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Abstract: We continue the study from [1], by studying equations of type ¢ (n) = o n +a

a€{0,1,2,3},and p(n) = % -n—a,a € {0,1,2,3} for k > 1, where ¢)(n) and ¢(n) denote
the Dedekind, respectively Euler’s, arithmetical functions.
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1 Introduction

Let ¢(n) denote Dedekind’s arithmetical function, defined for the prime factorization of

n=][[p*>1las
1 _
¢(n)=n‘H<1+E)=H(pa+p“ Y. (1)
pn
Euler’s totient can be defined similarly, namely

pn)=n-1] (1 - %) = -p. )

pln p||n

In the first part ([1]) we have considered equations of type o(n) = % -n + a, where

a € {0,1,2,3}, and k a positive integer, with o(n) denoting the sum of divisors of n.
The aim of this paper is to study the similar equations for Dedekind’s arithmetical function
1 (n), as well as the similar equations

for Euler’s totient function ¢(n).



2 Auxiliary results
Lemma 1. For any positive integers A, B one has
V(A-B) > A-y(B) 3)

and

(A B) < A-4(B). “4)

There is equality in (3) and (4), iff A = 1 or for any prime divisor p of A, p is prime divisor
of B, too. (i.e.,p | A= p| B).
This lemma is well-known (see e.g. [3]), and follows from (1) and (2).

Lemma 2.
(i)  Y(n) =n+1iffn=prime;
(i) Yn)=n+2iffn=24
(i) ¥(n)=n+3iffn="9
iv) ¢Y(n)=n+4iffn=_8.

Proof. Letn =[] p* > 1.Then¢(n) =[[p* - (p+1) > [[(p*+1) > [[p*+1=n+1,by
(x14+1)...(z, +1) > 2y ...2, + 1, with equality only for r = 1, i.e., whenn = p*and a = 1,
i.e., when n is prime. So (i) follows.

Writing (i) as [[p*~' - [[I(p+1) — [ p] = 2, remark thatif a > 2, as [[(p+1) —[](p) > 1,
we get that if w(n) > 2 and n is not squarefree, then the equality is impossible. If n = p®, we
get n = 2% = 4, which is a solution. If n is squarefree, the equation [[(p + 1) — [[p = 2 is
impossible ifall p > 3. If py =2, weget3- (p2+1)...(pr+1) —2ps...p, = 2. If p, > 3, and
r=23-(pp+1)—2po=py+3>3.1Ifr >3,

3-(pp+1)...(pr+1)=2p2...pr >3p2...pr +3—2ps...0;
=pg...pr+3
> 2.

For (iii) we proceed in the same manner: [[p* ![[](p + 1) — [I(p)] = 3. If p; = 2, this
is impossible, so p; > 3, p; > 5. Now 31 > 3ifa > 2. Forr = 1 we getn = 3% = 9,
a solution. If n = p» (p*) —p* =[[p* ' =3 p=3,n=p? =9 Ifw(n) > 2, then
potopd Tl >3¢5 S 3ifa > 1,a > 1.Ifa' = a =1, then (p; +1)(pa+1) —pips = 3
SO p1 + p2 = 2, impossible.

Finally, for case (iv) one has [[p*' - [[I(p + 1) — [[p] = 4 and if all a > 3, we get
P>t > 22 =4.Son = 2% = 8isasolution. Now pi 1. p¢ 1 >20-1.3¢'~1 > Gif g > 2, a/ > 2.
Ifa=1,3""1(p+py+1) > 3“"1.6 > 4. Generally, 2¢~*-3%~1.6 = 2¢.3% > 6 > 4. Finally,
if n = p® with a € {1,2} one has 3°7! > 4ifa > 2. If n = 3,2,22 then none is acceptable.
Thus n = 8 is the single solution. ]
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Lemma 3.

(i)  @(n)=n—1ifn=prime;
(i) (n) =n—2iffn=4;
(i) ¢(n)=n—2ifn =09
(iv) on)=n—-2iffn==6

Proof. (i) is well-known.

