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1 Introduction

Many interesting identities have been derived by using p-adic integrals for representations by
Bernoulli, Stirling and Daehee numbers and polynomials. There are also studies involving
degenerate types and q-representations of these numbers and polynomials (see [4,5,7–15,18,19]).
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The q-calculus plays an important role in number theory, combinatorics and other branches
of mathematics. The q-calculus was first examined by Euler [2], and the subject is still of current
interest. Let p be an odd prime number. We use Zp,Qp, and Cp to denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure of Qp,
respectively. The p-adic norm |.|p is normalized by |p|p = 1

p
. Let q be an indeterminate in Cp

such that |1− q|p < p
−1
p−1 . The q-extension of number x, denoted by [x]q, is

[x]q =
1− qx

1− q
.

It is clear that limq→1[x]q = x. Let f be a uniformly differentiable function on Zp. Then p-adic
q-integral on Zp is defined by Kim in [12]:

Iq(f) =

∫
Zp
f(x)dµq(x) = lim

N→∞

pN−1∑
x=0

f(x)µq(x+ pNZp)

= lim
N→∞

1

[pN ]q

pN−1∑
x=0

f(x)qx. (1)

Letting q → 0 and q → −1 in (1), the authors get∫
Zp

f (x+ 1) dµ0 (x)−
∫
Zp

f (x) dµ0 (x) = f ′ (0) , (2)

and ∫
Zp

f (x+ 1) dµ−1 (x) +

∫
Zp

f (x) dµ−1 (x) = 2f (0) , (3)

respectively. More generally, from (1),

q

∫
Zp

f (x+ 1) dµq (x) =

∫
Zp

f (x) dµq (x) + (q − 1) f (0) +
q − 1

log q
f ′ (0) , (4)

where f ′ is the derivative of f with respect to x. The q-Bernoulli numbers, denoted by Bn,q, are
defined with the help of p−adic integrals as follows:∫

Zp

extdµq (x) =
∞∑
n=0

Bn,q
tn

n!
. (5)

From (4) and (5), the generating function of the q-Bernoulli numbers is

q − 1 + q−1
log q

t

qet − 1
=
∞∑
n=0

Bn,q
tn

n!
. (6)

The Carlitz’s degenerate Bernoulli polynomials of order r, denoted by β(r)
n (x|λ), are defined via

their generating function as follows:(
t

(1 + λt)
1
λ − 1

)r

(1 + λt)
x
λ =

∞∑
n=0

β(r)
n (x|λ) t

n

n!
. (7)
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The Daehee numbers, denoted by Dn, are defined via their generating function as follows:

log (1 + t)

t
=
∞∑
n=0

Dn
tn

n!
. (8)

It is clear that

D0 = 1, D1 = −
1

2
, . . . , Dn = (−1)n n!

n+ 1
(n = 1, 2, · · · ). (9)

The higher-order Daehee polynomials [6] are defined via their generating functions as follows:(
log(1 + t)

t

)r
(1 + t)x =

∞∑
n=0

D(r)
n (x)

tn

n!
.

Also, D(r)
n (x) can be given with the help of p-adic integral as follows [19]:

D(r)
n (x) =

∫
Zp

· · ·
∫
Zp

(x+ x1 + · · ·+ xr)ndµ0 (x1) · · · dµ0 (xr) . (10)

Specially, when r = 1, D(1)
n (x) = Dn (x) are called the Daehee polynomials. J. W. Park

generalized the q-Daehee polynomials, to what called the λ− q−Daehee polynomials, as follows
[18]:

q − 1 + q−1
log q

λ log (1 + t)

q (1 + t)λ − 1
(1 + t)x =

∞∑
n=0

Dn,λ,q (x)
tn

n!
. (11)

When λ = 1 and x = 0, Dn,1,q (0) = Dn,q are called the q-Daehee numbers.
In [3], for every α ∈ R+, the generalized harmonic numbers, denoted by Hn(α), are defined by

H0(α) = 0, Hn(α) =
n∑
k=1

1

kαk

for n = 1, 2, · · · . When α = 1, the usual harmonic numbers are Hn(1) = Hn for n = 0, 1, 2, · · · .
In [17], the authors showed that for n ∈ Z+ and 1 < q,

Hn

(
q

q − 1

)
= log q

(1− q)n

qn

(
qn

(1− q)n
− Dn,q

n!

)
. (12)

In [16], from the generalized harmonic numbers Hn(α), the authors defined the generalized
hyperharmonic numbers of order r, Hr

n(α) by

Hr
n (α) =



n∑
k=1

Hr−1
k (α) if n, r ≥ 1,

1

nαn
if r = 0 and n > 0,

0 if r < 0 or n ≤ 0, .

