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Abstract: In this paper, we define and investigate the generalized Pisano sequences and we
deal with, in detail, two special cases, namely, Pisano and Pisano—Lucas sequences. We present
Binet’s formulas, generating functions and Simson’s formulas for these sequences. Moreover,
we give some identities and matrices associated with these sequences. Furthermore, we show
that there are close relations between Pisano and Pisano—Lucas numbers and modified Oresme,
Oresme-Lucas and Oresme numbers.
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1 Introduction

Modified Oresme sequence {G,, },>0, Oresme—Lucas sequence { H,},>¢ and Oresme sequence
{Oy, }n>0 are defined, respectively, by the second-order recurrence relations
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1

Gn+2 = GnJrl - ZLGny GO = 07 Gl = 17 (D
1

H’ﬂ+2 = Hn+1 - ZLHn7 HO = 27H1 = 17 (2)
1 1

Ont2 = Opy1— Zona Op=0,01 = 5 3)

The sequences { G}, } >0, { Hy }n>0 and { O, },,>0 can be extended to negative subscripts by defining

G, = 4G—(n—1) - 4G—(n—2)7
H_, = 4H_(,_1) —4H_(,—2),
O_n = 40_(-1) —40_(-2),

forn =1,2,3, ..., respectively. Therefore, recurrences (1)—(3) hold for all integers n.

Oresme sequence has been studied by many authors and more detail can be found in the
extensive literature dedicated to this sequence (see [1-5,8,9]).

Now, we describe two sequences as Pisano and Pisano—Lucas numbers related to modified
Oresme, Oresme—Lucas, Oresme numbers. These sequences are defined as follows

1

Pn = Pnfl—zpnfg—Fl, Wlth P(]:O,Plzl, 7122,
1 1

Rn = Rn_l_ZRn_2+z_l’ with R0:37R1:2, n22,

respectively. The first few values of Pisano and Pisano—Lucas numbers are

11 1 15 24
1,2, 11,18 57 15 217

respectively. The sequences { P, } and {R,,} satisfy the following third order linear recurences:

5 1
P, = 2Pn—1_ZLPn—2+ZPn—37 Po=0,P=1D1P =2,
5 1 3
Rn = 2Rn*1 - ZRR*2 + ZRTL*37 RO = 37R1 = 27R2 = 5

There are close relations between Pisano and Pisano—Lucas and modified Oresme, Oresme—Lucas,
Oresme numbers. For example, they satisfy the following interrelations:

nP, = —(n+2)G,+4n,
P, = —(n+2)H, +4,
nP, = —-2(n+2)0, +4n,

and

nRkR, = G,+n,
R, = H,+1,
nk, = 20, +n.

478



The purpose of this article is to generalize and investigate these interesting sequence of
numbers (i.e., Pisano, Pisano—Lucas numbers). First, we recall some properties of generalized
Tribonacci numbers.

The generalized (r, s,t) sequence (or generalized Tribonacci sequence or generalized 3-step
Fibonacci sequence)

{Wn(Wo, Wi, Wa;r, s,t) b0

(or shortly {W),, },,>0) is defined as follows:
Wy, =rWy_1+sWy o +tW,_3, Wy=a W, =0Wy=c¢c, n>3 4)

where W, Wy, W5 are arbitrary complex (or real) numbers and 7, s, ¢ are real numbers.
This sequence has been studied by many authors (see [7]). The sequence {IV,,},>( can be
extended to negative subscripts by defining
S T 1
W_, = —ZW—(n—l) - ZW—(n—2) + ;W—(n—?))
forn = 1,2,3,... when ¢ # 0. Therefore, recurrence (4) holds for all integer n. As {W,,} is a

third-order recurrence sequence (difference equation), its characteristic equation is

2 —rat—sr—t=0 5
whose roots are
a = §+A+B,
g = §+wA+w2B,
v o= g+w2A+wB,
where
r3 s t 1/3 r3 TS t 1/3
A = — 4+ — + = A B=—4+—+-—VA
(27+6+2+\/_> ’ (27+6+2 \/_) ’
3t r?2s®? rst s 2 —1+4+iv3
A = A = — — — — — — + — = = 271 /3).
(r,s,t) 5 ~ 108 + 5 27—1— Y 5 exp(2mi/3)