For (ii), remark that as n > 3, and since ¢(n) is even, one must have n = even. Letn = 2"- M,
where M isodd. As 271 - (M) =2"- M — 2, we get2" 1 | 2, sor € {1,2}. For r = 1 one has
k=2M,sop(M)=2-(M—1). As p(M) < M — 1, this is possible only if 2(M —1) < M —1,
i.e., M =1, impossible. If r = 2, one has n = 4- M, so 2p(M) = 4M —2,i.e., p(M) = 2M —1
so M =1 and we getn = 4.

For (iii), let n = [ p?, so we get [[p* ' (p — 1) = [[ p* — 3, which implies that p®~* | 3,
soa=1ora=2andp=3. Themn =porn =9 and only n =9 is a solution.

Finally, write equation (iv) as n = 2%-[[ p*, as n must be even. We get 2¢~ . p*~'-(p—1) =
2¢ . [][p* — 4. Asp — 1is even, we get 2 | 4so a € {1,2}.

Fora = 1weget [[p*'-(p—1)=2-]][p* — 4 which is divisible by 2, but not by 4. So,
there is a single prime p, i.e.,n =2 -p* If p® - (p—1) = 2p* —4if a > 1 p® | 4 impossible.
Soa=1.Thenn =2p,and p(2p) =2p—4d=p—1=2p—4 < p=3.

Thus n = 6 is a solution.

If a = 2, then the equation becomes 2-[[p*~ - (p—1) =4-[[p* —4,ie., [[p* ' (p—1) =
2:[]p®—2.1f a > 1, this is impossible as p®~! | 2. Thus @ = 1 in which case [[(p—1) = 2] p—2,
impossible,as [[(p — 1) < [[p=2][p—2and [[p > 2. O

3 Main results

Theorem 1. The equation
k+1
Yln) = ——n 5)

is solvable for k > 1 only if k = p = prime and n = p**! (s > 0 arbitrary integer).

Proof. Letn = k - m, with m > 1 integer. Then as ¢¥)(km) = (k+ 1) - m > m - (k) by (3).
As (k) > k + 1 for k > 1 one must have ¢)(k) = k + 1, i.e., k = prime by Lemma 2 (i).
There is equality only if ¢ | m = ¢ | k (¢ = prime). As k = p = prime, we get ¢ = p and
n:p_ps:szrl‘ n

Theorem 2. Let k > 1. Then the equation

p(n) = N (©)

is solvable only if k = p = prime and n = p**! (s > 0 integer).
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Proof. Since (k — 1,k) = 1, we get k | n, soletn = k- m. Then ¢(km) = (k — 1)m < mp(k)

by (4).
As p(k) <k —1fork > 1, we get that o(k) = k — 1, i.e., k = p = prime by Lemma 3 (i).

s+1

By Lemma 1 one must have n = p - p® = p°*", where s > 0 is arbitrary. ]

Theorem 3. The equation
E+1
P(n) = '

is solvable for k > 1 only ifn = k = 4.

n—+1 (7N

Proof. Let n = k - m; then we get the equation ¢ (km) = (k + 1)m + 1. As ¢p(km) > ma(k),
we get (k+ 1)m + 1 > map(k), ie.

m-[p(k) = (k+1)] < 1. ®)

There are two possible situations:
a) m = arbitrary, (k) — (k+ 1) = 0;
b) m=1,¢k)—(k+1)=1.

In case b) we get (k) = k + 2, so by Lemma 2 (ii) we get k = 4. Asm = 1, we getn = 4, i.e.,
n = k = 4 is a solution.

In case a) as (k) = k+ 1, k = p = prime, and n can be written as n = p® - N, where
(p, N) = 1. As¢)(n) = p*~' - (p+ 1)1)(N), the equation (7) becomes

P+ DY(N) = (p+1)p" N +p. 9
Let ¢»(N) = N + T, with T" > 0. Then (9) may be rewritten as
N . (pa+1 _pafl) + T . (pa+1 +pa) — p (10)

Here p"t' —p*~t = p*~ ! (p* = 1) > pasp® ' > 1,p* =1 >pbyp* —p=p(p—1) > 2> 1.
Thus (10) is impossible. L]

Theorem 4. The equation
k—1
pn) === -n-1 (11)

is solvable only if k = 4 and n = 2q, where q > 3 is a prime.