Specifically, when r = 1, H1
n (α) = Hn (α). The generating function of these numbers is

− log
(
1− t

α

)
(1− t)r

=
∞∑
n=0

Hr
n (α) t

n. (13)
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In [1], the authors defined the generalized harmonic numbers of rank r, denoted by H (n, r, α),
for n ≥ 1 and r ≥ 0,

H (n, r, α) =
∑

1≤n0+n1+···+nr≤n

1

n0n1 · · ·nrαn0+n1+···+nr

and their generating function is(
− log

(
1− t

α

))r+1

1− t
=
∞∑
n=0

H (n, r, α) tn. (14)

The derangement numbers, denoted by dn, are defined via their generating functions as follows:

e−t

1− t
=
∞∑
n=0

dn
tn

n!
. (15)

It is well known that Stirling numbers play an important role in combinatorial analysis. The
Stirling numbers of the first kind S(n, k) are defined by

xn =
n∑
k=0

S(n, k)xk,

where for n ≥ 0, S(n, 0) = δn0, δni is the Kronecker delta and xn stands for the falling factorial
defined by xn = x(x− 1) · · · (x− n+ 1). The generating function of these numbers is

(log (1 + t))k

k!
=
∞∑
n=k

S(n, k)
tn

n!
. (16)

2 Identities are obtained by p-adic integral

In this section, we will give new identities involving Bernoulli, Daehee, Stirling numbers and
their representations by using p-adic integral and combinatorial techniques.

Theorem 2.1. For non-negative integer n and positive integer r, we have

Dn (x)

n!
=

n∑
i=0

i∑
k=0

(−1)n+i
(

r

i− k

)(
x

k

)
αn−k+1Hr

n−i+1 (α)

=
n∑
k=0

k∑
i=0

(−1)i
(

r

k − i

)
β
(r)
n−k (x|1)αk+1

(n− k)!
Hr
i+1 (α) .

Proof. If we let f(x) =
(
1− t

α

)x+y in (2), it can be seen that∫
Zp

(
1− t

α

)x+y
dµ0 (y) =

log
(
1− t

α

)
− t
α

(
1− t

α

)x
.
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Using the binomial theorem, (7) and (13), we see that∫
Zp

(
1− t

α

)x+y
dµ0 (y) = α

− log
(
1− t

α

)
(1− t)r t

(1− t)r
(
1− t

α

)x

= α
∞∑
n=0

Hr
n+1 (α) t

n (1− t)r
∞∑
k=0

(−1)k β(r)
k (x|1) tk

αkk!

= α
∞∑
n=0

Hr
n+1 (α) t

n

∞∑
i=0

(−1)i
(
r

i

)
ti
∞∑
k=0

(−1)k β(r)
k (x|1) tk

αkk!

= α
∞∑
n=0

n∑
k=0

k∑
i=0

(−1)n−i
(

r

k − i

)
Hr
i+1 (α)

β
(r)
n−k (x|1)

αn−k (n− k)!
tn. (17)

Also, by the binomial theorem and (13), we have∫
Zp

(
1− t

α

)x+y
dµ0 (y) = α

− log
(
1− t

α

)
(1− t)r t

(1− t)r
(
1− t

α

)x

= α
∞∑
n=0

Hr
n+1 (α) t

n

∞∑
i=0

(−1)i
(
r

i

)
ti
∞∑
k=0

(−1)k

αk

(
x

k

)
tk

= α
∞∑
n=0

Hr
n+1 (α) t

n

∞∑
i=0

i∑
k=0

(−1)i

αk

(
r

i− k

)(
x

k

)
ti

= α
∞∑
n=0

n∑
i=0

i∑
k=0

(−1)i

αk

(
r

i− k

)(
x

k

)
Hr
n−i+1 (α) t

n. (18)

On the other hand, the binomial theorem and (10) yield that∫
Zp

(
1− t

α

)x+y
dµ0 (y) =

∞∑
n=0

(−1)n t
n

αn

∫
Zp

(
x+ y

n

)
dµ0 (y)

=
∞∑
n=0

(−1)n

αn
Dn (x)

n!
tn. (19)

Thus, comparing the coefficients of tn on right sides of (17)–(19), the proof is complete.

Theorem 2.2. For a non-negative integer n and q ∈ R+ \ (0, 1], we have that

n∑
k=0

(−1)k Bk,q

k!
H (n, k − 1, α)

=
αn+1 (q − 1)n+1 − qn+1 + 1

log q

(
qn+1Hn

(
q
q−1

)
+ αn+1 (q − 1)n+1Hn (α)

)
αn (q − 1)n (α (q − 1)− q)

.
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Proof. Taking f(x) = ex log(1−
t
α) in (4), by (6), we have∫

Zp

ex log(1−
t
α)dµq (x) =

q − 1 + q−1
log q

log
(
1− t

α

)
q
(
1− t

α

)
− 1

=
∞∑
k=0

Bk,q

(log
(
1− t

α

)
)k

k!
,

and by (14),

1

1− t

∫
Zp

ex log(1−
t
α)dµq (x) =

∞∑
k=0

Bk,q

k!

