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1 Introduction

The Fibonacci sequence and polynomials play an important role in the enrichment of Fibonacci
theory. Various extensions of this sequence and polynomials are found in the literature, for
example [8]. In [6], Fibonacci and Lucas polynomials are generalized to introduce h(x)-Fibonacci
polynomials and h(x)-Lucas polynomials and properties of these polynomials are studied. It is to
be noted that the Catalan and Bryd Fibonacci polynomials are generalisations of h(z)-Fibonacci
polynomials. In [4], the authors have discussed derivative sequences of Fibonacci and Lucas
polynomials. The k-th derivative of sequences of polynomials of Fibonacci and Lucas polynomials
are discussed in [10]. Properties involving the second order partial derivative sequences of
Fibonacci and Lucas polynomials are established in [11]. Generalized Fibonacci and Lucas
polynomials, with their associated diagonal polynomials are found in [9]. In the same paper,
the author discusses associated polynomials like Lucas, Chebyshev, Fermat, Pell, and Jacobsthal
polynomials. The general results of Lucas polynomials with special values of the coefficients
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are found in [2,5,7]. In [3], properties of k-Fibonacci polynomials, which are extensions of
k-Fibonacci numbers, are studied.

In this paper, we establish some properties relating B-Tribonacci polynomials and their
derivatives. B-Tribonacci polynomials are extensions of k-Fibonacci polynomials discussed in
[3]. We first define B-Tribonacci polynomials.

Definition 1.1. Let x € R and n € Z. We denote by t,(x), in short, t,, the n-th B-Tribonacci
polynomial and let ty = 0, t1 = 0, to = 1. Then B-Tribonacci polynomials, t,,, are defined by

2fn—|—2 = Izin—&—l + 2xt, + tn-1, (1)

where the coefficients x2, 2x, 1 of toi1, tn, tn_1 respectively, are the terms of the expansion of
(r+ 1)

We list below few terms of (1):
t(x) =1, to(x) =0, ti(x)=0, tylx)=1, ¢ts3(z)=2> |ty(z)=2"+ 202

Note that B-Tribonacci polynomials can also be obtained from i (z)-B-Tribonacci polynomials
discussed in [1] by taking h(x) = x.
We list below some of the identities of B-Tribonacci polynomials.

(1) The generating function of (1), for n > 0 is given by

2,2

(=TT

2

22

00
That iS, nZ:%th = m

(2) The n-th term of (1) in combinatorial form is written as

L2n3—4j

2n—4 —2r _4_3r
tnzz< i )x2”43,n22. )

r=0

Differentiating (3) w.r.t. z, we get

L2n3—4
dt, M —4—2
L= Y (en—d- 37«)( " T) gy > 9, )
X T
r=0

2 Identities relating B-Tribonacci polynomials

and their derivatives
In this section, we prove some relations between B-Tribonacci polynomials and their derivatives.
Theorem 2.1. Forn > 0,

dthrl dtnfl dtn72
2 2
dx ter dx * dx

=2(n—Daxt,+2(n—2)t,1. 5)
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Proof. Clearly, the result holds for n = 0, 1, 2. Now, take n = 3m, then

tam+1 + 22 tam—1 + 2t3m—2

2m—1 2m—2
6m —2—=2r\ 4n_o_3 6m —6—21r\ 453
— m T 2 m T

r=0 r=0

2m—3

6m — 8 — 2r
2 6m—8—3r
vy (T

r=0
6m—2 + <6m . 2)1,6771—5

2m—1
—2—=2r om —4 — 2r 6m —4 — 2r
2 2 6m—2—3r
+Z(( )+( ) ()

2m—1
om — 2 —2r om —3 —2r
6m—2 6 6m 5 2 6m—2—3r
=z + (6m — + g + . T

2m—1
6m — 2 — 2r 6m — 3 — 2r
Gm 2 2 6m—2—3r

2m—1
om —2 (6m —3 — 2r
6m—2 E 6m—2—3r
-7 T < r—1 ) o )

r=1

Now, differentiating both sides w.r.t. z, we get

dl3ms1 dlgm—1 dl3m—2

2 2 2 t3m—
dx ter dx + dx + 2 tam-1
2m—1
om — 2 om —3 —2r
= (6m — 2)2%" 3 6m—2—3 6m—3—3r
(6m — 2)x —|—; " (6m r)( . )x
2m—1
— (6m —2) (6m—3—2r) 33
T
=0

Therefore, we have
dl3m+1 dtsm—1 dtzm—2

dx dz dz
Similarly, the statement can be proved forn = 3m + 1 and n = 3m + 2.
Hence, the result follows by induction.

