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1 Introduction

Number sequences have been the subject of many scientists’ studies for years, and they have
found application in nature and many sciences, as in every branch of mathematics [1, 6, 16].
Of course, the Fibonacci numbers are the best known of the sequences of numbers. Many
generalizations of number sequences were then described and studied [4, 5, 12, 15, 19]. One of
these generalizations is the Jacobsthal numbers [7, 8, 14, 15, 17, 19]. The Jacobsthal numbers J,,
are defined by the relation

Jn+z =Jns1+2/p,n =0
with J, =0andJ; = 1.
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Similarly, the Jacobsthal-Lucas numbers j,, are given by relation

Jn+2 = Jns1 + 2jp,n =0
The characteristic equation for J, and j, isx? —x — 2 = 0 whose rootsare a = 2, b = 1.
an_bn
a-b
In 2016, Uygun and Eldogan [22] defined k-Jacobsthal numbers by the recurrence relation

]k,n+1 = k]k,n + ij,n—lf forn>2

with J, o = 0 and J, 1 = 1. They also defined k-Jacobsthal-Lucas numbers by the recurrence
relation

Binet Formulas for J, and j, are J,, =

and j, = a + b, respectively.

Jen+1 = kjk,n + 2jk,n—1' nz2
with j, o = 2 and ji 1 = k.
The characteristic equation for J , and ji , is x* — kx — 2 = 0 whose roots are

k+Vk2+8 k—Vk2+8
a=— B = —

The Binet Formulas for J ,, and j, , are given by J;, , = i

a_z and j,, = a™ + B, respectively.

The quaternion, an algebraic structure, was first described in 1843 by William Rowan
Hamilton [11].

In 1963, A. F. Horadam [13] defined the n-th Fibonacci and n-th Lucas quaternions and gave
their some properties.

In 2016, Szynal-Liana, A. and Wtoch, 1. [21] defined the n-th Jacobsthal and n-th Jacobsthal—
Lucas quaternions. Macfarlane [18] defined the hyperbolic quaternions and studied their
properties. A hyperbolic quaternion h has the form:

h = hlil + hziz + h3i3 + h4i4 = (hli hz, h3, h4),

where hq, h,, hs, h, are real components and i, i,, i3, i, are hyperbolic quaternion units, which
have the rules as given in Table 1.

U1 1) i3 Iy
i 1 iy i3 iy
iy iy 1 ig —i;
i3 i3 —iy 1 iy
ig iy i3 -1, 1

Table 1. Multiplication rule for {i;, i, i3, 14}

In [10, 20], the hyperbolic k-Fibonacci and k-Fibonacci-Lucas, hyperbolic k-Jacobsthal and
k-Jacobsthal-Lucas quaternions were defined and given some of their properties.
In [2, 3], A. Cariow, G. Cariow and J. Knapiski defined the hyperbolic octonions.
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A hyperbolic octonion O has the form
= (hO' hlﬂ hZ' h3, h4,, h5, hs; h7)

where i,,i,,i3,i, are quaternion imaginary units, hy, hq, hy, hs, hy, hs, hg, h, are the real
components and e, (e, = 1) is a counter imaginary unit, and the bases of hyperbolic octonions
are defined as in Table 2.

11 i i3 (¥} €5 (F e
i | =1 ] i3 | =i, | es | es | —€7| eg
b | —i3| =1 4 € | ey e, | —es
i3 i, | —i1| =1 e |—es| es e,
e, | —es | —eg | —e; | 1 i iy i3
es | —es | —e; | eg | —i1| 1 i3 | =iy
g | €7 | —ey| —es | =iy | =iz | 1 i1
e; | —eg| €es | —ey | =iz | i | —i;| 1

Table 2. Multiplication rule for hyperbolic octonions units

In [9], A. Godase defined the hyperbolic k-Fibonacci and k-Fibonacci—Lucas octonions and
gave some of their properties.

In this paper, we introduce hyperbolic k-Jacobsthal and k-Jacobsthal-Lucas octonions and
examine their properties.

2 Hyperbolic k-Jacobsthal and k-Jacobsthal-Lucas octonions

Definition 2.1. The hyperbolic k-Jacobsthal octonions 0/, ,, and k-Jacobsthal-Lucas octonions
0/ » are defined by

0kn = Jion + Jins1in + Jins2iz + Jinssis + Jignsala + Jintses + Jin+e€s + Jeni7€s
= Uk Jinsv Jins2 Jines Jinsar Jinas Jenver Jiene7)s

0 kn = Jin + Jine1ls + Jknez2lz + inasis + jknta€s + jines€s +jknt6€s + jkne7€7
= Uk Jiensv Jin+2 Jin+3 Jin+ar Jin+s Jkn+e Jons7)s

respectively, (n = 0).