Using these roots and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.1. (Two Distinct Roots Case: o« = [ # «y) Binet’s formula of generalized Tribonacci

numbers is
Wn = (Al + AQ?’L) x o 4 Ag’}/n (6)
where
A Wy + 2aW; — v(2a — )Wy
1 = )
(a—7)°
A, — WQ_ (05+’Y)W1+C(’YWO
2 — )
aa—7)
W2 — 204W1 + OZZW()
As = o,
(@ =7)
Next, we present the ordinary generating function » | W, 2™ of the sequence W,,.
n=0
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Lemma 1.1. (Lemma 1.1 in [7]) Suppose that fy, (x) = > W,a™ is the ordinary generating
n=0
function of the generalized (r,s,t) sequence (the generalized Tribonacci sequence) {W,},>o.

Then, fw, (x) is given by

i Wy = ot (Wh — rWo)x + (szz - 7”;4/1 — sWo)a? -
n=0 1—rx—sx?—tx

2 Generalized Pisano sequence

In this paper, we consider the case r = 2,5 = —%,t = }l. A generalized Pisano sequence
{Whtnso = {Wn(Wo, Wi, Ws) },> is defined by the third-order recurrence relation
5 1
Wn = 2Wn—1 - Z_J:Wn—Q + ZLWn—ZS (8)

with the initial values Wy = co, Wi = ¢1, W5 = ¢, not all being zero. The sequence {W,, },,>0
can be extended to negative subscripts by defining

W_n=5W__1) — 8W_(n_2) +4W_(_3)

forn =1,2,3,.... Therefore, recurrence (8) holds for all integers n.
Characteristic equation of the third-order recurrence sequence IV, is the cubic equation

5 1 1\°
3_ 2 _ [ - — g
x° —2x +4x 1 (x 2) (x—1)=0

whose roots are

Note that
at+B+y = 2
af+ay+py = 1§,
afy = i,
or

a+ =1 af= %.
Equation (6) can be used to obtain Binet formula of generalized Pisano numbers (two distinct
roots case: o = 3 # ). Binet formula of generalized Pisano numbers can be given as

Wn = (Al + Agn) x a” + Ad’)/n

where
A — Wy + 2aW; — 7(2204 — )W AW, AW,
(=)
W, — W W,
A, = Weml@t)WaitaWo | ot or o
a(a—7)
Wy — 2aW; + a2W,
Ay = 22T w4 W,
(a@—7)
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1.e.,
1\ ™

The first few generalized Pisano numbers with positive subscript and negative subscript are
given in the following Table 1.

] 2 W,
0 W Wo = 20 = Wy
1 W, W_ =z = 5Wy — 8W; + 4W,
2 W, W_g =1y = 1TWy — 36W; + 200,
3 Wy =1 (Wy — 5W; + 8Ws) W_s = x5 = 49W, — 116W; + 68W,
4 W =1 (2W0 — W, + 11W5) W_y = x4 = 129W, — 324W; + 196,
5 = o= (11Wy — 47W; + 52W5) W_s = x5 = 321W, — 836, + 5161,
6 = = (13W — 54W, +5TWs) | W_g =z = T69W, — 2052, + 12841,
7 = %4 (57TWo — 233W, + 240W,) | Wy = a7 = 1793W, — 4868W; + 30761V,
8 = L (60W, — 243W, + 24TWs) | W_g = x5 = 409TW, — 11268W; + T172W,

8~ 64

Table 1. A few generalized Pisano numbers.

Now, we define two special cases of the sequence {1V, }. Pisano sequence {P,},>o and
Pisano—Lucas sequence { R, },,>o are defined, respectively, by the third-order recurrence relations

5

1
P, = 2Pn—1—ZPn—2+4Pn 3, Po=0,P=17PF=2, )
5 1 3
R, = 2Rn71_ZRn72+4Rn 35 R0:37R1:27R2:§' (10)

The sequences { P, },>o and { R, },>o can be extended to negative subscripts by defining

P, = 5P (n_1) = 8P_(n_2) +4P_(n_3),
R, = B5R_(-1) —8R_(—2) + 4R_(n_3),
forn =1,2,3, ..., respectively. Therefore, recurrences (9)—(10) hold for all integer n.

Next, we present the first few values of the Pisano and Pisano—Lucas numbers with positive
and negative subscripts (Table 2).

