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1 Introduction 

Number sequences have been the subject of many scientists’ studies for years, and they have 

found application in nature and many sciences, as in every branch of mathematics [1, 6, 16].  

Of course, the Fibonacci numbers are the best known of the sequences of numbers. Many 

generalizations of number sequences were then described and studied [4, 5, 12, 15, 19]. One of 

these generalizations is the Jacobsthal numbers [7, 8, 14, 15, 17, 19]. The Jacobsthal numbers 𝐽𝑛 

are defined by the relation  

𝐽𝑛+2 = 𝐽𝑛+1 + 2𝐽𝑛, 𝑛 ≥ 0 

with 𝐽0 = 0 and 𝐽1 = 1.  
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Similarly, the Jacobsthal–Lucas numbers 𝑗𝑛 are given by relation 

𝑗𝑛+2 = 𝑗𝑛+1 + 2𝑗𝑛, 𝑛 ≥ 0 

with 𝑗0 = 2 and 𝑗1 = 1.  

The characteristic equation for  𝐽𝑛 and 𝑗𝑛 is 𝑥2 − 𝑥 − 2 = 0 whose roots are 𝑎 = 2,  𝑏 = 1. 

Binet Formulas for  𝐽𝑛 and 𝑗𝑛 are 𝐽𝑛 =
𝑎𝑛−𝑏𝑛

𝑎−𝑏
 and 𝑗𝑛 = 𝑎 + 𝑏, respectively. 

In 2016, Uygun and Eldogan [22] defined k-Jacobsthal numbers by the recurrence relation  

𝐽𝑘,𝑛+1 = 𝑘𝐽𝑘,𝑛 + 2𝐽𝑘,𝑛−1, for 𝑛 ≥ 2 

with  𝐽𝑘,0 = 0 and 𝐽𝑘,1 = 1. They also defined k-Jacobsthal–Lucas numbers by the recurrence 

relation  

𝑗𝑘,𝑛+1 = 𝑘𝑗𝑘,𝑛 + 2𝑗𝑘,𝑛−1, 𝑛 ≥ 2 

with 𝑗𝑘,0 = 2 and 𝑗𝑘,1 = 𝑘. 

The characteristic equation for  𝐽𝑘,𝑛 and 𝑗𝑘,𝑛 is 𝑥2 − 𝑘𝑥 − 2 = 0 whose roots are  

𝛼 =
𝑘+√𝑘2+8

2
,  𝛽 =

𝑘−√𝑘2+8

2
. 

The Binet Formulas for 𝐽𝑘,𝑛 and 𝑗𝑘,𝑛 are given by 𝐽𝑘,𝑛 =
𝛼𝑛−𝛽𝑛

𝛼−𝛽
 and 𝑗𝑘,𝑛 = 𝛼𝑛 + 𝛽𝑛, respectively. 

The quaternion, an algebraic structure, was first described in 1843 by William Rowan 

Hamilton [11].   

In 1963, A. F. Horadam [13] defined the n-th Fibonacci and n-th Lucas quaternions and gave 

their some properties.  

In 2016, Szynal-Liana, A. and Włoch, I. [21] defined the n-th Jacobsthal and n-th Jacobsthal–

Lucas quaternions. Macfarlane [18] defined the hyperbolic quaternions and studied their 

properties. A hyperbolic quaternion ℎ has the form: 

ℎ = ℎ1𝑖1 + ℎ2𝑖2 + ℎ3𝑖3 + ℎ4𝑖4 = (ℎ1, ℎ2, ℎ3, ℎ4), 

where ℎ1, ℎ2, ℎ3, ℎ4 are real components and  𝑖1, 𝑖2, 𝑖3, 𝑖4 are hyperbolic quaternion units, which 

have the rules as given in Table 1. 

 

. 𝒊𝟏 𝒊𝟐 𝒊𝟑 𝒊𝟒 

𝑖1 1 𝑖2 𝑖3 𝑖4 

𝑖2 𝑖2 1 𝑖4 −𝑖3 

𝑖3 𝑖3 −𝑖4 1 𝑖2 

𝑖4 𝑖4 𝑖3 −𝑖2 1 

Table 1. Multiplication rule for {𝑖1, 𝑖2, 𝑖3, 𝑖4} 

In [10, 20], the hyperbolic k-Fibonacci and k-Fibonacci-Lucas, hyperbolic k-Jacobsthal and  

k-Jacobsthal–Lucas quaternions were defined and given some of their properties.  