Definition 2.2. The conjugate of hyperbolic k-Jacobsthal octonions 0/, ,, and k-Jacobsthal-
Lucas octonions 0/ kn are defined by

éjk,n = Jin = Jen+1ls = Jena2le = Jen+3ls = Jen+ra€s — Jineses — Jenre€s — Jent7€7
= Uk,n: —Jin+v —Jenv2 —Jien+z ~Jen+a —Jenes —Jinve _]k,n+7)'
ij,n = jk,n _jk,n+1i1 _jk,n+2i2 _jk,n+3i3 _jk,n+4e4 _jk,n+565 _jk,n+696 _jk,n+7e7
= Uk —Jkm+1 Jign+2 ~Jkn+3 “Jen+ar ~Jkn+s “Jen+er “Jin+7)s
respectively, (n = 0).
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Theorem 2.1. For n > 1, we have

(i) O0lgny1 =k0/n 42075,
(i) O0gnt1 =k0yn+207 54,
(iii) Ojk,n = Ojk,n+1 + 2OJk,n—li
(iv) 61k,n+1 = ké]k,n + 2éjk,n—li
V) 6jk,n+1 = kajk,n + 2aj'k,n—ly
(Vi) éjk,n = 61k,n+1 + 2511{,11—1-

Proof. We prove only equality (i) using Definition 2.1. The proofs of (ii), (iii), (iv), (v) and (vi)
are like that of (i).

k0T + 207 1 = k(Jion + Jinain + Jionsaiz + Jknssis
+Hin+a€s T Jinises + Jn+e€s + Jn+7€7)
+2(Jin-1 + Jinis + Jinsaiz + Jenizis
+Hin+3€s T Jinsas + Jn+s€s + Jn+6€7)
= (kJin + 2in-1) + (Kin+1 + 2Jin)ia
+(kJin+z + 2ine1)iz + (Klknas + 2inez)is
+(k]k,n+4- + 2]k,n+3)e4- + (k]k,n+5 + 2]k,n+4)es
+(kJin+s + 2kn+s)es + (Kliner + 2fin+e)es
= Jem+1 T Jem+2lt T Jenesziz T Jen+als +Jeneses
+in+6€s T Jen+7€6 + Jin+s€s
= 01k,n+1- [
Theorem 2.2 (Binet formulas). For n > 1, the following equations are true.
o poanm
(i) 0, =2 —2P
(i) Olpn=aia,™ +BiBi",

— F n_p n
(|||) Ojk,n — a 01" —p1B1

a1—f1
(iv) ajk,n =& "+ BB

where

@ =1+ agi; +a?i, + a3is + age, + a%es + a;%eq + ay’e;
_ 2 .3 4.5 6 7
- (1r A, 017, 07,01 ,017,Q1 7,01 )a

f1=1+p1i; + ﬁ12i2 + ﬁ13i3 + 31494 + 31595 + 31696 + ﬁ175’7
= (11 ,81'1812',813'18141,8151316’ﬁ17)1

a1 = 1 - a1i1 - a12i2 - a13i3 - a14e4 - 0(1565 - a16e6 - a17e7
— 2 3 4 5 6 7
- (1r 0, —017, A, A, A, T, T )1

pr=1-pi, — ,312i2 - ,313i3 - ,31434 - .31535 - .31636 - .31797
= (1, _ﬁlf _ﬁlzf _ﬁlgf _314' _[315’ _316' _317)-
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Proof. (i) Using Definition 2.1 and the Binet formula of J ,,, we get the following:.