Proof. Letn = k - m, then we get p(km) = (k — 1)m — 1 < mep(k) by (4) of Lemma 1. Thus
we get
m-[k—1— (k)] < 1. (12)
Therefore, we can distinguish:
a) m arbitrary, k — 1 — p(k) = 0;
b)m=1k—1—(k) =1.
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In case b) one has p(k) = k — 2, so by Lemma 3 (ii) we get K = 4. Now n = 4 and it can be
verified that p(4) = 3 -4 — 1;ie., p(4) = 2.

In case a) p(k) = k — 1, so k is a prime; k = p. Let n = p* - N, with (p, N) = 1. Then
equation (11) becomes
P (p—De(N)=(p—1)-p" N —p. (13)

Thus p* | p so a = 1; in which case we get

plp—1p(N)=(p—-1)-p- N —p,

so(p—1)p(N) = (p—1)-N—1, implying thatp—1| 1,i.e.,p = 2. Then we get p(N) = N —1,
i.e., N = q = prime. Thus, finally, we get n = 2 - ¢, where ¢ > 3 is an odd prime. ]

Theorem 5. The equation
_k+1

(n)
is solvable for k > lonlyifn=k=90orn =8,k =4.

n+2 (14)

Proof. Let n = k - n, and the equation becomes ¢ (km) = (k + 1)m + 2. As y(km) > my(k),
we get
m - (k) — (k+1)] < 2. (15)
We have to consider three cases:
a) m arbitrary, (k) — (k +1) =0;
b) m=1,9(k)=Fk+3;
o) m=2,v(k) =k +2.

Remark that in case b), by Lemma 2 (iii) one has £ = 9. As m = 1, we get n = 9. One can
verify that ¢)(9) = ¥ - 9+ 2 = 12.

In case ¢) by Lemma 2 (ii) we get k£ = 4. As m = 2, we get the solution n = 8.

Finally, in case a) k = p = prime. Let n = p® - N. We get the equation
N (" =p" )+ T (" +p") = 2p, (16)

writing (N) = N + T, with T" > 0.

Remark that p®* — p®=t = p==1 . (p2 — 1) > 2pifa > 1, p > 3. If p = 2 one has that
2071.3 > 4 fora > 2. Finally, fora = 1,p = 2asn = 2- N, we get 3- N 4 67 = 4, impossible
as NV is odd. 0

Theorem 6. The equation
k—1
o(n) = ’ n—2 (17)

is solvable only ifn =8, k=4orn=k=9o0orn=4-q(q > prime), k =20rn=3q(q>5

prime), k = 3.
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Proof. By letting n = km, now the relation similar to (12) will be
m-[k—1-g(k)] <2 (18)

The following cases showed be considered:
a) m arbitrary, k — 1 — p(k) = 0;
b) m=1k—1—p(k) =1,
com=1k—1—p(k) =2
dm=2k—1—pk) =1

In case b) ¢(k) = k—2, so by Lemma 3 ii) we get k£ = 4. Then n = 4, which is not a solution,
as p(4) #£3-4-2.
Incasec) m = 1, (k) = k — 3, s0 k = 9 and we get n = 9, which can be verified to be a

solution: ¢(9) = 5-9 —2=6.

In case d) m = 2, and p(k) = k — 2so k = 4 and n = 8, which provide a solution, as

p(8)=32.8—-2=4.

Finally, in case a) k = prime = p and let n = p® - N with (1, N) = 1. We get the equation

P (p=De(N)-p=(p—1)-p"- N - 2p. (19)

Subcase 1. p = 2. Then 2% - p(N) = 2% - N — 4,50 2 | 4, which means that a € {1,2}. For
a=1weget2p(N)=2N —4,ie., p(N)=N —2giving N = 4, impossible as N is odd.

Fora = 2 we get 4p(N) =4N —4oro(N) = N —1,s0 N = q = prime. Thenn = 2?.¢q =
4q, where ¢ is an odd prime.

