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Abstract: For a given prime p > 5, let Z, denote the set of rational p-integers (those rational
numbers whose denominator is not divisible by p). In this paper, we establish some congruences
modulo a prime power p° on the hyper-sums of powers of integers in terms of Fermat quotient,
Wolstenholme quotient, Bernoulli and Euler numbers.
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1 Introduction

For a given prime p and k € {1,2,...,p — 1}, the generalized harmonic numbers ngﬁ)l are the
rational numbers defined as

1
k
R D M
) ‘ 1 23
1< << <p—1
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The harmonic numbers hfok_)l of order £ are defined as

L1
) - )
]

p—1

‘M‘

=1

From Newton’s formula [4, p. 140], we can express H (k )1 as

Hé’”l:—( Y ”h’”>, 3)
1=1
with A\, = 1.
The classical harmonic numbers h,_; are defined by
1 1 1 1
hp,1 ::H]E—)l :h1(7_)1:1+§++1:7

which correspond to the case £ = 1 and H}g(i)l = hg?l = 1 correspond to the case k& = 0.
The rising factorial denoted by z7, is defined by 27 =z (z + 1) --- (z + n — 1) with 2° = 1.
The (unsigned) Stirling number [ } of the first kind (see [2]) is defined by

with

mz(nfnx) and m:()ifk>nork;<o.

For a positive integer n > k > 1, the relation between the (unsigned) Stirling number and the
generalized harmonic numbers is given by

m = (n— IH*D, o))

The Fermat’s little theorem [3] states that if p is a prime and a is an integer not divisible by p,
then a?~! =1 (mod p). This gives rise to the definition of the Fermat quotient of p to base a,

a1l —1
hpla) = ——,
p(a) 5
the first, second and cube powers of the Fermat quotient to base 2 is defined by
21— 1\"

w2 = (

Note that ¢,(2) := g,(2)'. The Bernoulli numbers B,, are defined recursively by

n—1
By=1 and Z (Z)Bk =0, for n>2.
k=0

The Euler numbers E,, are integers defined by

Ey=1 and Z() =0, for n>1.

) , for n=1,2,3.
p

534



The hyper-sums of powers of integers SC([) (n) are defined recursively as
n—+r
S () = >0
O = (") ez
S () =17+ 2¢ .. 4 nd,

Sc(f) (n) = ZSC([_D (), n,r,d>1.
j=1

In a recent paper, Bounebirat et al. [5] presented a new explicit formula for the hyper-sums of
powers of integers S(Y) (n) involving binomial coefficient

r - n+r-— j .
50w => (")
j=1
In the present paper, we show that

a—1

> HEUpE (mod p®).

k=1

STp)y= -1+

(r+1)

2 Some basic congruences

In this section, we give some congruences modulo a prime power p° involving harmonic numbers
and generalized harmonic numbers of second order and third order.

Lemma 1. For any prime p > 5. Then

1
Phy s = —30'Bys (mod p°), ©
3 _ 2 4 °
p hp—l - gp BP*?) (mOd p ) ©
and
6
Py = —£1'Bys (mod p”). @

Proof. Multiplying the congruence (a) of Theorem 5.1 [7] by p? and taking k=1 we immediately
obtain the congruence (5). By using the congruence of the Corollary 5.1 [7] with £ = 2 and
multiplying by p® we obtain the congruence (6). Finally using the congruence (a) of Theorem
5.1 [7] with k = 3 and multiplying by p* we can find the congruence (7). ]

Lemma 2. For any prime p > 5. Then

p2hp%1 = —2p°q,(2) + p°q,(2)* — 3P qp(2)% — Ep“Bp_s (mod p°), ®)
3:(2) _ 7 4 5
P hp%1 = gp B,_3 (mod p’) ©)
and
p4h% = —2p'B,_3 (mod p°). (10)
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Proof. Multiplying the congruence (c) of Theorem 5.2 [7] by p* we immediately obtain the
congruence (8). By using the congruence (a) of Theorem 5.2 [7] with £ = 2 and multiplying
by p* we have the congruence (9). Finally, using the congruence (b) of Corollary 5.2 [7] with
k = 3 and multiplying by p*, we can find the congruence (10). ]

Lemma 3. For any prime p > 5. Then

3 p-1
PPl = =30%¢,(2) + 9 (_qp(2)2 +(=1) 7 (Egp-a — 2Ep—3)>

2
7
—ﬁ(%®“wﬁp4>@wp% (11
Sh(Q) _ 3 p—1 E 4E 14 4B d 5 12
p [p/4] = (_1) 2 (8 p—3 — zp_4)+?p p—3 (mo p) (12)
and
p4hgj;4] = —9p4Bp_3 (mod p5), (13)

where [p/4] the integral part of p/4.

