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1 Introduction

Many interesting identities have been derived by using p-adic integrals for representations by
Bernoulli, Stirling and Daehee numbers and polynomials. There are also studies involving
degenerate types and g-representations of these numbers and polynomials (see [4,5,7-15,18,19]).
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The g-calculus plays an important role in number theory, combinatorics and other branches
of mathematics. The g-calculus was first examined by Euler [2], and the subject is still of current
interest. Let p be an odd prime number. We use Z,,Q,, and C, to denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure of Q,,
respectively. The p-adic norm |.|, is normalized by |p|, = %. Let ¢ be an indeterminate in C,

such that |1 — ¢|, < pp%ll. The g-extension of number x, denoted by [z],, is

1—q°
It is clear that lim,,;[z], = z. Let f be a uniformly differentiable function on Z,. Then p-adic
g-integral on Z,, is defined by Kim in [12]:

pN -1

L(f) = i f(@)dpg () = lim Zf 2) g + pVZy)

1
= lim flx)q". (D
Nﬁoo [pN] :BZ:O ( )
Letting ¢ — 0 and ¢ — —1 in (1), the authors get
/f:r+1 dho (@ /f ) dpo (@) = f' (0), @

and

/f:c+ ) dus () + /f(az)dul(x):zfm), 3)

respectively. More generally, from (1),

/fa:+1 ity ( /f D)y (@) + (g = 1) £ O) + 1 (0), @

where f’ is the derivative of f with respect to x. The g-Bernoulli numbers, denoted by B5,, ,, are
defined with the help of p—adic integrals as follows:

/ et dp, (z Z Bnq—!. (5)

Zp

From (4) and (5), the generating function of the g-Bernoulli numbers is

qg—1+ %t s n
T P P Q

The Carlitz’s degenerate Bernoulli polynomials of order r, denoted by [y, ) (x|\), are defined via
their generating function as follows:

(ﬁ) (1+Xt)> = iﬁnr) (z[A) g (7
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The Daehee numbers, denoted by D,,, are defined via their generating function as follows:

o0

It is clear that

1 n!
DOI17D1:__7---7Dn:(_1)nn+1

(n=1,2,-). 9)

The higher-order Daehee polynomials [6] are defined via their generating functions as follows:

<log(1 + t))r (1417 = iD’(p (z) ﬁ

t

Also, Dy (x) can be given with the help of p-adic integral as follows [19]:

Dﬁf) (x) = / = /(:E + a1+ 2 )pndpo (1) - - - dpo () (10)
ZP Zp

Specially, when » = 1, DS’ (x) = D, (x) are called the Daehee polynomials. J. W. Park

generalized the ¢g-Daehee polynomials, to what called the A — g—Daehee polynomials, as follows
[18]:

g—1+ 1qu)\log(l—i-t °° n
1+ =Y Dyrg(z) —. (11)

When A =1landz =0, D, ,(0) = D, , are called the g-Daechee numbers.
In [3], for every a € R, the generalized harmonic numbers, denoted by H,,(«), are defined by

1
Hy(a) =0, Hy(o)=)_ ok
k=1

forn =1,2,---. When o = 1, the usual harmonic numbers are H,(1) = H, forn =0,1,2,---
In [17], the authors showed that forn € Z* and 1 < g,
q (1——QYL< q" -an>
H,| —— ) =logq - — = . (12)
(q—l) ¢ \(1-¢" nl

In [16], from the generalized harmonic numbers H,(«), the authors defined the generalized
hyperharmonic numbers of order r, H («) by

( n

ZH,:_l () ifn,r>1,
()= 1
n )= ifr=0andn >0,
na’
0 ifr<Oorn<O0,.

