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Abstract: A new scheme of 2-Fibonacci sequences is introduced and the explicit formulas for
its n-th members are given. For difference of all previous sequences from Fibonacci type, the
present 2-Fibonacci sequences are obtained by a new way. It is proved that the new sequences
have bases with 48 elements about function ¢ and modulo 9.
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1 Introduction

In a series of papers, starting with [10], the author introduces so called by him n-Fibonacci
sequences (n > 2, natural number) and study their basic properties (see, e.g. [11]). After [3,
24], a lot of other authors started interested in these sequences (see 1, [13-36]). In some of his
papers, the author discussed different 2- and 3-Fibonacci sequences, some of which, he called
“combined” (see [4, 5, 7-9, 12]), because the next members of these sequences are results of
operations over some of the previous members.

In the present paper, we return to the idea for 2-Fibonacci sequences, but use a new way,
different form all other ways, for their construction.
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2 Main results

Let everywhere below, a, b, ¢, d be arbitrary real numbers.
The first one of the new 2-Fibonacci sequences have the form: oy = a, By = b, a1 = ¢,
(51 = d and for each natural number n > 0:

Oont2 = Qopt1 + Qop,
6271—1—2 - /82n+1 + ﬁQn:
Qont3 = Qant2 + Bonti,
Bonts = Bant2 + Qony1.

The first several values of the sequences {a, }°°, and {3, }22, are as listed in Table 1.

7 an | Br
0 a b
1 c d
2 a-+c b+d
3 a+c+d b+c+d
4 2a 4+ 2c+d 20+ c+ 2d
5 2a + b+ 3c+2d a+2b+2c+ 3d
6 4a + b+ Hc+ 3d a+ 4b+ 3¢+ 5d
7 ba + 3b+ Tc + 6d 3a +5b+ 6¢c+ 7d
8|1 9a+4b+ 12c¢+ 9d 4a +9b+9c+ 12d
9| 12a 4+ 9b+ 18c + 16d | 9a + 12b + 16¢ + 18d
10 | 21a + 13b + 30c + 25d | 13a + 21b + 25¢ + 30d

Graphically, we can represent the scheme in Figure 1 below.

&, s ® @ .
Uiy @ ® Poni
} }

Ao , @ @5 S
} }

Aypi3| @ ® Ponss
} }

Uprs @ ® Ponsa
} }

Uyyrs | @ ® Ponss

Figure 1. Scheme of constructing the sequences {«, }2°, and {53, }2°
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Let {F,}>, be the standard Fibonacci sequence, where Fo =0, F1=1,and F,,;o=F,, .1 + F),
for each natural number n > 0.

Theorem 1. For each natural number n > 0:
ot Fa Fopn1— Foa
— a _|_

F2n_Fn +F2n+Fn

Qo b+ c d,
2 2 2 2

Fon1 — F, Fon1 + F, Fon+ F, Foy—F,

ﬁgn: 2 12 +1a+ 2 12 +1b—|— 2 2 ¢+ 2 2 d,
Fon+F, Fon—F,  Fopi1—Fon  Fonp1+ Fye

Qoni1 = 2 . a+ 2 5 b+ 2 +12 1C+ 2 +12 1d,
Fon—F, Fon+F, Fopir+Fiq  Fopi— Fy_

Boni1 = — s —at 2; b+ 2“; Lot 2“2 Ld.

Proof. We can prove the theorem, for example, by induction.

First, we must mention that for each natural number k, the numbers Fo,_1 + Fj11, For, — F
are even.

Really, for £ = 1 both numbers are even. If we assume that the assertion is valid for all
numbers smaller or equal to some number £, then, obviously

Fopyq + Fipo = Fop + Fiyq + Fop—y + Iy,

1s an even number as a sum of even numbers.
Second, for n = 0, the validity of the theorem is checked directly from the above table. Let
us assume that the theorem is valid for some natural number n > 0. Then:

Qopto = Qopyl + Qoy

_ Fop+Fy Fon—Fp F2’n+17Fn71 F2n+1+Fn71
R b+ 3 c+ 5 d,

Fopn_1+F, Fop_1—F, —
+ 2n 1;- n+1a+ 2n 12 n+1b+ F2n2FnC+ an;-Fnd

_ F2n+1;'Fn+2a + Font1

—Fni2 Fopqyo—Fni1 Fonyot+Fnia
5 b+ 5 c—+ 5 d.

The check for (35, o is similar.

Qopt3 = Qopto + Bant1

F: F, F: —F, F: —F, F: F,
— 2n+1;‘ n+2a_|_ 2n+12 n+2b+ 2n+22 n+1c+ 2n+2;‘ ntl f

— F: Fp_ F: —Fn_
+F2n2 F"a+ FQ";Fnb—i- 2n+1;‘ n 1C—|— 2n+12 n-1 ]

— F2n+2+§n+2*Fna + F2n+2*§n+2+Fnb + F2n+3*F72L+1+Fn—1C + F2n+2+F72L+1*Fn—1d

F: F, F: —F, F: 3—F, F: 3+ F,
_ 2n+2;‘ n+1a_|_ 2n+22 n+1b+ 2n+§ ne 2n+23+ nd.