Theorem 2.2. Forn > 1,
n—1
=]

— Z 4" [(271 —67) xtpi1-3- — (2n — 6 — 67) t,_3,|.

r=0

d tn+2
dx
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Proof. We prove the statement (6) by induction on n. For n = 1,2, 3, (6) can be easily verified.
Assume that it is true for n < m + 2 and m < 3k — 1. We now prove that it holds for m = 3k.
Equation (1) implies,

dtakro 2 A3kt dtsr, | dize—
Tsht2 _ oy 2t 2
dx Tlakr1 + Slap + dx +xdx+ dx
k—1
= wtasr + g+ Y 47 [(6k — 2~ 6r) tap_sy — (6k — 8 — 67) x%gk_l_gr]
r=0
k—1
+y [(61{: 4~ 6r) 202551 — (6k — 10 — 67) 2:Bt3k_2_3r]
r=0
k—1
+ Z4T |:(6k —6— 67”) xt3k7273r - <6kf —12 — 67’) t3k7373ri|
r=0

= 22°ta;, + 62131 + 6xlap_2 + 2313

k
+ Z 4" |:(6k — 6T>$t3k+1,37 — (6]€ —6— 67’)t3k73r:|

r=0

k-1
- Z 4" [ — 20353, — 62313, + 2¥l3_2_3, + 6t3k7373r:|
r=0
k
= > 47| (6k = 6r)tgsaar — (6 — 6 — 6r)tgis, | + 8oty s+ 8tais
r=0
k-1
+ Z 4" [ — 2033, — 62 t3k—1-3, + 20t34_2_3, + 6t3’f—3_3r]
r=1

k
= Z 4" [(6/{3 - 67”){L't3k+1_3r - (6]@ — 06— 6T)t3k_3r]
r=0
+ 4(2$3t3k,3 + 61‘2153]6,4 + 6xtsp_5 + 2t3k—6)
k—1
+ Z 4" [ — 2% a3, — 62 t3k—1-3, + 20t3p—2_3, + 6t3k—3—3r] :
r=1

Hence, further simplification leads to the following conclusion.

dtspyo

k
SN [(6k — 6r) byt — (6k — 6 — 6r)t3k,3r]

r=0

4 Ak [Qx?’tg + 622ty + 6ty + zto]

+ 4k=1) [ — 2235 — 622ty + 22ty + 6t0]

k
= Z 4" [(6/{3 - 6T){L‘t3k+1_3r - (6/{3 — 06— 6T)t3k_3r] .

r=0
Therefore, the result holds for m = 3k. Similarly, the theorem can be proved for m = 3k + 1 and
m = 3k + 2.
Hence, the statement is true for n = m + 3. Thus, the result is proved. ]
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Theorem 2.3. Foralln > 0,
n+1

—2:1: Ztth .+ 2 Zttn . (7
Proof. The generating function of (1) is

2

(=T

Therefore,

n - o 2°
Zn: ‘ 1—z(x+2)
Differentiating both sides with respect to =, we get

~dt, , 2%z +2)

n

— dr . 11— z(z+ 2)?]?

= 22(x + 2) Z(Zt t )
:;@x;tr tw)z"1+§:< Zn:t to )

n=0 r=0

Comparing the coefficient of 2", we have

-2y nifttnﬂ .42 Zttn ..
This completes the proof. [
Theorem 2.4. Forall n,r > 0,
(O, r > 2n,
A"t (2n)!, r=2n,
A ) G (@) S+ n(20) 4 4 (n )Lt ®
| —nr(r—1) dxf_"jl —r dr("’jﬂfﬁ“) , r < 2n.