\

Specifically, when r = 1, H! (a) = H,, («). The generating function of these numbers is

log 1—— . i
_TT?7__ }:H (13)
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In [1], the authors defined the generalized harmonic numbers of rank r, denoted by H (n,r, ),
forn>1andr > 0,

1
H(n,ra)= E
( v ) nony - - - nran0+n1+‘“+nr

1<ng+ni+---+n-<n

and their generating function is

“log (1— 1))y &
( gg_ta)) :;H(n,r,a)t”. (14)
The derangement numbers, denoted by d,,, are defined via their generating functions as follows:
< i a4, (15)
1—t "l

It is well known that Stirling numbers play an important role in combinatorial analysis. The
Stirling numbers of the first kind S(n, k) are defined by

= Z S(n, k)x*
k=0

where for n > 0, S(n,0) = 0,0, d,; is the Kronecker delta and ™ stands for the falling factorial
defined by 2 = x(z — 1) - -- (x — n + 1). The generating function of these numbers is

(log 1+t ZSnk (16)

2 Identities are obtained by p-adic integral

In this section, we will give new identities involving Bernoulli, Daehee, Stirling numbers and
their representations by using p-adic integral and combinatorial techniques.

Theorem 2.1. For non-negative integer n and positive integer r, we have
Dn (1:) . ' n+4i r 'y n— r
oS e (1) () e @
n k r
: k—i (n —k)! A
k=0 i=0

Proof. If we let f(z) = (1 — ﬁ)”y in (2), it can be seen that

/(1_§)m+ydm< - @ (1_@5
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Using the binomial theorem, (7) and (13), we see that

/ <1 - é)eryd,uO (y) = QWO Ly (1 - é)x

ZP
= T n r = r tk
=a) Hi ()" (1= Y ()" 57 (2[1) o
n=0 k=0
o : . e Ay o9 . tk
SO ILAOLD SIE (D ME e
n=0 i=0 k=0
© n k (r)
o n—i r r Bn—k (‘T’]‘> n
—a XY (e e an)
n=0 k=0 =0
Also, by the binomial theorem and (13), we have
t\* —log (1—1) t\"
1—— R Y S— Ay (y [ L (N [
J(1-1) amm=a= Bl aer (1-1)
= r n = i (TN, S (_1>k T\ i
=ad H,(a)t"> (-1) )t )
n=0 i=0 k=0
- r n x (_1>1 r T\
:aZHn_H(a)t Z vl S L t
n=0 =0 k=0
o : (_1)Z r T r n
=« ‘ 7 o)l H . (a)t". (18)
n=0 =0 k=0

Zp Zp
= (-1)"D,
:Z (1) fx)tn. (19)
am n:
n=0
Thus, comparing the coefficients of t" on right sides of (17)—(19), the proof is complete. [l

Theorem 2.2. For a non-negative integer n and q € Rt \ (0, 1], we have that

“ (—1)" By,
SR (k= 1,a)
k=0

amt (g — 1) — gntl . <q"+1Hn <%> Yart (g — 1" H, (a))
am(g=1)"(a(g-1) —q)
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Proof. Taking f(z) = €* log(1-%) in (4), by (6), we have

rlog(1- g1+ 8 log(1-1) & (log(1- L))"
o/‘elg(la)d:uq(l‘):: q(lffi)__l ::;ggfﬁﬂ (k! a) 3

Zp

and by (14),

— | —
1 th — k 1—1¢
oo . Bkyq o0 .
= (1) =) H(nk—1,0)t
k=0 =
oo n B
=S N - #H (n,k—1,0)t" (20)
n=0 k=0 ’
So, (13) yields that
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ZP
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logq< q—1)27_< q ))t D

I
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n=

From the power series identities in (20) and (21), finite geometric series and (12), we see that
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B
(~1)* =52 (1,5~ 1,0)

k=0
> (ca=0) o ) L (M5
~\a(g—1) logg \a(¢—1)/) o = 4
. n+1
_ L= (a(qfl)> _ 1 ! ( < )n
1_% 1ogq1_<@> a(g—1)
X - | = S C— ial
(ZI: i < q ‘ 2
) 4 (g — 1)n+1 s logq ( ntlpr < ) + ot (g — 1)n+1 H, (CY))
am(¢g—1)"(a(g—1) —q) |
as claimed. :