' n o123 4 5 6 7 8 9 10 11 12
: 7 47 2 3 0 4083 4089

P, |01 2 4 9 % 2 %™ % im ioi o
P, 0 4 20 68 196 516 1284 3076 7172 16388 36868 81924
3 5 9 17 33 65 129 257 513 1025 2049

R, |3 2 5 7 § % 3% 6 1 2% 512 1024 2088
R_, 5 9 17 33 65 129 257 513 1025 2049 4097 8193

Table 2. The first few values of the special third-order numbers
with positive and negative subscripts.
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For all integers n, Pisano and Pisano—Lucas numbers can be expressed by Binet’s formulas as

P, = —(n+2)x27"" 44
R, = 27" 41

respectively. Note that Binet’s formulas of modified Oresme, Oresme—Lucas and Oresme numbers,
respectively, are

_ n—1 __ n
n - no - 2n_17
n 1
n = 20" = o1’
n
0, = = o
no on
and so
nP, = —(n+2)G, +4n,
P, = —(n+2)H,+4,
nP, = —2(n+2)0, + 4n,

nRk, = G, +n,
R, = H,+1,
nR, = 20, +n.

[e.e]
Next, we give the ordinary generating function > W, 2" of the sequence W,,.

n=0

Lemma 2.1. Suppose that fy, (x) = > W,a™ is the ordinary generating function of the generalized

n=0
Pisano sequence {W, },>o. Then, fw, () is given by

i o Wort (W= 2W)e + (Ws — 2W) + 51Wp)a?
n=0

_ 5.2 _ 1.3
1 2x+4x 1T

Proof. Taker:2,s:—§,t:iinLemma 1.1. O

The previous lemma gives the following results as particular examples.

Corollary 2.1. Generating functions of Pisano and Pisano—Lucas numbers are

> T

ann = )
nZ:O 1— 24 522 — 143
> 6—5
> Rat = s
—~ 2—3r+zx

respectively.
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3 Simson formulas
There is a well-known Simson Identity (formula) for modified Oresme sequence { F}, }, namely,
Fn—i—an—l - Fr% = (_1)717

which was derived first by R. Simson in 1753 and it is now called Cassini Identity (formula), as
well. This can be written in the form

Fn+1 Fn

= (—1)".
Fn Fn—l ( )

The following theorem gives generalization of this result to the generalized Pisano sequence

{Wn}n20~

Theorem 3.1 (Simson Formula of Generalized Pisano Numbers). For all integers n, we have

Wn+2 WnJrl Wn
Wn+1 Wn Wn—l = —4_n(4W2 - 4W1 + Wo)(QWQ - 3W1 + W0)2.
Wn Wn—l Wn—2

Proof. Take r = 2,s = —2,t = 1 in Theorem 2.2 in [6]. O
The previous theorem has the following results as particular examples.

Corollary 3.1. For all integers n, Simson formula of Pisano and Pisano—Lucas numbers are

given as
Pn+2 PnJrl Pn
Pn+1 P, P, - _4—n+l’
Pn Pn—l Pn—2
Rn+2 Rn+1 Rn
RnJrl R, Rn,. = 0,
Rn Rn—l Rn—2
respectively.

4 Some identities

In this section, we derive some identities of Pisano and Pisano—Lucas numbers. Initially, we can
introduce a few basic relations between {IW,, } and { P, }.

Lemma 4.1. The following identities hold for all integers n.

(@) AW, = 4(49Wy — 116W; + 68W5) Poyy + 4(196W; — 81W, — 116W5) Py
+ (120W, — 324W; + 196W5) P, .
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(b) AW, = A(17TWy — 36W; + 20Ws) Ppss — 4(29Wy — 64W, + 36Ws) Py
+ (49Wy — 116W; + 68Wa) Py

(€) AW, = A(5Wy—8W,+4Ws) Py yo—4(9Wo — L6W, +8Wo) Py + (17TWo— 36 W, +20W5 ) P,
(d) AW, = AWy Py — 4(2Wy — W) P, + (5Wo — 8W; + 4Ws) P_y.
(&) AW, = AW, P, — A(2W; — Wa) Py + WoPy_s.