Subcase 2. p > 3. Then (19) implies (p — q) - p® | 2p. If p—1 > 2 (i.e., p > 3) and a > 2,
we get a contradiction. Thus a = 1, in which case (p — 1) - p | 2p, so p — 1 | 2, possible only for
p = 3. Then we get the equation 3-2- p(N) =3-2- N —6,i.e, p(N) =N —1. Thus N = ¢ =
prime. Then £ = p = 3 and so n = 3¢, where ¢ > 5 is a prime. This gives indeed a solution, as
©(3q) = % - 3q — 2, i.e., 2¢(q) = 2q — 2 which is true. So, this subcase is settled, too. ]

Theorem 7. The equation
k+1

¥(n) “n+3 (20)
is solvable for k > 1 onlyifn =k =8 and k = 2,n = 18.
Proof. Letting n = k - m, we get similarly to (15):
m - (k) — (kE+1)] <3. (21)
Logically, six cases are possible:

a) m arbitrary, (k) — (k + 1) = 0;

by m=1¢k) —(k+1)=1;
o) m=2,9(k)—(k+1)=1;
d) m=3,¢k)—(k+1)=1,;
e) m=1,9(k)—(k+1)=2;
) om=1, 0k — (k+1)=3.
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In case b) ¢(k) = k + 2, s0 k = 4 and n = 4, which is not a solution, as 6 # 2 - 4 + 3 = 8.
In case ¢c) m = 2, k = 4, n = 8 and again not a solution, as 12 # % -8+ 3.
Incased)m =3, k=4son=12andas ¢)(12) =24 # 2 .12+ 3 = 18.

Incasee) wegetm =1,k =9andn = 9and as ¢(9) = 12 # %-9+3we have no solution.
Finally,incasef)m =1,k =8, n =8 and 18 = ;—) -8 + 3 a solution.

Let us now consider the most difficult case, i.e., a) when k = p = prime. Let n = p*- N when
we get the similar equation to (16):

N- (™ =p" )+ T (p"*" +p*) =3p. (22)

Now, remark that p®™! — p®~t = po=1. (p? — 1) > 3p, which is true for p > 5as p? — 1 > 3p, i.e.,
p(p—3) > 1.If p =3, then 3% -8 > 9 for a > 2. Thus we have to consider p = 3, a = 1. As
¥(3) = 3+ T, we must have 7' = 1, and then (22) is not satisfied, as 3 - (3 — 1) + 3% + 3 #£ 9.
If p=2,then2°!-3 > 3p=6true,if a > 2. For a = 2, we get T" = 0, impossible, and
whena =1,n=2 N =2,T =1, and (22) again is not true, as 2 - (22 — 1) + 22 +2#6. [

Theorem 8. The only solution to equation

pn) =~ n—3 (23)
isn=k=6.
Proof. The analogue of (18) now is
m- [k —1— (k)] < 3. (24)
We have to consider six distinct cases, similar to the case of Theorem 7.
Incaseb)as p(k) =k —2wegetk =4andn =4 and p(4) # 2 -4 - 3.
Incasec)m =2, (k) =k —2sok=4,n=8and ¢(8) #2-8—-3=3.
Incased)m =3and k =4,s0n =12and ¢(12) # 2 - 12 — 3 = 6 as p(12) = 4.
Incasee)m =1, (k) =k —3sok=9andn=9and p(9) # £ -9 — 3.

In case f) m = 1, p(k) = k — 4, so by Lemma 3 (iv) we get k = 6. Then n = 6 and as
©(6) = 2.6 — 3 =2, we get a solution.
Finally, in case a) when £ = p = prime, let n = p® - N. Then the equation similar to (19)
will be
P (= De(N) p=(p—1)p" N —3-p. (25)
If p = 2, we get 2% - o(N) = 2*- N — 6, so 2% | 6, which is possible only if a = 1. Then
2¢0(N) = 2N — 6,0 p(N) = N — 3 and by Lemma 3 (iii), N = 9. Thenn = 2! - 9 = 18. So
k = 2and n = 18 is a solution. If p > 3, then (p — 1) - p® | 3p. For a > 3 this would imply
(p—1)p*|3-p,so (p—1)-p|3 which is impossible as (p — 1) -p > 3. If a = 1, then (p — 1)p| 3p,
sop—1|3,thusp—1=1or3andp = 2,4 are impossible. O

Remark 1. Other equations involving 1) and p can be found in [3] and [2].
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