In [2, 3], A. Cariow, G. Cariow and J. Knapiski defined the hyperbolic octonions.  
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A hyperbolic octonion 𝑂 has the form  

𝑂 = ℎ0 + ℎ1𝑖1 + ℎ2𝑖2 + ℎ3𝑖3 + ℎ4𝑒4 + ℎ5𝑒5 + ℎ6𝑒6 + ℎ7𝑒7 

                                     = (ℎ0, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, ℎ7) 

where 𝑖1, 𝑖2, 𝑖3, 𝑖4 are quaternion imaginary units, ℎ0, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, ℎ7 are the real 

components and 𝑒4 (𝑒4
2 = 1) is a counter imaginary unit, and the bases of hyperbolic octonions 

are defined as in Table 2. 

 

. 𝒊𝟏 𝒊𝟐 𝒊𝟑 𝒆𝟒 𝒆𝟓 𝒆𝟔 𝒆𝟕 

𝑖1 −1 𝑖3 −𝑖2 𝑒5 𝑒4 −𝑒7 𝑒6 

𝑖2 −𝑖3 −1 𝑖1 𝑒6 𝑒7 𝑒4 −𝑒5 

𝑖3 𝑖2 −𝑖1 −1 𝑒7 −𝑒6 𝑒5 𝑒4 

𝑒4 −𝑒5 −𝑒6 −𝑒7 1 𝑖1 𝑖2 𝑖3 

𝑒5 −𝑒4 −𝑒7 𝑒6 −𝑖1 1 𝑖3 −𝑖2 

𝑒6 𝑒7 −𝑒4 −𝑒5 −𝑖2 −𝑖3 1 𝑖1 

𝑒7 −𝑒6 𝑒5 −𝑒4 −𝑖3 𝑖2 −𝑖1 1 

Table 2. Multiplication rule for hyperbolic octonions units 

In [9], A. Godase defined the hyperbolic k-Fibonacci and k-Fibonacci–Lucas octonions and 

gave some of their properties. 

In this paper, we introduce hyperbolic k-Jacobsthal and k-Jacobsthal–Lucas octonions and 

examine their properties. 

2 Hyperbolic k-Jacobsthal and k-Jacobsthal–Lucas octonions 

Definition 2.1. The hyperbolic k-Jacobsthal octonions 𝑂𝐽
𝑘,𝑛 and k-Jacobsthal–Lucas octonions 

𝑂𝑗
𝑘,𝑛 are defined by 

𝑂𝐽
𝑘,𝑛 = 𝐽𝑘,𝑛 + 𝐽𝑘,𝑛+1𝑖1 + 𝐽𝑘,𝑛+2𝑖2 + 𝐽𝑘,𝑛+3𝑖3 + 𝐽𝑘,𝑛+4𝑒4 + 𝐽𝑘,𝑛+5𝑒5 + 𝐽𝑘,𝑛+6𝑒6 + 𝐽𝑘,𝑛+7𝑒7 

                             = (𝐽𝑘,𝑛, 𝐽𝑘,𝑛+1, 𝐽𝑘,𝑛+2, 𝐽𝑘,𝑛+3, 𝐽𝑘,𝑛+4, 𝐽𝑘,𝑛+5, 𝐽𝑘,𝑛+6, 𝐽𝑘,𝑛+7), 

𝑂𝑗
𝑘,𝑛 = 𝑗𝑘,𝑛 + 𝑗𝑘,𝑛+1𝑖1 + 𝑗𝑘,𝑛+2𝑖2 + 𝑗𝑘,𝑛+3𝑖3 + 𝑗𝑘,𝑛+4𝑒4 + 𝑗𝑘,𝑛+5𝑒5 + 𝑗𝑘,𝑛+6𝑒6 + 𝑗𝑘,𝑛+7𝑒7 

                             = (𝑗𝑘,𝑛, 𝑗𝑘,𝑛+1, 𝑗𝑘,𝑛+2, 𝑗𝑘,𝑛+3, 𝑗𝑘,𝑛+4, 𝑗𝑘,𝑛+5, 𝑗𝑘,𝑛+6, 𝑗𝑘,𝑛+7), 

respectively, (𝑛 ≥ 0). 