Proof. Multiplying the congruence of Theorem 3.2 [8] by p? we immediately obtain the
congruence (11). By using the congruence of Corollary 3.8 [8] and multiplying by p*, we find the
congruence (12). By using the congruence of Corollary 3.4 [8] and multiplying by p*, we get the
congruence (13). L]

3 Main results

In 2017, Laissaoui, Bounebirat and Rahmani [5] proved, for any prime p and for » > 0 with
r + 1|p and p — 1|d, the congruence

Sc(lr) (p) = -1 (mod p).
This result, give to extend the congruence as follows:

Theorem 1. For any prime p. Let « € N* withp > o > 2 then d € N* with p*~*(p — 1)|d and
letr € {ao —2,a—1,...,p— 2}, we have

a—1

> HE VP (mod p?). (14)

k=1

STp)y= -1+

(r+1)
Proof. By Euler’s theorem for each k € {1,2,...,p — 1} we have k**") = 1 (mod p®) (where
©o(p*) = p® — p>~! is the Euler’s totient function)

r+1

Sy (p) = -1+ ﬁ ’; [T Z 1}pk (mod p®).
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Sincer € {a — 2, —1,...,p — 2}, we have

1
ez
(r+1)! P
and "
— [r—+1 e |+ 1 r+1| , r+11 ., N
3] B B L | L
we find that
a—1
1 r+1
SY(p) =1+ [ ]p’“ (mod p®)
' Y
(r+te= | k
using the identity (4), we get
)y 1 = et o
k=1
This completes the proof. []

Thus, for example, when o = 5 in (14) and using (3), we obtain:

Corollary 2. For any prime p > 5, with p*(p — 1)|d and r € {3,4,...,p — 2}, we have

" 1
SV =-1+ D) (pH® +p*HY + pP H® 4+ p*HP) (mod p°)
and
S p) = 1+ — TR i (h? —n®) + v (h? = 3h,h? +21hP) ) (mod p°)
a \P)= (T+1>Ppr27« N g b Iy , od p’).

With the help of the congruence modulo a prime power p° on the hyper-sums of powers of
integers of Corollary 2, we obtain the following new congruences.

For r = p — 2 in the Corollary 2, give congruence S, L(f 2 (p)(mod p°) involving Bernoulli
numbers.

Corollary 3. For any prime p > 5 with p*(p — 1)|d. Then

2 3 4
(p-2) B P P [ D 2p
=1+ - —
S (p) p—1 (p-12 (p-13 (p-1D* 3@p-1)

Proof. Taking r = p — 2 in the Corollary 1, we find that

4

B, 3 (mod p°).

_ 1 1
Sc(zp 2) (p)=—-14—— (p +p2hp_2 +p3§ (h;%—z - hz(az—)2>

p—1
sl (73 (2) ®3) 5
+p 6 (hp_2 — 3hyp_ohy, "y + 2hp_2> (mod p°), (15)
where hp,Q = hp,1 — p%l’ h}(}Q_)z = hp,1 - ﬁ, h;a_)Q = hp,1 - ﬁ and by IlSiIlg Lemma 1,
we find that
1 2

2p7() _ 4 p 5
H w=-p-B) 53— —— d 16
p p—2 p3 p—3 (p—l) (mo p)a ( )



(mod p°) (17)

and
(mod p°). (18)

(p—1)°
Substituting the congruences (16), (17) and (18) into (15) and after some rearrangement, we
obtain the desired result. [l

The following result immediately follows from Corollary 3 give congruence in terms of
Wolstenholme quotient.
Recall that a prime p is said to be a Wolstenholme prime [6] if

(if:f) =1 (mod p*).

This gives rise to the definition of the Wolstenholme quotient

() -1
W, = %, forp > 5.
p
Corollary 4. For Wolstenholme prime p. We have
(r-2) e B p' 5
SP ™ (p) = — -1 + 2W, (mod p’).

Proof. By using congruence W), = —%Bp,g (mod p) (see [1]), we have
p'B, 3 = —3p*W, (mod p°),

substituting this congruence into the congruence of Corollary 3, it immediately reduces to
Corollary 4. [

The following result generalize the above Corollary 3 and Corollary 4, for « € {1,2,3,4,5}.

d, we have

Corollary 5. For any prime p > 5 with p®~1(p — 1)

(P=2)(,\ — _a_l 1\ p* 2p* mod p®
Sd (p) - kzzo (( 1) (p _ 1)k + 3(p _ 1)Bp354,k) ( d p )

and for Wolstenholme prime p, we have

(r-2) Za_l p D 2p o
k=0

where 0, ; denotes the Kronecker symbol.

p—1
For r = Z.1 in the Corollary 2, give congruence modulo ch : )(p) = (mod p®) involving
the first, second and cube powers of the Fermat quotient to base 2, and Bernoulli numbers.
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Corollary 6. For any prime p > 7 with p*(p — 1)|d. Then

p—1

p—1 2 29
515 ’ )(p) =-1+— | (p 2p°q2(p) + 3P g2 (p)? — 4p* 2 (p)® — ﬁp4Bp—3) (mod p°). (19)

Proof. Taking r = o~ L in the Corollary 1 we find that

o1 9
55 ’ )(p)E—ler—(erp ho— 1+p (hp ! —hi,i)