() (Wy — AW, + AW,)(Wy — 3W; + 2W5)2P, = —16(—5W?2 — AW2 + Wy W, + 8W, Wa) Wi is
+16(—9W2 — 8W2 + 2WW, — WoWs + 16W, Wa) W5
AW + 25W2 + 20W2 — 10WoW; + 8WoWs — 44W,Wa) Wi i

(©) (Wo — AW, + AW) (Wy — 3W; + 2W5s)2P, = —16(—W?2 + WolWa) Wiy
FA(WE = 5WoW, +8WWa — AW, Wo) Wiy — A(—5W2 — AW2 + W Wy +8W, W) Wiy

(h) (Wo — AW, + 4Wo)(Wo — 3W; + 2Wa)2 P, = 4(W2 + 8W2 — 5WoWy — AW, Wa)Wisa —
A(—AWE + WoWy — 5WoWa + 8W W) Wisy — A(—WE + WolWa) W,

() (Wo — AW, + 4Wo)(Wy — 3W; + 2W5)2P,
= A(2QW2 + 16W2 + AW2 — 1IW, W, + 5WoWa — 16W,Wo) Wiy
— (5W2 + 36W2 — 25W, W, + AW, W — 20W, Wo) W,
+ (W2 + 8W2 — 5WW; — AW, Wo) W,y

G) (Wo — AW, + 4Wo) (W — 3W, + 2W5)2 P,
= (11WE + 92WE + 32W2 — 63W Wy + 36Wo Wy — 108W, Wo) W,
— (W2 + T2WE 4 20W2 — 50W Wy + 25Wo Wy — T6W, Wo)W,, 4
+ (2WE + 16WE + 4W2 — L1W Wy + 5WoWy — 16W, Wo) W, _o.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wn:axpn+4+bxpn+3+cxpn+2
and solving the system of equations

WO = CLXP4+bXP3+CXP2,
Wl = a><P5—|—b><P4—|—c><P3,
WQ = (IXP6+bXP5+CXP4,

we find that
a =490y — 116W; + 68Ws,
b=196W; — 81Wy — 116Ws, c = i(lQQWO — 324W; + 196W5).
The other equalities can be proved similarly. ]

Note that all the identities in the above Lemma can be proved by induction as well.
Next, we present a few basic relations between {IV,,} and { R, }.
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Lemma 4.2. The following equalities are true:
(@) (Wo — AW, + AWo)(Wo — 3W4 + 2Wo)R,, = 4(5Wo — 19W; + 18Wo) W, 44
— 4(TWo — 2TW5 + 26Wo)Wps + (OWy — 35W5 + 34W5) W, 1.

(b) (Wo — AW, + 4Wo)(Wy — 3W5 + 2W3)R,, = 4(3Wy — 11W; + 10Wo) W, 15
— 4(4W, — 15W; + 14We)Winis + (5Wy — 19W; + 18TWa) Wi 1.

(c) (Wo —4Wy 4+ 4Ws)(Wy — 3W4 + 2Wa)R,, = 4(2Wy — TW + 6Wa) W40
— 2(6Wo — 18W5 + 16Wo)Wypq + (3Wy — 11W; + 10W,) IV,,.

(d) (Wo —4W, 4+ 4Ws)(Wy — 3W5 + 2W5)R,, = 2(3Wy — 10W; + 8Wo) W, 4q
— (TWo — 24W5 4+ 20Wo) W, + (2Wy — TW; + 6Wo) W, _1.

(e) 2(Wy — AWy + 4Ws)(Wy — 3W5 + 2Ws) R,, = 2(6W, — 16W; + 12W5) IV,
— (11Wy — 36W; + 28Wo) W,y + (3Wy — 10W; + 8Ws) W, _s.

Now, we give a few basic relations between { P, } and { R, }.

Lemma 4.3. The following equalities are true:

AR, = 68D, 4 — 100P, .3 + 33D,
AR, = 36P, 3 — 52Pp o+ 17Pu1,
AR, = 20P, 5 — 28P,.1 + 9P,
AR, = 12P, 1 — 16P, +5P,_1,
AR, = 8P, —10P,_ 1 + 3P, ».

S On the recurrence properties of generalized Pisano sequence

Taking r = 2,s = —g, t= % as in Theorem 2 in [10], we obtain the following proposition.
Proposition 5.1. For n € Z, generalized Pisano numbers (the case r = 2, s = —g,t = }1 ) have
the following identity:

1
Won = 22" (Way — RaWa + 5 (RY = Ra) Wh).

From the above Proposition 5.1 and Corollary 6 in [10], we have the following corollary which
gives the connection between the special cases of generalized Pisano sequence at the positive
index and the negative index: for modified Pisano, Pisano—Lucas and Pisano numbers: take
W, = P, with Py = 0,P, = 1,P, = 2 and take W,, = R, with Ry = 3, Ry = 2, Ry = 2,
respectively. Note that in this case R,, = H,, where the sequence H,, is the Lucas (, s, ) sequence
given in [10].