Definition 2.2. The conjugate of hyperbolic k-Jacobsthal octonions 𝑂̅𝐽
𝑘,𝑛 and k-Jacobsthal–

Lucas  octonions  𝑂̅𝑗
𝑘,𝑛 are defined by 

𝑂̅𝐽
𝑘,𝑛 = 𝐽𝑘,𝑛 − 𝐽𝑘,𝑛+1𝑖1 − 𝐽𝑘,𝑛+2𝑖2 − 𝐽𝑘,𝑛+3𝑖3 − 𝐽𝑘,𝑛+4𝑒4 − 𝐽𝑘,𝑛+5𝑒5 − 𝐽𝑘,𝑛+6𝑒6 − 𝐽𝑘,𝑛+7𝑒7 

                             = (𝐽𝑘,𝑛, −𝐽𝑘,𝑛+1, −𝐽𝑘,𝑛+2, −𝐽𝑘,𝑛+3, −𝐽𝑘,𝑛+4, −𝐽𝑘,𝑛+5, −𝐽𝑘,𝑛+6, −𝐽𝑘,𝑛+7), 

𝑂̅𝑗
𝑘,𝑛 = 𝑗𝑘,𝑛 − 𝑗𝑘,𝑛+1𝑖1 − 𝑗𝑘,𝑛+2𝑖2 − 𝑗𝑘,𝑛+3𝑖3 − 𝑗𝑘,𝑛+4𝑒4 − 𝑗𝑘,𝑛+5𝑒5 − 𝑗𝑘,𝑛+6𝑒6 − 𝑗𝑘,𝑛+7𝑒7 

                              = (𝑗𝑘,𝑛, −𝑗𝑘,𝑛+1, −𝑗𝑘,𝑛+2, −𝑗𝑘,𝑛+3, −𝑗𝑘,𝑛+4, −𝑗𝑘,𝑛+5, −𝑗𝑘,𝑛+6, −𝑗𝑘,𝑛+7), 

respectively, (𝑛 ≥ 0). 
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Theorem 2.1. For 𝑛 ≥ 1, we have  

(i)  𝑂𝐽
𝑘,𝑛+1 = 𝑘𝑂𝐽

𝑘,𝑛 + 2𝑂𝐽
𝑘,𝑛−1, 

(ii)  𝑂𝑗
𝑘,𝑛+1 = 𝑘𝑂𝑗

𝑘,𝑛 + 2𝑂𝑗
𝑘,𝑛−1, 

(iii)  𝑂𝑗
𝑘,𝑛 = 𝑂𝐽

𝑘,𝑛+1 + 2𝑂𝐽
𝑘,𝑛−1, 

(iv)  𝑂̅𝐽
𝑘,𝑛+1 = 𝑘𝑂̅𝐽

𝑘,𝑛 + 2𝑂̅𝐽
𝑘,𝑛−1, 

(v)  𝑂̅𝑗
𝑘,𝑛+1 = 𝑘𝑂̅𝑗

𝑘,𝑛 + 2𝑂̅𝑗
𝑘,𝑛−1, 

(vi)  𝑂̅𝑗
𝑘,𝑛 = 𝑂̅𝐽

𝑘,𝑛+1 + 2𝑂̅𝐽
𝑘,𝑛−1. 

Proof.  We prove only equality (i) using Definition 2.1. The proofs of (ii), (iii), (iv), (v) and (vi) 

are like that of (i).  