2

+1

1 /..
n p46 (h‘f,;l _ 3h%h(,)2_)1 + 2h(,,3_)1>> (mod p°). (20)
2 2 2

By using Lemma 2, we get

2 7
PHL = =20°0,(2) + P0(2)° = 50'4,(2)° — 59" Bps (mod ), @21
7
P Hz(,i) = 2p°q,(2)* — 2p"q,(2)° — ép4Bp_3 (mod p°) (22)
and

@ _ 4.4 2 5
p H% = —3r'5(2)° - 30'B, By—s (mod p°). (23)
Substituting the congruences (21), (22) and (23) into (20) and after some rearrangement, we get

(23%) 2 2 3 2 4 3 29 4
Sg tp)=-1+ P G ap(2) +39°ap(2)" — 4p"4p(2)" — 50" Bps
3
2 29 p
— e —1 k k 1 k+1 2 k 3 d 5

as desired. O

The following Corollary immediately follows from Theorem 6, give congruence in terms of
the first, second and cube powers of the Fermat quotient to base 2, and Wolstenholme quotient.

Corollary 7. For Wolstenholme prime p with p*(p — 1)|d. We have

el 2 29
S0 = -1 2 (- 2 2) + 32 - 2 + T, ) (nod )
Proof. This is immediate from Theorem 6 and congruence W, = —%Bp,g (mod p). [

Now we give the following result more general than Corollary 6, and Corollary 7, for
a€{1,2,3,4,5}.

Corollary 8. For any prime p > 7 with p®~'(p — 1)

a—1
(%) — 2 k+1 k k 29 k «
507 0) = =1 g 3 (4 D ) = T Byt ) (mod 47)

and for Wolstenholme prime p, we have

a—1

s ) = -1+ > ((/« (1), (2)F + @p'pr@,k) (mod p*),

k=0

where ¢; ; denotes the Kronecker symbol.
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Now for the case » = [p/4], in Corollary 2, give congruence S, (/4D (p)(mod p®) involving
the first, second and cube powers of the Fermat quotient to base 2, Bernoulli and Euler numbers.

Theorem 9. Let p > 13 be a prime with p*(p — 1)|d. Then
1

S([p/ﬂ)p =—-14 —— p—3p2q 2 —|—6p3q 22—1Op4q 2)3

d () [p/4]+1( p() p() p())

» 4

P
+ W (3E2p_4 - 6Ep_3) + W

Proof. Taking r = [p/4] in the Corollary 1, we get

71
(9qp(2)E,,_3 12Bp 3> (mod °).

3
() P 2 P (0 @)
Sq ' (p) = PR <p++p hipray + 5 (%/41 hw)
4
p 2) (3)

By using Lemma 3, and p* Fy, 4 = p*E,_3(mod p°), we have

3 p-1
sz[S/)4] = _3p2qp(2) +p’ (5%(2)2 +(=1)7 (Eyp-a — 2Ep_3))

7

+p* (—qp(2)3 — EBp-3> (mod p°), (25)

9 p-1
PSH[(;/)4] =p’ (5%(2)2 —(=1)7 (4Eps — 2E2p4))
7
3

9 p=1
+p! (—5%(2)3 +3(=1)7 ¢,(2)E,_3 — —Bpg) (mod p°) (26)
and
9 p=1
H[p/4] =p (—iqp(z)3 +6(—1)72 q,(2)Ep—3 — 3B,,_3> (mod p°). (27)
Substituting the congruences (25), (26) and (27) into (24) and after some rearrangement, we
obtain
1
S([p/4])p =14 ——— p—3p2q 2 +6p3q 22—10p4q 2)3
3 4
p p 71 5
——— (3Fy,_4 — 6F,_ — (9¢,(2)E,_ 3 — —B d p°).
+[p/4]+1< 2p—4 p3)+[p/4]+1<q17<)p3 12 P3) (mo p)
This completes the proof. [

Other congruences for S ([p/4) (p)(mod p®°) involving the first, second and cube powers of the
Fermat quotient to base 2, Wolstenholme quotient and Euler number are given as follows.

Corollary 10. For Wolstenholme prime p. We have

S (p) = -1+ m (p = 30°4,(2) + 6p°gy(2)* — 10p*q,(2)*)
3 p4
+ O (3Ey,—4 — 6E,_3) + A+ 1

71
(9qp(2)Ep3 + ZWP> (mod p°).
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The following result generalize the above Corollary 9 and Corollary 10 for o € {1,2,3,4,5}.

Corollary 11. For any prime p > 13, we have

a—2

(/4 — 1 E+2\ (0 ok kit vk okt L
00 =1+ parer 3 (55 7) (09 a@ 0 (G B ) s

9 71
+ p*t! (1_qu<2)Ep—3 ~ 120 B, 3) 03 k> (mod p%)

and for Wolstenholme prime p, we have

a—2
k+2 1
Sy (p) = p/4 Z ( ) ( (1) gy (2)F + p*H <2E2p ‘- ) Ok
=1
k+1 9 7 o
+p 1—0%(2)Ep—3 + 40W 3% | (mod p“),

where ¢; ; denotes the Kronecker symbol.
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