Ojk,n = Jin t Jkn+1ls T Jiene2iz + Jin+3is + Jknvas + Jkneses + Jknve€s T Jins7€7
n 1 n+1 2 n+2 3 n+3
a" — By 61f1nJr - B . C¥1nJr - B . C¥1nJr — b1 ,
= + lq + ly + l3
a; — Py a; — Py a; — Py a; — Py
4 n+4 5 n+5 6 n+6
C‘~’1nJr — b1 aanr — b1 C¥1nJr - B
+ €y + €x + €
a; — Py a; — Py a; — Py
a1n+7 _ ,Bln+7
+ e,
a; — Py
a" . , ,
== 3 (1 + aqiy + ai%i, + a3is + a*e, + a %es + a,%eq + a;7ey)
1~ P1
n
B1
a; — Py
— n = n
_ @ = Bipy
a; — Py

(iii) We have,

. . . 5
(1 + Byiy + Biliy + Bilis + Bites + Biles + Brles + ,31737)

OJk,n = Jin — Jen+1ts = Jine2ls = Jene3ls = Jen+a€s — Jineses — Jin+e€s — Jkne7€7

+1 +2 +3
— <a1n - .Bln> (%n+1 —B" > i <a1n+2 —B" > i <a1n+3 —-B" )i
= — 1 2= 3
a; — f1 a, — fq a; — fq a; — fq
a1n+4 _ ﬁ1n+4 a1n+5 _ ﬁ1n+5 a1”+6 _ ﬁ1n+6
- €4 — €s — €s
( a; — f1 > < a; — f1 ) < a; — fq )

<a1n+7 _ ﬁ1n+7> .
- 7
a, — f1

n

a
= : (1 —aqi; — a12i2 + a13i3 - a1494 - a1535 - a1696 - a17e7)
a; — Py
,31n , 2. 3. 4 5 6 7
- (1—,3111—31 I —P17i3—P1 es—P17es — B1 ec — b1 37)
a; — By
_ aoaq" — BB
a; — Py

The proofs of (ii), (iv) are similar to (i) and (iii) by using Definition 2.1.
The next lemma gives some properties between the roots &, B;, @, and B .
Lemma 2.1. The following equations are satisfied:
1) a, — .3_1 = \/onk,m
() @+ By = 0y,
() @ fy+fiay =2(=75+07;y),

@ @ - = Jp(207 0 + K™ + 25kt + 241k° + 1137k7 + 2559k°
+2543k3 + 735k) = ¥,
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G) a+d =2and B, +5; =2,

(6) &1&1 = &1&1 = 1 + alz + af14 + a16 - af18 - a110 - a112 - a114 = 178,
(7) 51 51 = 3151 =1+ ﬁ12 + ;814 + ;816 + ﬁls - 3110 - 3112 - ﬁ114 = Vo,
(8) afy + Br@y = Uy + Uyq = 2(75 + \/EOJR,O)a
(9) 671.[?1 - ,5’1671 = V19 — V11 = —V3 = .[?1671 - 671/?1

= —/p(0,—168,—100k, 68 — 32(k? + 2),

12(k3 + 4k), 8(k* + 6k? + 4) + 20(k? + 2),4(k® + 8Kk3 + 12k) — 24k,
—4(k* + 6k?> +4) —8(k? +2) + 16)

(10) 51&1 + &131 = ((150, —2(ay — f1), _2(a12 - ,812)' _2(a13 - 313),
—2(01f14 - 314), —2(“15 - ,315)' —2(“16 - ,316)' —2(a17 - ﬂ17))

=7
(1)) v+, = (150,30,0,0,0,0) = 150,
(12) &151 - ,5’1&1 =V — Uy = V3,
(13) @2 =B = fp (=207 0 + k'3 + 25k + 241k° + 1137k7 + 2559k5+2543k
+ 735k )
= —4,/p07 o + Vg,
Proof.
1) @ -pB=0a,a? e a0’ 0% a,7) (1' ,31',312,[313'314' ,315’,316’[317)
=(0,a; — By, ;% — ,312, a;® — 513' a* — 314' a® — ,315, a® — ﬂlé' a;” — ﬂ17)
= (a; — ,31)(0, 1, a1+ By, o>+ ayfpy + ,312'
(a; + ,31)(“12 + ,312)6514 + 3By + 2By + ar i+ B
(a12 + a6y + ,312)(611 + ﬁ1)(a12 + a8, — ,312),
8+ a°By 4 a B’ + By + a8 B+ ,314)
=.Jp (0,1, k, k? +2, k + 4k, k* + 6k* + 2,k° + 8k® + 12k,
k® + 10k* + 24k? + 8)

= \/;0]](,0.