Proof. We prove (8) using induction on r.
Note that
dt,, dty, dt,,
(TL _ 2) +2 +2 o +2

dx = -1 dx dx
=(n—1)](22 thy1 +2t,) + 22

dtpio dt,, dt,_1
= 2r— + 2
dx + dx * dz

dt,, dt,, dt,_  dt,
+(n— 1> 4 (n 1)2xd— +(n—1) ! 2

dt dt dt,,

_ -1 o Uin+1 92 “hn 1 n—1

(n—1)x — +n(2z) - +(n+1) I
dtn—l

dt dt d
2 Whn41 n 2
— 20— 1 JE .

2 A1 dt, — dt,— dbnio
Qp _
Cdr + dx + dx ] dx

—2x tn—i—l

dx dz

—2x tn,1
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Hence, the statement is true for » = 1. We shall assume that the statement holds for » = k.
Therefore, we have

¥t o 1 o dFtn iy d*t, d*t, 4
= 2x)—- k
dx* (n — 2k) [n(m ) dxk +n(27) dxk T ntk) dax*
dkiztn_kl dk(l'Ztn+1)
—nk(k = 1) dab—2 dxz* }
Now,
korltn 5 korltn 1 k+1 n k+!tn—1
dk—Qtn dk+1 Qtn dktn dktn
—nk(k — 1) =" —k diiﬂ 1) | (20) o=,
Also, differentiating (1), (k 4 1) times w.r.t. = and using Leibniz theorem, we get
dk—‘rltn dk-‘rltn dk—l—ltn dk—‘rltn, dk—?tn
dxk+1+2 —a? dxk+1+1 — 2 S - (k+ 1)k dxHH
dktn-i-l dktn
= (k+1)|(2x) kT 2 el
Therefore,
kJrltn 9
dr+1e, dr+e, R+l
= [0k + @) =5 + (k + Dn(2a) ot + (b + D+ b=t
dk—?tn+1 dk+1<x2tn+1)
dk+1tn+2 ) dk+1tn+1 dk+1tn korltn_l dkiQtn—f—l
+ n( dzh dzh o dzhtl — dphtl (k+ Dk dak—2 ﬂ )
Hence
dk-i-ltn 9 dk+1tn 1 dk+1tn
korltn_ dk72tn
dk+1 (thn+1)
Thus
dk—i—ltn dk+1tn dk+1tn dk+1tn,
(n i D)W“H - [n (22) i 4 (20) o+ (o k1)
dkiQtn—f—l dk+1 (sztn+1>
Hence, the result. []
Theorem 2.5. Forn > 0,
dt, dt,,_ dt, _
(z* + 82)—— + 4 L L = 2ty +2(n — 3 — 220, )

dx dz dz
+42%(n — )yt +4x(n — Dty + 4t,_3.
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Proof. Consider,
toio - 20ty + 2ty + 20 (tn 42ty + 2tn,3) = (2" + 82ty + A1 — tna.

Differentiating both sides w.r.t. =, we get

dt dt,,_ dt, _
4 n 4 3 4 n—1 _ n—4
(z +8x)—dx + (42° + 8)t, + o o
dtno dt, _dt,_. dt, dtn_o _dt, s
_ 92 & 4 o } 2 [— 2 2 ]
[dx+xdx+ dx +$dx+xdx+ dx

+ 2(2t, + 2Tt + 2n_s).

Therefore,
d tn— 1 d tn—4
dx dx

= 2(n)z tpyr + 2(n — 1) tay + 20 (2(n — )z tyy + 2(n — 3) tn_2>

dt,
(z* + 81:)% + (42° + 8)t,, + 4

+ 2(2t, + 2wty o + 2t, 3).