(
log
(
1− t

α

))k
1− t

=
∞∑
k=0

(−1)k Bk,q

k!

∞∑
n=0

H (n, k − 1, α) tn

=
∞∑
n=0

n∑
k=0

(−1)k Bk,q

k!
H (n, k − 1, α) tn. (20)

So, (13) yields that

1

1− t

∫
Zp

ex log(1−
t
α)dµq (x)

=
1

1− t
q − 1 + q−1

log q
log
(
1− t

α

)
q
(
1− t

α

)
− 1

=
1

1− t

∞∑
n=0

qn

αn (q − 1)n
tn
(
1 +

1

log q
log

(
1− t

α

))

=
∞∑
n=0

qn

αn (q − 1)n
tn

(
1

1− t
+

1

log q

log
(
1− t

α

)
1− t

)

=
∞∑
n=0

qn

αn (q − 1)n
tn

(
∞∑
k=0

tk − 1

log q

∞∑
i=0

Hi (α) t
i

)

=
∞∑
n=0

(
n∑
k=0

(
q

α (q − 1)

)k
− 1

log q

n∑
k=0

(
q

α (q − 1)

)n−k
Hk (α)

)
tn

=
∞∑
n=0

(
n∑
k=0

(
q

α (q − 1)

)k
− 1

log q

n∑
k=0

(
q

α (q − 1)

)n−k k∑
i=1

1

iαi

)
tn

=
∞∑
n=0

(
n∑
k=0

(
q

α (q − 1)

)k
− 1

log q

(
q

α (q − 1)

)n n∑
i=1

1

iαi

n∑
k=i

(
α (q − 1)

q

)k)
tn. (21)

From the power series identities in (20) and (21), finite geometric series and (12), we see that
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n∑
k=0

(−1)kBk,q

k!
H (n, k − 1, α)

=
n∑
k=0

(
q

α (q − 1)

)k
− 1

log q

(
q

α (q − 1)

)n n∑
i=0

1

iαi

n∑
k=i

(
α (q − 1)

q

)k

=
1−

(
q

α(q−1)

)n+1

1− q
α(q−1)

− 1

log q

1

1−
(
α(q−1)

q

) ( q

α (q − 1)

)n

×

(
n∑
i=1

1

i

(
q − 1

q

)i
+

(
α (q − 1)

q

)n+1 n∑
i=1

1

iαi

)

=
αn+1 (q − 1)n+1 − qn+1 + 1

log q

(
qn+1Hn

(
q
q−1

)
+ αn+1 (q − 1)n+1Hn (α)

)
αn (q − 1)n (α (q − 1)− q)

,

as claimed.

Theorem 2.3. For non-negative integers n, r, and q ∈ R+ \ {1}, we have

n∑
k=0

n−k∑
i=0

(−1)k−i
(

r

n− k − i

)
qk

αk (q − 1)k
Hr
i (α) =

log q

αn

(
qn

(1− q)n
− Dn,q

n!

)
.

Proof. Using f(x) =
(
1− t

α

)x in (4), observe that∫
Zp

(
1− t

α

)x
dµq (x) =

q − 1

q
(
1− t

α

)
− 1

(
1

log q
log

(
1− t

α

)
+ 1

)
. (22)

From (13) and the binomial theorem, we have∫
Zp

(
1− t

α

)x
dµq (x) =

q − 1

q
(
1− t

α

)
− 1

(
1

log q

log
(
1− t

α

)
(1− t)r

(1− t)r + 1

)

=
∞∑
n=0

qn

αn (q − 1)n
tn

(
− 1

log q

∞∑
k=0

Hr
n (α) t

n

∞∑
i=0

(−1)i
(
r

i

)
ti + 1

)

=
∞∑
n=0

qn

αn (q − 1)n
tn

(
− 1

log q

∞∑
k=0

k∑
i=0

Hr
i (α) (−1)

k−i
(

r

k − i

)
tk + 1

)

=
∞∑
n=0

(
−1
log q

n∑
k=0

n−k∑
i=0

(−1)n−k−i
(

r

n− k − i

)
qk

αk (q − 1)k
Hr
i (α)

+
qn

αn (q − 1)n

)
tn. (23)

Also, by (8), (9), (12), and (22), we see that
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∫
Zp

(
1− t

α

)x
dµq (x)

=
∞∑
n=0

qn

αn (q − 1)n
tn

(
1

log q

∞∑
k=1

(−1)kDk−1
tk

αk (k − 1)!
+ 1

)