The proof of the others is similar to that of (1). [

Theorem 2.3. Forp,r € Z¥,p = r and n € N, the generating functions for 0/ ,, and 0/ ,, are
as follows:

J j -0/
. - J n _ 0 k,0+(0 ko Jkr— O k,T)x
Q) ano 0 krnX (1—jgrx+(-2)"x2)
- . 0710=( 07k 0 jir— 0T jr)x
o J n — k.0 kO Tkt L
(i) Xo=o0 07k rnx (1= jrx+(=2)Tx2)
- 0] _(_Z)T 0] X
o) ] n — kp el
(III) ano 0 krn+pX (1—jk,rx+(—2)rx2) ’
n _ 0y p=(=2)" 0Ty p—rx
(1—jirx+(-2)"x2) ’

)

)

(iV) Z?lozo 0jk,rn+px
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and the exponential generating functions for 0/, , and 0/, , are as follows

_ Ty & r
a el x—ﬁleﬁl *

0 Ojk,rn n _
(V) Zn:o n! X" = al_ﬁl )

. oJ _ _
(Vi) Tieg—ex™ = @ e + freft'”,

Proof. (i) Using Theorem 2.4, we get the following:

b — ™m n ™m

2: ] n o_ (“1“1 — P11 > n
0 krnX = x

- a, — By

n=0

[o2] (o]

_ a T\ _ 'gl r.\n
= ) @™ al_ﬁanwl )

n=0 =0

I 1 b1 1
B a, — B <1 - “1rX) - a; — P (1 - ﬁlrx>
(671 - 51) + (E1“1r —a By )x
(a; — B = (@™ + B Dx + (a1 p1)7x2)
_ (671 - [}1) + (31a1r - ,3_1,31r + 3_131r - a1ﬁ1r +aa" — &1alr)x
- (a; — A = (a" + ﬁ1r)x + (a1 f1)"x?)
(671 - [}1) + [(671 + 31)(“1r - ﬁ1r) + E1ﬁ1r - a1“1r]x
(a; —p)A = (a" + ,31r)x + (a1 f1)"x?)
a; — [}1 = >y (4 — ﬁ1r 3_131r —aaq"
=<a1_,31)+[(a1+ﬁ1)(a1_ﬁ1)+< a, — B )]x
(1= (ay" + B )x + (a181)7x?)
_ 0710+ (0740 )ir — 071r)x
(1 —jirx+ (—2)7x2)
The proofs of (ii), (iii), (iv), (v) and (vi) are like that of (i) by using Theorem 2.4.

Now let us give some equations that we will need in the next theorems.

Lemma 2.2. The following equations are provided.
— t — t
~ V1P — Uy
) W = (_73]k,t: —85Jk,t+1 — 166Jkt-1, =51k t42 + 196/ t—2,
1 1
=17 t43 + 34 k41 + 68Jke—1 + 120k t—3, 5k t4a — 112]k 20 3]t 45 — 10k £ 43
+ 80/k,t—3 + 160J r—s, Jkt46 — 12/ t42 + 48Jkt—2 — 192k t—6) —Jit+7
+ 2]k,t+5 4]k,t+38]k,t+1_128]k,t—7 - 64]k,t—5 - 32]k,t—3 + 16]k,t—1) = Vk,t
L 7B
(i) == (73t ~83iees = 1701, ~4%eve ~ 2042
1 1
— 15k 43 + 34 k41 + 68Jk -1 — 126]k 13, 7k t+a — 80)k t—a,
=5k e+s + 10/ e3 +80Jk -3 + 96k t—5, 3k t46 — 12/ 42 + 48k t—2 — 64)k 16
Jier7 — 2iers —iers + 8ker —128Jk -2 — 64k -5 — 32 e—3 + 16Ji1—1)
= ljk,t
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LN = 2 2t =~ 2 2t _ P . . . .
(i) a"ay*t + fr pi7 =2 Ojk,t — Ikt — Jkt+a — Jit+e T Jkt+8

Hiker10 Freriz Frerio T ke = Rie.

Proof.

— t — t
U1 —vaay"

1

)

— b1

— b1

(—73,-83a, + 85B;, —49a,% + 516,% 34a; — 34p; — 15a,° + 178,°,

—58,% 50,5 — 3B, + 10a;3 — 108,3, 30,6 — B,° + 12B8,% — 12a,2,

—4a,% + 8oy + By + 2ﬁ15 +4B,° — Bﬁl)ﬁlt

85a; — 83P,,51a,2 — 49B,%, — 34a; + 34B, + 17a,3 — 158,°,

—Say* + 78,%,58,° — 3a,% — 10a,3 + 1083, —ay 6 + 3B,° — 128,% + 1202,
@+ 2a;° + 4ay® — 8ay + By — 2B,° — 4B,° + 8Bt

Ta*

a17 - 20(15
—(-73,

If the necessary calculations are made, then

(=73J,6» =85/i.t41 — 166J1 -1, =51k ¢4z + 196]ic 2,

—17]k 43 + 34 ke+1 + 68Jke—1 + 120/k,¢-3, 5 k44 — 112]1t—4) 3Jit45 — 10J) 43
+80Jk,t-3 + 160Jk t—s, i t+6 — 12/k,e42 + 48k t—2 — 192)k -6, —Ji 47 T

2iee4s Hierr38lier1—128]k -7 — 64fke—5 — 32 i3 + 16Jie—1) = Vier.

