only if n is a square-free positive

integer.

,
Proof. Clearly, if n is a square-free positive integer, we have n = [] pzl. e, = Qg = -+ =
i=1

o, = 1. Then for k € Z>,, it comes that

frn) =) (k1) => 1=w(n).

piln piln
Conversely, if n is a positive integer such that
Vk € Zzy, fr(n)=w(n),

then (k,a;) = 1 forall k € Z>,, and thatis true if ; = 1 forall 1 < ¢ < r ie., onlyif nisa
square-free number. O

For a fixed integer k € Z>; there is an infinity of positive integers n where f; (n) = w(n).

For example if k& an odd integer, then all n = [] p with «; are even for all 1 < i < r the
i=1
property is true.

Corollary 2.1. For any integer k € Z>,, and for every integer n > 1
fie (mult (n)) = w(n).
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Theorem 2.2. For any integer n = H P, such that { = lem (ay, oo, ..., ;) , the function

fr (n) of the variable k is (-periodic. In other words,

fraee(n) = fe(n), forallk € Z>,.

Proof. Let ¢ =lcm (o, a, ..., ). So forall o; (1 < i < r) there exists );, such that £ = \;qv;.
It follows that
(az,k—}-f) = (al,k‘—{—)\zal) = (ijkf) (1 S ) ST’),

by this last property we get

free(n) =Y (k+La) =Y (k)= fi(n). O

piln piln
T
Theorem 2.3. For any integer n = [[ pj, such that k = ged (ay, oo, . .., o) , we have
i=1
Jr (n)
=w(n
= ()
Proof. Firstly, as we have k = ged (a1, g, . . ., ) there exist r positive integers (0/1, 0/2, e oz;,)

such that o; = ka; (1 <4 < 7). This shows that
(k,ay) =k (1<i<r),

from which, we have for every integer n > 1,
fen) =" (ko) =Y k=kw(n) O
plln p1|n

Theorem 2.4. Let ky and ko be positive integers such that ky is a multiple of k. For any integer
n—Hpa’suchthat< )zl(lgigr).Then

fkl (n) = fk2 (n)

Proof. Since k; is a multiple of ko, then ky = dko where d > 1. If (d, ;) = 1 forall 1 < <r,
it comes that
(/ﬁ,Oéi) = (dkza%) = (k2704i>-

Thus

fkl (n) :Z(kbai):Z(k%ai):flm (n) u

piln piln

Theorem 2.5. Let k > 1 be an integer. If k is odd, then for every even perfect number n, we have

fe(n) =2,

and if k is even, then for every odd perfect number n (if exists), there exists an integer m such that
fe (n) = frj2 (m) = 1.
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Proof. We know that every even perfect number n has the form 271 (27 — 1) where (2 — 1) is
a Mersenne prime (therefore, p is prime). So for a prime number p such that n = 2P~1 (2P — 1) is
perfect, we have

fe(n) = fu (21 (2"—1))
= [ (2 + (2 —1)
= (k,p—1)+ 1

The result comes directly if k is odd.
If n is an odd perfect number, then

- p4Q+1 m2

)

where p is a prime number such that p = 1(mod 4) and does not divide ). Then

Ir (n) = fx (p4Q+1m2)
= fi ("9 + fi, (m?)
= (4Q+1,k)+ > (k. 20).
p*{lm
So, if k even, then

fen) = 142) (k/2,q)

p*[Im

= 14 2fkp(m). o

3 Conclusion

In this paper we have defined a new additive arithmetic function related to a fixed integer and
studied some of its properties.

We know that

w(n)gw

such that 7 (n) is the number of divisors of n. So, according to (2) it is important to ask ourselves

<0 foralln > 1
g2 = (n) foralln > 1, 3)

what is the amplitude of the difference

_logT(n) .

fi () log 2

This is what can be taken care of later.
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