=
1

log q

∞∑
n=0

n−1∑
k=0

(−1)n−k qk

αk (q − 1)k
Dn−k−1

αn−k (n− k − 1)!
tn +

∞∑
n=0

qn

αn (q − 1)n
tn

=
1

log q

∞∑
n=0

n−1∑
k=0

(−1)k+1 qn−k−1

αn (q − 1)n−k−1
Dk

k!
tn +

∞∑
n=0

qn

αn (q − 1)n
tn

=
−1
log q

∞∑
n=0

n−1∑
k=0

qn−k−1

αn (q − 1)n−k−1
1

k + 1
tn +

∞∑
n=0

qn

αn (q − 1)n
tn

=
−1
log q

∞∑
n=0

n∑
k=1

qn−k

αn (q − 1)n−k
1

k
tn +

∞∑
n=0

qn

αn (q − 1)n
tn

=
∞∑
n=0

(
−1
log q

qn

αn (q − 1)n
Hn

(
q

q − 1

)
+

qn

αn (q − 1)n

)
tn

=
∞∑
n=0

(−1)n Dn,q

αnn!
tn. (24)

From (23) and (24), we get the desired result.

Theorem 2.4. For non-negative integers n and r, we have

n∑
i=0

i∑
m=0

n−i∑
k=0

(
(−1)rH (m, r − 1, α) dk

αm−n + α1+2i−m−n

α + 1

− (−1)m S (m, r)

m!
r!k!α2i−2m−n

)
(−1)k+i S (n− i, k)

(n− i)!
= 0.

Proof. Letting f(x) =
(
log
(
1− t

α

))x+r in (3), it is easily shown that∫
Zp

(
log

(
1− t

α

))x+r
dµ−1 (x) =

2
(
log
(
1− t

α

))r
log
(
1− t

α

)
+ 1

. (25)

From (14)–(16), we have

1

αt− 1

∫
Zp

(
log

(
1− t

α

))x+r
dµ−1 (x)

= 2
1− t

α

log
(
1− t

α

)
+ 1

(
log
(
1− t

α

))r
1− t

1− t
1− t

α

1

αt− 1

= −2
∞∑
k=0

dk

(
− log

(
1− t

α

))k
k!

∞∑
n=0

(−1)rH (n, r − 1, α) tn
∞∑
m=0

α−m + α1+m

α + 1
tm
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= −2
∞∑
k=0

(−1)k dk
∞∑
i=k

(−1)i S (i, k)
ti

αii!

×
∞∑
n=0

(−1)rH (n, r − 1, α) tn
∞∑
m=0

α−m + α1+m

α + 1
tm

= −2
∞∑
i=0

i∑
k=0

(−1)k+i dk
S (i, k)

αii!
ti

×
∞∑
n=0

n∑
m=0

(−1)rH (m, r − 1, α)
α−n+m + α1+n−m

α + 1
tn

= −2
∞∑
n=0

n∑
i=0

i∑
m=0

n−i∑
k=0

(−1)k+r+n−i dkH (m, r − 1, α)S (n− i, k)

× α−i+m + α1+i−m

α + 1

tn

αn−i (n− i)!
. (26)

On the other hand, (16) and (25) yield that

1

1− αt

∫
Zp

(
log

(
1− t

α

))x+r
dµ−1 (x)

=− r!
(
log
(
1− t

α

))r
r!

1

1− αt

∫
Zp

(
log

(
1− t

α

))x
dµ−1 (x)

=− 2r!
∞∑
n=0

(−1)n S (n, r)
tn

αnn!

∞∑
n=0

αntn
1

log
(
1− t

α

)
+ 1

=− 2r!
∞∑
n=0

(−1)n S (n, r)
tn

αnn!

∞∑
n=0

αntn
∞∑
k=0

k! (−1)k
(
log
(
1− t

α

))k
k!

=− 2r!
∞∑
n=0

n∑
i=0

i∑
m=0

n−i∑
k=0

k! (−1)k (−1)m+n−i S (n− i, k)
αn−i (n− i)!

S (m, r)

αmm!
αi−mtn. (27)

By (26) and (27), the result is proved.

We have the following corollary by taking α = 1 in Theorem 2.4.

Corollary 2.1. For non-negative integers n and r, we have

n∑
i=0

i∑
m=0

n−i∑
k=0

(
(−1)rH (m, r − 1) dk − (−1)m S (m, r)

m!
r!k!

)
(−1)k+i S (n− i, k)

(n− i)!
= 0.

For example, when r = 1 in Corollary 2.1, we write

n∑
i=0

i∑
m=0

n−i∑
k=0

(
Hmdk +

(−1)m k!
m

)
(−1)k+i S (n− i, k)

(n− i)!
= 0.
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