𝑘𝑂𝐽
𝑘,𝑛 + 2𝑂𝐽

𝑘,𝑛−1 = 𝑘(𝐽𝑘,𝑛 + 𝐽𝑘,𝑛+1𝑖1 + 𝐽𝑘,𝑛+2𝑖2 + 𝐽𝑘,𝑛+3𝑖3 

 +𝐽𝑘,𝑛+4𝑒4 + 𝐽𝑘,𝑛+5𝑒5 + 𝐽𝑘,𝑛+6𝑒6 + 𝐽𝑘,𝑛+7𝑒7) 

 +2(𝐽𝑘,𝑛−1 + 𝐽𝑘,𝑛𝑖1 + 𝐽𝑘,𝑛+1𝑖2 + 𝐽𝑘,𝑛+2𝑖3 

 +𝐽𝑘,𝑛+3𝑒4 + 𝐽𝑘,𝑛+4𝑒5 + 𝐽𝑘,𝑛+5𝑒6 + 𝐽𝑘,𝑛+6𝑒7) 

 = (𝑘𝐽𝑘,𝑛 + 2𝐽𝑘,𝑛−1) + (𝑘𝐽𝑘,𝑛+1 + 2𝐽𝑘,𝑛)𝑖1 

 +(𝑘𝐽𝑘,𝑛+2 + 2𝐽𝑘,𝑛+1)𝑖2 + (𝑘𝐽𝑘,𝑛+3 + 2𝐽𝑘,𝑛+2)𝑖3 

 +(𝑘𝐽𝑘,𝑛+4 + 2𝐽𝑘,𝑛+3)𝑒4 + (𝑘𝐽𝑘,𝑛+5 + 2𝐽𝑘,𝑛+4)𝑒5 

 +(𝑘𝐽𝑘,𝑛+6 + 2𝐽𝑘,𝑛+5)𝑒6 + (𝑘𝐽𝑘,𝑛+7 + 2𝐽𝑘,𝑛+6)𝑒7 

 = 𝐽𝑘,𝑛+1 + 𝐽𝑘,𝑛+2𝑖1 + 𝐽𝑘,𝑛+3𝑖2 + 𝐽𝑘,𝑛+4𝑖3 + 𝐽𝑘,𝑛+5𝑒4 

 +𝐽𝑘,𝑛+6𝑒5 + 𝐽𝑘,𝑛+7𝑒6 + 𝐽𝑘,𝑛+8𝑒7  

 = 𝑂𝐽
𝑘,𝑛+1.  

Theorem 2.2 (Binet formulas). For 𝑛 ≥ 1, the following equations are true. 

(i) 𝑂𝐽
𝑘,𝑛 =

𝛼̅1𝛼1
𝑛−𝛽̅1𝛽1

𝑛

𝛼1−𝛽1
, 

(ii) 𝑂𝑗
𝑘,𝑛 = 𝛼̅1𝛼1

𝑛 + 𝛽̅1𝛽1
𝑛
, 

(iii)  𝑂̅𝐽
𝑘,𝑛 =

𝛼̃1𝛼1
𝑛−𝛽̃1𝛽1

𝑛

𝛼1−𝛽1
, 

(iv) 𝑂̅𝑗
𝑘,𝑛 = 𝛼̃1𝛼1

𝑛 + 𝛽1𝛽1
𝑛
, 

where 

 𝛼̅1 = 1 + 𝛼1𝑖1 + 𝛼1
2𝑖2 + 𝛼1

3𝑖3 + 𝛼1
4𝑒4 + 𝛼1

5𝑒5 + 𝛼1
6𝑒6 + 𝛼1

7𝑒7 

 = (1, 𝛼1, 𝛼1
2, 𝛼1

3, 𝛼1
4, 𝛼1

5, 𝛼1
6, 𝛼1

7), 

𝛽̅1 = 1 + 𝛽1𝑖1 + 𝛽1
2𝑖2 + 𝛽1

3𝑖3 + 𝛽1
4𝑒4 + 𝛽1

5𝑒5 + 𝛽1
6𝑒6 + 𝛽1

7𝑒7 

 = (1, 𝛽1, 𝛽1
2, 𝛽1

3, 𝛽1
4, 𝛽1

5, 𝛽1
6, 𝛽1

7), 

𝛼̃1 = 1 − 𝛼1𝑖1 − 𝛼1
2𝑖2 − 𝛼1

3𝑖3 − 𝛼1
4𝑒4 − 𝛼1

5𝑒5 − 𝛼1
6𝑒6 − 𝛼1

7𝑒7 

 = (1, −𝛼1, −𝛼1
2, −𝛼1

3, −𝛼1
4, −𝛼1

5, −𝛼1
6, −𝛼1

7), 

𝛽1 = 1 − 𝛽1𝑖1 − 𝛽1
2𝑖2 − 𝛽1

3𝑖3 − 𝛽1
4𝑒4 − 𝛽1

5𝑒5 − 𝛽1
6𝑒6 − 𝛽1

7𝑒7 

 = (1, −𝛽1, −𝛽1
2, −𝛽1

3, −𝛽1
4, −𝛽1

5, −𝛽1
6, −𝛽1

7). 
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Proof.  (i) Using Definition 2.1 and the Binet formula of 𝐽𝑘,𝑛, we get the following:. 