Theorem 2.3. For non-negative integers n, r, and ¢ € R* \ {1}, we have

n n—k n
¢ ()= 80 (4" Dng
n—k:—z' k(g —1)F" ar \(1—-¢)"  nl )’
ak (¢ —1) q

k=0 z:O

M

Proof. Using f(z) = (1—1)" in (4), observe that

/(1—§>xduq(:ﬁ) _ q(1q__5—1 (b;qbg (1_2) +1). (22)

P

From (13) and the binomial theorem, we have

/(]_—a) d'uq(x)_q(l—é)_]- <logq (]_—t) (1—t) +1)

P

n

e (S S (e
Oé"(qqn—l <logqiiH i(kr—i)thrl)
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Il
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o) 1 n n—=k ' r qk
: ()t
nz; 1qukzoizo n—k—i ak(qg—1)
qn
w )" (23)
am (g —1) >

Also, by (8), (9), (12), and (22), we see that
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n=0 k=1
co n—1 00
1 n—=k qk ankfl qn
_ (-1 t" + mt"
10gq;kz:0 ) ak (g —1)Fan*(n—k—1)! Zoan (¢—1)
co n—1 0o
1 k41 qr k q"
= (-1 "+ wt"
i e Sy
co n—1 oo
_1 qn—k—l 1 qn
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logqnzgk;ooﬂ( —)" e+ Z@"(q—l)
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(s (7))
= H, + t"
;%(Mwaﬂq—n q—1 (¢—1)
= n Dn n
=3 () S, (24)
o a™n!
From (23) and (24), we get the desired result. [l

Theorem 2.4. For non-negative integers n and r, we have

aQmn + a1+2z—m—n

ZZZ((—l)TH(m,T—l,a)dk ]

=0 m=0 k=0
k+i .
S(m7r)r!k!a2i—2m—n <_1) S(n - Z7k)
m! (n—1)!

=0.

- (="
Proof. Letting f(z) = (log (1 — ﬁ))ﬁr in (3), it is easily shown that

[l ) =20

p

From (14)—(16), we have

s 1)

P

1-L  (log(1-%))"1-¢t 1
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log(l—a)—l—l 1—t l—Z2at—1
) . ot k oo 00 m
:—Qde( log (1 - 3)) Z(—I)Hnr—latnza to ™

!
k=0 k n=0 m=0 a + 1
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S O[fm_i_al#»m
xS (—1) Hnr—1a)n 30 LT E

a—n—i—m +al+n—m N

X3 N (=1 H (m,r - 1,q)

a+1

= _QZ Z (=DM g H (myr — 1,0) S (n— 4, k)

afier + alJrifm tn

a+1 am~t(n —1q)! (26)

On the other hand, (16) and (25) yield that

L (- 0)

P

:—wog@:é»zfm/oogo—s))w

P
=21 (=1)"S(n,r &nn'
n=0
0o n 00 0o 1 1t k
=2y (1) S () &in, o e log (1 - 5))
n=0

log )+1

k!

" n=0 =

s L k m+n—1 S(n—z,k‘) S(m,r) i—man
:—2rlzzzk§%k! (—D)F (=)™t P TR £, (27)

n=0 =0 m=0 k=

By (26) and (27), the result is proved. ]
We have the following corollary by taking o« = 1 in Theorem 2.4.
Corollary 2.1. For non-negative integers n and r, we have

ZZi ((—1)TH(m,r —1)d — (—1)mw 'k') (— )k+z% _ 0.

1=0 m=0 k=0

For example, when r = 1 in Corollary 2.1, we write

558 (i CUR) VS0

=0 m=0 k=0
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