The proofs of (ii) and (iii) are like that of (i). ]

Theorem 2.3 (Catalan’s Identity). For any integer n and t, we have
(i) Ojk,n—t 01k,n+t -
(ii) Ojk,n—t 0jk,n+t -

Proof. (i) By using the Binet formula of the hyperbolic k-Jacobsthal, we have

Ojk,n—t 01k,n+t -

2 _ -
O]k,n = (—z)n t]k,th,t
. 2 _ —
Ojk,n =—p (=2)" t]k,th,t

2

Ojk,n
— (O_"laln_t - 3_131n_t> <571a1n+t - ,3_1,31n+t> _ <671a1n - ,8_1.31n>2
a, — By - b1 — b1
1 [ 5 n—t, n+ 5 = p n— + 5 n
= m _6712“1271 — a1 t/31 F— B p M+ ,312[312
—a; %0, + @ Py By 4 P By ™ — 512,31271]
1 [ - . . b1 . a,t
= m afray Pi < - Z) + ,81a1ﬁ1 aq < - E)l
_ (a1ﬁ1)n(a1 31t) I“1ﬁ1 31051] (051.31)71(0‘1 .31t) la1g1,31t - ,E1671051tl
(a1 — B1)? (a1 — B1)? (a181)t
= (18" it [M;;Zalt], (from a,B; = —2 and Lemma 2.2)

= (_z)n_t]k,tvk,t
The proof of (ii) is like that of (i). ]
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Theorem 2.4 (Cassini’s Identity). For n > 1, we get
. 2 _ =
) 0in—t 00 knse — 0k = (=2)"" it Vi
.. ; ; P2 —tr &
(ii) 0/ kn-t Olgnee — Olgn = —p (=2)" t]k,th,t
Proof. If we substitute 1 for t in the Catalan identity, we get the Cassini identity. [
Theorem 2.5 (D’Ocagne Identity). Let n be any non-negative integerand t > n, then we have:
) Ojk,t 01k,n+1 - 01k,t+1 OJk,n = (_Z)nUk,t—n
() 0kt 07knsr = 0k pp1 074 = —p(=2)"Upp—n.
Proof. (i) By using The Binet formula of the hyperbolic k-Jacobsthal, we have
Ojk,t Ojk,n+1 - 0Jk,t+1 OJk,n
_ <&1a1t - E1B1t> <§1a1n+1 - E151n+1> <C_¥1C¥1t+1 - 51[31”1) <6710—’1n - E1ﬁln>
a, — B a, — By a, — By a, — By
1

— — 5 thontl 5 = pt 5 2 nt+l+t
= [0512051n+t+1 — a1 104 ,31n = B1a1 1 a1n+1 + B ﬁ1n

(a1 — B1)?

_ _ 5 = _ =2
— ;2" 4 @ By B + By By ™ — By ﬁ1n+t+1]

1 _ _
=0 — P2 [&1,[)’1a1t,31n(a1 —B)) + B fr ay (B — al)]

(a1 = B1)?
= aln(illngaélgzﬁl) (@B, = B 77
= B t-n_ @ = ptn
- cor[pReT ]
= (=2)" % = (=2)"Ukt-n
The proof of (ii) is like to (i). ]

Theorem 2.6 (Vajda Identity). If i and j are any two natural numbers then we have
() 0 jnsi 00 jnsj— 0lkn 00 niin = (=20 iV

() Ol jnsi O knsj— 00kn 07 niivy = p (=2 iVier-
Proof. The proof is done using Theorem 2.2, similar to Theorem 2.5. [

Theorem 2.7. For any integer t, we have
. 2 o2 1 _ _.
O 0Tk + 07p" = ;((1 + PRz + (=2)%1(7307,0) (p — 1))

2

(iD) 07" = 09pe” = =((1 = P)Ryze + (=75 + 071,0) (-2)*1(1 + p))

1
p
Proof.