Corollary 5.1. Forn € Z, we have the following extension to negative subscripts:

(a) Pisano sequence:
P, =2"(Py, — P,R,).

(b) Pisano—Lucas sequence:
R, =2""""(R: — Ry,) .
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By using the identity 4R,, = 20F,, ;2 — 28F,,+1 + 9P, (and Proposition 5.1 or Corollary 5.1),
we get
P, =2"""%28P, P, 1 — 20P, Py o — 9P + 4P,).

Note also that since

nP, = —(n+2)G,+4n,
P, = —(n+2)H,+4,
nP, = —-2(n+2)0, +4n,
and
G_, = —4"G,=—nx2"
H_, = 4"H, =2"
O_, = —4"0,=-nx2",
we get
nP., = 2" (n—2)G, +4n,
P, = 4"(n—2)H,+4,
nP_, = 2" (n—-2)0, +4n,
and since
nR, = G,+n,
R, = H,+1,
nRk, = 20, +n,
we obtain

nR_, = 22"G, +n,
R, = 4"H, +1,
nR_, = 20O, +n.

6 Sum formulas

Next, we present some sum formulas of generalized Pisano numbers.

Theorem 6.1. For n > 0 and m,; € 7, generalized Pisano numbers have the following

properties:
A 2)A
(a) ZZ:oWkZ—( 1+(721n+ )As) (1) A5+ 2(Ay + Ay).
3A1 +2(3 4HA
(b) > ko War = B4 +9 i ZQ: JA2) | (n+1)Az + 2(34; + 24,).
n 3A1+ (6n+11) A
(C) Zk:o W2k+1 - _< . 9 <>< 22n+1 ) 2> + (TL + 1)A3 + %(3141 + 5A2)
1

@ S Wi, = : (2m"+j (n+1)(2" — 1245 + (mn + /) As

gmnti(2m — 1)
+@2m =1 @2mtm — 1A + 2™ (—mn —m — j+ (2"j +m — j)2m”)A2).
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(e) If x is a real (or complex number) with x # 1, then

" N o (1 . ZE"+1)A3 2mfj
Zk:0$ ka+j - 1— 7 (Qj‘ _ Qm)
1 L . ,
= i (g gy (—z +2™)A; + ((mn +m+ 7)2™ — (mn + j)x)As).

s((—2 +2™) A + (2] — jx + ma)As)

Proof. To prove (e) use Binet’s formula of 1V, i.e.,

Wn — M + A3,
271
where
Al - _4W2 + 4W17
Ay = —4AWH + 6W; — 2W,,

Ag - 4W2—4W1+W0

There is no need to prove (d) separately. Identity (d) is just the x = 1 limit of identity (e). The
singularity at x = 1 in (e) is removable since

1 — n+1 _ 1™
lim—x = limM =n-+1,
r—1 1 — X rx—1 —
by L’Hospital’s rule. Identities (a), (b) and (c) are special cases of (e). [l

From Theorem 6.1, we have the following corollary which gives sum formulas of Pisano
numbers (take W,, = P, with P, =0, P, =1, P, = 2).

Corollary 6.1. Forn > 0 and m,j € Z, Pisano numbers have the following properties:

n n+4
(a) Zk:OPk:4(n_2>+F

. 4 3n -+ 7
(b) Zk:o PQk = §(9TL - 7) + W

n 4 6n + 17
(C) Zk:o P2k+1 = 5(971 — 2) + 9 % 22” .

1
gmn-ti(2m — 1)

—4(2m — 1) (2mFtm 1) — 27 (—mp — m — 4 (275 4+ m — j)an)>.