𝑂𝐽
𝑘,𝑛 = 𝐽𝑘,𝑛 + 𝐽𝑘,𝑛+1𝑖1 + 𝐽𝑘,𝑛+2𝑖2 + 𝐽𝑘,𝑛+3𝑖3 + 𝐽𝑘,𝑛+4𝑒4 + 𝐽𝑘,𝑛+5𝑒5 + 𝐽𝑘,𝑛+6𝑒6 + 𝐽𝑘,𝑛+7𝑒7 

          

            = (
𝛼1

𝑛 − 𝛽1
𝑛

𝛼1 − 𝛽1
) + (

𝛼1
𝑛+1 − 𝛽1

𝑛+1

𝛼1 − 𝛽1
) 𝑖1 + (

𝛼1
𝑛+2 − 𝛽1

𝑛+2

𝛼1 − 𝛽1
) 𝑖2 + (

𝛼1
𝑛+3 − 𝛽1

𝑛+3

𝛼1 − 𝛽1
) 𝑖3 

                           + (
𝛼1

𝑛+4 − 𝛽1
𝑛+4

𝛼1 − 𝛽1
) 𝑒4 + (

𝛼1
𝑛+5 − 𝛽1

𝑛+5

𝛼1 − 𝛽1
) 𝑒5 + (

𝛼1
𝑛+6 − 𝛽1

𝑛+6

𝛼1 − 𝛽1
) 𝑒6

+ (
𝛼1

𝑛+7 − 𝛽1
𝑛+7

𝛼1 − 𝛽1
) 𝑒7 

         =
𝛼1

𝑛

𝛼1 − 𝛽1

(1 + 𝛼1𝑖1 + 𝛼1
2𝑖2 + 𝛼1

3𝑖3 + 𝛼1
4𝑒4 + 𝛼1

5𝑒5 + 𝛼1
6𝑒6 + 𝛼1

7𝑒7) 

                −
𝛽1

𝑛

𝛼1 − 𝛽1
(1 + 𝛽1𝑖1 + 𝛽1

2𝑖2 + 𝛽1
3𝑖3 + 𝛽1

4𝑒4 + 𝛽1
5𝑒5 + 𝛽1

6𝑒6 + 𝛽1
7𝑒7) 

        

         =
𝛼̅1𝛼1

𝑛 − 𝛽̅1𝛽1
𝑛

𝛼1 − 𝛽1
. 

(iii) We have, 

𝑂̅𝐽
𝑘,𝑛 = 𝐽𝑘,𝑛 − 𝐽𝑘,𝑛+1𝑖1 − 𝐽𝑘,𝑛+2𝑖2 − 𝐽𝑘,𝑛+3𝑖3 − 𝐽𝑘,𝑛+4𝑒4 − 𝐽𝑘,𝑛+5𝑒5 − 𝐽𝑘,𝑛+6𝑒6 − 𝐽𝑘,𝑛+7𝑒7 

           = (
𝛼1

𝑛 − 𝛽1
𝑛

𝛼1 − 𝛽1
) − (

𝛼1
𝑛+1 − 𝛽1

𝑛+1

𝛼1 − 𝛽1
) 𝑖1 − (

𝛼1
𝑛+2 − 𝛽1

𝑛+2

𝛼1 − 𝛽1
) 𝑖2 − (

𝛼1
𝑛+3 − 𝛽1

𝑛+3

𝛼1 − 𝛽1
) 𝑖3 

                           − (
𝛼1

𝑛+4 − 𝛽1
𝑛+4

𝛼1 − 𝛽1
) 𝑒4 − (

𝛼1
𝑛+5 − 𝛽1

𝑛+5

𝛼1 − 𝛽1
) 𝑒5 − (

𝛼1
𝑛+6 − 𝛽1

𝑛+6

𝛼1 − 𝛽1
) 𝑒6

− (
𝛼1

𝑛+7 − 𝛽1
𝑛+7

𝛼1 − 𝛽1
) 𝑒7 

          =
𝛼1

𝑛

𝛼1 − 𝛽1

(1 − 𝛼1𝑖1 − 𝛼1
2𝑖2 + 𝛼1

3𝑖3 − 𝛼1
4𝑒4 − 𝛼1

5𝑒5 − 𝛼1
6𝑒6 − 𝛼1

7𝑒7) 