The check for (35,1 3 is similar. ]

k
In [2,6], a digital arithmetic function was defined as follows. Letn = > a;. 10" = @yas - - ay,

=1
where «; is a natural number and 0 < a; < 9 (1 < i < k). Letforn = 0 : ¢(n) = 0 and for
k
n > 0: p(n) = > a;. Let us define a sequence of functions ¢y, ¢1, 2, . . ., (Where [ is a natural
=1

number) by ¢o(n) = n, @111 = ¢(p(n)). Then for each natural number n there exists a natural
number [ so that p;(n) = ¢;11(n) € {0,1,2,...,9}.
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Let function ¢/ be defined by

where @141(n) = @i(n).

Let a sequence with natural numbers aq, as, . .

¥(n) =

Spl(n)7

. be given and let ¢; = ¥(a;) (i = 1,2,...).
Hence, we deduce the sequence ¢y, cs, . . . from the former sequence. If k£ and [ exist so that [ > 0,

Citl = Ckais] = Coprir) = - -+ for 1 <4 < k, then we shall say that

is base of the sequence cy, co, . .

Theorem 2. For every four natural numbers a, b, c, d, the mixed 2-combined Fibonacci sequences
{an }n>0 and { By, }n>0 have bases with length of 48 with respect to function ).
Proof. Using the property of ¢ function: for every two natural number x and y: ¥ (z+9y) = 1 (x),

[Cl+1, Ci42, - -

we obtain sequentially the sequences:

©y Cl-‘rk’]

. with length of k£ with respect to function ).

K o B |
0 p(a) (b)
1 w(c) (d)
2 p(a+c) o(b+d)
3 pla+c+d) o(b+c+d)
4 ©(2a 4+ 2¢ +d) ©(2b+ c+ 2d)
51 ¢(2a+b+3c+2d) | ¢(a+ 2b+ 2c+ 3d)
6| ¢(da+0b+5c+3d) | ¢(a+ 4b+ 3c+ 5d)
71 ¢(Ba+3b+Tc+6d) | p(3a+ 5b+ 6¢+ 7d)
8 ©(4b + 3c¢) (4a + 3d)
9 ©(3a+ 7d) ©(3b+ Tc)
10 | ¢(3a+ 4b+ 3c+ 7d) | ¢(4a + 3b+ Tc + 3d)
11| ¢(Ba+Tb+c+7d) | p(Ta+3b+ Tc+d)
12 | p(6a + 2b + 4c + 5d) | (2a + 6b + 5c¢ + 4d)
13 | ¢(4a + 5b + 2c + 6d) | ¢(ba + 4b + 6¢ + 2d)
14| g(a+ b+ 6c+2d) | o(Ta+ b+ 2c+ 6d)
15| o(6a + 2b + 3¢+ 4d) | ¢(2a + 6b + 4c + 3d)
16 ©(7a + 6d) ©(7b + 6¢)
17 ©(6b + 4c) ©(6a + 4d)
18 | ¢(Ta + 6b + 4c + 6d) | ¢(6a + 7b + 6¢ + 4d)
19 p(da+6b+4c+d) | p(6a+4b+ ¢+ 4d)
20 | p(2a+3b+8c+7d) | p(3a+ 2b+ Tc+ 8d)
21 ©(8a + Tb + 2d) ©(7a + 8b+ 2¢)
22 p(a+ b+ 8c) o(a+ b+ 8d)
23 ©(8a + ¢) ©(8b+d)
24 (D) p(a)
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K o B
25 (d) w(c)
26 o(b+d) o(a+c)
27 o(b+c+d) pla+c+d)
28 ©(2b+ ¢+ 2d) ©(2a 4+ 2¢ +d)
29 | w(a+2b+2c+3d) | ¢(2a+ b+ 3c+ 2d)
30| pla+4b+3c+5d) | ¢(da+ b+ 5c+ 3d)
31| p(3a+5b+ 6¢+ 7d) | p(ba + 3b+ Tc+ 6d)
32 v(4a + 3d) ©(4b + 3c)
33 ©(3b+ Tc) ©(3a + 7d)
34 | p(4a+3b+Tc+3d) | p(3a + 4b+ 3¢+ 7d)
35| ©(Ta+3b+Tc+d) | ¢(3a+Tb+ c+ 7d)
36 | ¢p(2a + 6b+ 5¢ + 4d) | p(6a + 2b + 4c + 5d)
37| ¢(ba + 4b + 6¢ + 2d) | p(4a + 5b + 2¢ + 6d)
38| p(Ta+b+2c+6d) | ¢la+ Tb+ 6¢c+ 2d)
39 | p(2a + 6b+ 4c + 3d) | p(6a + 2b+ 3¢ + 4d)
40 ©(7b + 6¢) ©(Ta + 6d)
41 ©(6a + 4d) ©(6b + 4c)
42 | p(6a + b+ 6¢ + 4d) | p(Ta + 6b + 4c + 6d)
43 | p(6a+4b+ c+4d) | ¢(4a + 6b+ 4c+ d)
44 | p(3a+2b+ Te + 8d) | ¢(2a + 3b + 8¢ + 7d)
45| (Ta+ 8b+ 2c) ©(8a + Tb + 2d)
46 w(a+ b+ 8d) w(a+ b+ 8c)
47 ©(8b+d) ©(8a+ ¢)
48 e(a) o(b)
49 w(c) (d)

From here, the validity of the theorem holds. It is important to note the the base starts with
the second members of the sequences. U
3 Conclusion
In the paper, a scheme for constructing of 2-Fibonacci sequences from a new type is given. In the
next step of this research, some other similar (but different) schemes will be introduced.
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