@ S P = s (24 D = 172 = 20mn + )

(e) If x is a real (or complex number) with x # 1, then

4(1 — n+1 2mfj
D im0 T Py = ( _x ) 4 S —4(=z +2m) — 227 — ja + max)
l—x (x —2m)

1 T Nom .
2T (; _ gm)? (2(—x +2™) + ((mn+m+ j)2™ — (mn —i—j)x)).

_|_

Taking W,, = R, with Ry = 3, R; = 2, Ry = % in Theorem 6.1, we have the following
corollary which presents sum formulas of Pisano—Lucas numbers.
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Corollary 6.2. Forn > 0 and m,j € Z, Pisano—Lucas numbers have the following properties:

n 1

@ > Re=n+5— 1

() Sop o = S8+ 11) = —
. 1

(C) zk:O R2k+1 = %(372 + 7) — 3 % 22n‘

; | .
@ Do Bt = gy —y @ (0 £ D™ = D 4227 = 1)),

(e) If x is a real (or complex number) with x # 1, then

n+1 n+1 mn—+m
0k o (1 —a"t) "t —2
2o ™ i = T G (g gy

7 Matrices associated with generalized Pisano numbers

We define the square matrix A of order 3 as:

2 -5 3
A=1]11 0 0
0 1 O
Thus, det A = i. From (8), we have
Whta 2 —2 %1 Wit
Woir =1 0 0 W, (1D
W, 0 1 0 Wh—1
Matrix formulation of W, can be given by
Wi 2 =2 L\" [
Wper =11 0 0 Wi (12)
W, 0 1 O Wo
If we take W = P in (11), we have
Pria 2 —2 }1 P
Pi =11 0 0 P,
P, 0O 1 O P,
We also define
PnJrl _Z%Pn—i_ipnfl 4Pn
Bn = Pn _%P’n—l + Allpn—2 Allpn—l
Pn—l _% n—2 1 %LPn—S iPn—Q
and

5 1 1
Wn—l 12 n—2+ZWn—3 ZWn—Z



Theorem 7.1. For all integer m,n > 0, we have

(a) B, = A", i.e., Pisano numbers have the following representation..

n

2 _2 Lll Pn+1 _%Pn—i_}lpnfl %LPH
A" = 1 0 0 = P, _gpn—l + %Pn—2 %Pn—l . (13)
0 1 0 Pn—l _%Pn—Q + iPn—3 %Pn—Q
(b) C1A" = A™(C.
Proof. Take r = 2,s = —2,t = 1 in Theorem 5.1 in [7]. O

A property of matrix A™ can be given as
5 1
A" — 2An—1 _ _An—2 _An—3
4 * 4
for all integers n.

Theorem 7.2. For all integers m,n, we have

5 1 1
Wn+m = Wan+1 + <_1Wn—1 + an—2> Pm + ZWn—IPm—I- (14)
Proof. Taker = 2,s = —%,t = % in Theorem 5.2. in [7]. O

By Lemma 4.1, we know that

(Wo — AW, + 4Wo) (W — 3W, + 2W,)2 P,

= A(WZ + 8W}2 — 5WoWy — AW, Wo) W, i
—4(—4W3 + WoWy — 5WoWy + 8WiWo) Wi — 4(=W7 + WoWo) W,

so (14) can be written in the following form

(Wo — 4Wy + 4Wo) (W — 3Wy + 2Wo) 2 W,

= W,(4(WZ + 8W2 — 5WoWy — AW W) W,is — 4(—4WE + W,
—5WoWy 4+ SWIWo )Wy — 4(=W2 + WoWo)Wi1)

5 1
+ (—ZWn_l + ZWn_z) (4(WZ 4+ 8W2 — 5WoWy — AW Wo) Wi

—4(—4WZ + WoW, — 5W oWy + SWiWo) W — 4(=WE + WoWo)W,,)
1

+1Wn_1(4(W§ + 8W2 — 5W Wy — 4W Wo) Wi

—4(—AWZ + WoW, — 5WWy + SW i Wo)W,,, — 4(—WE 4+ WoWo)W,,1).

Corollary 7.1. For all integers m,n, we have

5 1 1
Pn+m = pnpm+1+(_zpn—l+1pn—2) pm+ZPn—le—la

) 1 1
Rner = RanJrl + <_1Rn1 + ZRnZ) Pm + ZRnflpmfl-
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Taking m = n in the last corollary we obtain the following identities:

5} 1
P2n - PnPn—i-l—i_(_ZPn—l—i_Zan—Z)Pn"'_

5) 1 1
R2n = RnPn+1 + (_ZRn—l + ZRn—2> Pn + _Rn—lpn—l'
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