                −
𝛽1

𝑛

𝛼1 − 𝛽1
(1 − 𝛽1𝑖1 − 𝛽1

2𝑖2 − 𝛽1
3𝑖3 − 𝛽1

4𝑒4 − 𝛽1
5𝑒5 − 𝛽1

6𝑒6 − 𝛽1
7𝑒7) 

          =
𝛼̃1𝛼1

𝑛 − 𝛽1𝛽1
𝑛

𝛼1 − 𝛽1
. 

The proofs of (ii), (iv) are similar to (i) and (iii) by using Definition 2.1.  

The next lemma gives some properties between the roots  𝛼̅1, 𝛽̅1, 𝛼̃1 and 𝛽1 . 

Lemma 2.1.  The following equations are satisfied: 

(1) 𝛼̅1 − 𝛽̅1 = √𝜌𝑂𝐽
𝑘,0, 

(2) 𝛼̅1 + 𝛽̅1 = 𝑂𝑗
𝑘,0, 

(3) 𝛼̅1𝛽̅1 + 𝛽̅1𝛼̅1 = 2(−75 + 𝑂𝑗
𝑘,0), 

(4) 𝛼̅1
2 − 𝛽̅1

2
= √𝜌(2𝑂𝐽

𝑘,0 + 𝑘13 + 25𝑘11 + 241𝑘9 + 1137𝑘7 + 2559𝑘5 

+2543𝑘3 + 735𝑘) = 𝑣̅6,   
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(5) 𝛼̅1 + 𝛼̃1 = 2 and  𝛽̅1 + 𝛽1 = 2, 

(6) 𝛼̅1𝛼̃1 = 𝛼̃1𝛼̅1 = 1 + 𝛼1
2 + 𝛼1

4 + 𝛼1
6 − 𝛼1

8 − 𝛼1
10 − 𝛼1

12 − 𝛼1
14 = 𝑣̅8, 

(7) 𝛽̅1 𝛽1 =  𝛽1𝛽̅1 = 1 + 𝛽1
2 + 𝛽1

4 + 𝛽1
6 + 𝛽1

8 − 𝛽1
10 − 𝛽1

12 − 𝛽1
14 = 𝑣̅9, 

(8) 𝛼̅1𝛽1 + 𝛽1𝛼̅1 = 𝑣̅10 + 𝑣̅11 = 2(75 + √𝜌𝑂𝐽
𝑘,0), 

(9) 𝛼̅1𝛽1 − 𝛽1𝛼̅1 = 𝑣̅10 − 𝑣̅11 = −𝑣̅3 = 𝛽̅1𝛼̅1 − 𝛼̅1𝛽̅1 

  = −√𝜌(0, −168, −100𝑘, 68 − 32(𝑘2 + 2), 

12(𝑘3 + 4𝑘), 8(𝑘4 + 6𝑘2 + 4) + 20(𝑘2 + 2), 4(𝑘5 + 8𝑘3 + 12𝑘) − 24𝑘,   

 −4(𝑘4 + 6𝑘2 + 4) − 8(𝑘2 + 2) + 16)  

(10)   𝛽̅1𝛼̃1 + 𝛼̃1𝛽̅1 = ((150, −2(𝛼1 − 𝛽1), −2(𝛼1
2 − 𝛽1

2), −2(𝛼1
3 − 𝛽1

3), 

 −2(𝛼1
4 − 𝛽1

4), −2(𝛼1
5 − 𝛽1

5), −2(𝛼1
6 − 𝛽1

6), −2(𝛼1
7 − 𝛽1

7)) 