_ 5 ok
0‘1“1k — B1b1

a; — Py

2
) 2 c2 _ _ 2
(i) Ojk,t + 0/ = ( > + (alalt + ﬁlﬁ1t)
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_ _ = ~ _ 2
_ @ 2oy % — @ By tByt — Bra et + BB
p

_ _ = ~ _ 2

+ (a12“12t +afiatBt + Ba et + By 512t)
_ _ 2 L
(1+p) (a12a12t + B /312t) +(p— 1)(“1tﬁ’1t)(“131 + ,316!1)
p

(from Lemma 2.1 and Lemma 2.2)
= %((1 + P)Rize + (p = 1) (~2)™+1(7307,,) )
The proof (ii) is similar to that of (i). [
Theorem 2.8. For every integers r, s > t, there is the following equation.

0]k,r+s 0jk,r+t - 0]k,r+t 0jk,r+s = 2(_75 + Ojk,O) (_Z)r_t]k,s—t-
Proof.

0]k,r+s 01k,r+t - 01k,r+t 01k,r+s

_ 2] T+s 0 t 3 Tt
- (AT @ ) - (B e+ )

a; — f1 a; — fq
_ 67120512r+5+t + 671,3_1C¥1r+sﬁ11urt - ,3_1671131r+5a1r+t - 3_12ﬁ12r+5+t
a; — B
_ &120512”5“ + 67151“1r+t51r+s - 51671,31”%(1”S - 512[312”5“
a; — fq
— A T 5 —
_ <051,31“1 ﬁ1r(“1sﬁ1t - “1tﬁ1s) + ﬁ1“1“1rﬁ1r(“15/31t - “1t,315)>
a; — P1
_ <(‘I’1ﬂ1 + ﬂ1§1)a1rﬁ1r(a1s,31t - a1tﬁ1s)>
a; — fq
_ = = AR
= (a1,31 + ,31a1)(a1.31)r t <—
a; — B
= 2(—75 + Ojk,o) (=2)"" Yy s—t-
This completes the proof. [

Theorem 2.9. For any integer s and t, we prove that
() Olpgie =0l spe + (=2)007 5,
(i) 0islie = 07ksae + (=2)°07 5.
Proof. (/) If we use Theorem 2.2, then we have
_ s _Foas
0]k,sjk,t = (ala; — giﬁl ) (Ollt + ﬁlt)
_ <&1als+t + CY1Oflsﬁlt — BByt — E1ﬁls+t>

a; — Py
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<‘71a1s+t - E1.31S+t> <a1tﬁlt(§1“15_t - 51,315_t)>
= +
ay — B ay — B
= Ojk,s+t + (_Z)tOJk,s—t-
The proof (ii) is similar to that of (7). U

Theorem 2.10. For any integer s < t, the following equations are true.

; J ] J ] 1 S

@ o ks Okt — 071100 s = ﬁ (=2)°73 Jit—s
(i) Ojk,s Ojk,t - Ojk,tojk,s = \/5 (—2)5173 ]k,t—s’
(iii) 0734 075 — 0715070 = (=2)5Y(75 = 074 0) Jit—ss
(iv) 074074 s— 07,075 = =(=2) Vs
Proof. (i)
0]k,s 0]k,t - Ojk,tO']k,s

_ <&1a1s - B1ﬁ1s> <C_f1“1t - ﬁ_lﬁlt> _ <C_¥1“1t - Elﬁ1t> <671a1s - 31.315>

a; — Py a; — Py a; — By a; — By
1 _ _ = = =2
= m (a12a1s+t - “1,31,3“15,31t — BBt + By ﬁ1s+t
1 1
— _ = S =~ _ =
—@ a5+ @y fray Byt + B Byant — ,31,81S+t)
_ &1ﬁ1a1sﬁ1s(a1t_s - ,31t_s) - ,31671a1sﬁ1s(“1t_s - ﬁ1t_s)
(ay — B1)?
= - S _ —
_ (051,31 - ,31“1)“1 ﬁ1s(alt $— ﬁ1t S)
(ay — B1)?
1

= \/_; (_2)553 ]k,t—s-

The other equations are proved similarly to that of (i). [

3 Conclusion

We defined the hyperbolic k-Jacobsthal and k-Jacobsthal-Lucas octonions. We presented Binet’s
Formula, Cassini’s identity, Catalan’s identity, d’Ocagne identity, generating functions of the

hyperbolic k-Jacobsthal and k-Jacobsthal-Lucas octonions. Also, it was given many properties
of these octonions.
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