Hence, we conclude

dt dt,— dt,—
4 “hin 4 n—1 _ n—4
(2" + 82) dx + dx dx

= 2nat, 1 +2(n — 3 — 20°)t, + 4P (n — 2)t,_1 +4x(n — Dt,_o + 4t,_s. O

Theorem 2.6. For alln > 0,

dt,iq dt,,
32—
dx * dx
Proof. Note that for n = 0, 1, 2, the result holds. Now, take n = 3m, then LHS of (10), implies

Atz Atz —O=) 6m —2—2
g —oml 3 8 :Z(Gm—2—3r)(m r>x6m23T

2(n —1) tppa. (10)

dx dx o r
o 6m — 4 — 2r
3 6m—4—3 - bm—5=8r
+ ;( m r)( . ) x
iy 6m —2 — 2r
— 6 o 2 6m—2 6 o 2 o 3 - - 6m—2—3r
(6m —2) x + Z( m r)( . > T

r=1

! 6m — 2 — 2r
e 6m—2—3r
+3 TEI(6m—1—3r)( 1 ):17 :

After further simplifications, we get

Atz Atz 2 em—2 -2
g ol 3 208 :(6m—2)2(m T) gOm—2-3r

dx dx r
r=0

= 2(3m - ]_) t3m+1'

Similarly, the statement can be proved for n = 3m + 1 and n = 3m + 2. Hence, by induction the
theorem is proved. [
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Theorem 2.7. Foralln > 0,

dt n+3
— =t — Y tetnis_,. 11
- 11 Z; 13 (11)

Proof. We prove the statement by induction on n. For n = 0, 1, 2, clearly, the statement holds.
Assume that statement (11) is true for n < k, so we have

l k,‘-‘rl T k‘+3 T

Next, for n = k + 1, we have

Aty oty dtp—1  dip_

=z°— +2 22t 2t
dx xdx+$dx+dm+xk+ ol
k43 k42
_ x?(kt,ﬁl — Ztrtk+3_r> + 2x<(k: — Dty — Ztrthrg_T)
r=0 r=0
k-+1
+ (k= 2)tho1 = > tpbrpr—r + 20 b + 2 by
r=0
k-+4
= (k+ Dtrsz — > trtisas.
r=0
Hence, by induction the result follows. ]

3 Conclusion

In this paper B-Tribonacci polynomials are defined. Generating function and combinatorial
representation are obtained. Identities relating B-Tribonacci polynomials with their derivatives
are established.

Acknowledgements
The author would like to express sincere gratitude to the referees for their valuable comments and
suggestions that improved the presentation of this article.

References

[1] Arolkar, S., & Valaulikar, Y. S. (2016). h(z)-B-Tribonacci and h(z)-B-Tri Lucas
Polynomials. Kyungpook Mathematical Journal, 56(4), 1125-1133.

[2] Bruschi, M. & Ricci, P. E. (1980). I polinomi di Lucas e di Tchebycheff in piu variabili.
Rendiconti di Matematica e delle sue Applicazioni, 13, 507-529.

498



(3]

(4]

[5]

[6]

(71

(8]

[9]

[10]

[11]

Falcon, S., & Plaza, A. (2009). On k-Fibonacci sequences and polynomials and their
derivatives, Chaos, Solitons & Fractals, 39(3), 1005-1019.

Filipponi, P., & Horadam, A. F. (1991). Derivative sequences of Fibonacci and Lucas
polynomials. In: Bergum, G.E., Philippou, A.N., Horadam, A.F. (eds) Applications of
Fibonacci Numbers, Vol. 4. Springer, Dordrecht, 99-108.

Lucas, E. (1891). Theorie des Nombres. Gauthier-Villars, Paris.

Nalli, A., & Haukkanen, P. (2009). On generalized Fibonacci and Lucas polynomials.
Chaos, Solitons & Fractals, 42(5), 3179-3186.

Raghavacharyulu, I. V. V., & Tekumalla, A. R. (1972). Solution of the Difference Equations
of Generalized Lucas Polynomials. Journal of Mathematical Physics, 13, 321-324.

Sloane, N. J. A. (2006). The On-Line Encyclopedia of Integer Sequences. The OEIS
Foundation.

Swamy, M. N. S. (1999). Generalized Fibonacci and Lucas polynomials, and their
associated diagonal polynomials. The Fibonacci Quarterly, 37(3), 213-222.

Wang, J. (1995). On the k'" Derivative Sequences of Fibonacci and Lucas Polynomials. The
Fibonacci Quarterly, 33(2), 174-178.

Yu, H., & Liang, C. (1997). Identities involving partial derivatives of bivariate Fibonacci
and Lucas polynomials. The Fibonacci Quarterly, 35(1), 19-23.

499