 = 𝑣̅14 

(11) 𝑣̅10 + 𝑣̅12 = (150,0,0,0,0,0,0) = 150, 

(12) 𝛼̃1𝛽1 − 𝛽1𝛼̃1 = 𝑣̅1 − 𝑣̅2 = 𝑣̅3, 

(13) 𝛼̃1
2 − 𝛽1

2
= √𝜌 (−2𝑂𝐽

𝑘,0 + 𝑘13 + 25𝑘11 + 241𝑘9 + 1137𝑘7 + 2559𝑘5+2543𝑘3  +

                                 + 735𝑘 )   

 = −4√𝜌𝑂𝐽
𝑘,0 + 𝑣̅6, 

Proof.   

(1) 𝛼̅1 − 𝛽̅1 = (1, 𝛼1, 𝛼1
2, 𝛼1

3, 𝛼1
4, 𝛼1

5, 𝛼1
6, 𝛼1

7) − (1, 𝛽1, 𝛽1
2, 𝛽1

3, 𝛽1
4, 𝛽1

5, 𝛽1
6, 𝛽1

7) 

  = (0, 𝛼1 − 𝛽1, 𝛼1
2 − 𝛽1

2, 𝛼1
3 − 𝛽1

3, 𝛼1
4 − 𝛽1

4, 𝛼1
5 − 𝛽1

5, 𝛼1
6 − 𝛽1

6, 𝛼1
7 − 𝛽1

7) 

  = (𝛼1 − 𝛽1)(0, 1,  𝛼1 + 𝛽1,  𝛼1
𝟐 + 𝛼1𝛽1 + 𝛽1

𝟐,    

 (𝛼1 + 𝛽1)(𝛼1
𝟐 + 𝛽1

𝟐)𝛼1
4 + 𝛼1

3𝛽1 + 𝛼1
2𝛽1

2 + 𝛼1𝛽1
3 + 𝛽1

4, 

 (𝛼1
𝟐 + 𝛼1𝛽1 + 𝛽1

𝟐)(𝛼1 + 𝛽1)(𝛼1
𝟐 + 𝛼1𝛽1 − 𝛽1

𝟐), 

  𝛼1
6 + 𝛼1

5𝛽1 + 𝛼1
4𝛽1

2 + 𝛼1
3𝛽1

3 + 𝛼1
2𝛽1

4 + 𝛼1𝛽1
5 + 𝛽1

4) 

  = √𝜌 (0, 1, 𝑘,  𝑘2 + 2,  𝑘3 + 4𝑘, 𝑘4 + 6𝑘2 + 2, 𝑘5 + 8𝑘3 + 12𝑘,  

  𝑘6 + 10𝑘4 + 24𝑘2 + 8) 

  = √𝜌𝑂𝐽
𝑘,0. 

The proof of the others is similar to that of (1).  

Theorem 2.3. For 𝑝, 𝑟 ∈ ℤ+, 𝑝 ≥ 𝑟 and 𝑛 ∈ ℕ, the generating functions for 𝑂𝐽
𝑘,𝑛 and  𝑂𝑗

𝑘,𝑛  are 

as follows: 

(i) ∑  𝑂𝐽
𝑘,𝑟𝑛𝑥𝑛 =

 𝑂𝐽
𝑘,0+( 𝑂𝑗

𝑘,0 𝐽𝑘,𝑟− 𝑂𝐽
𝑘,𝑟)𝑥

(1−𝑗𝑘,𝑟𝑥+(−2)𝑟𝑥2)
∞
𝑛=0 , 

(ii) ∑  𝑂𝑗
𝑘,𝑟𝑛𝑥𝑛 =

 𝑂𝑗
𝑘,0−( 𝑂𝑗

𝑘,0 𝑗𝑘,𝑟− 𝑂𝑗
𝑘,𝑟)𝑥

(1−𝑗𝑘,𝑟𝑥+(−2)𝑟𝑥2)
∞
𝑛=0 , 

(iii) ∑  𝑂𝐽
𝑘,𝑟𝑛+𝑝𝑥𝑛 =

 𝑂𝐽
𝑘,𝑝−(−2)𝑟 𝑂𝐽

𝑘,𝑝−𝑟𝑥

(1−𝑗𝑘,𝑟𝑥+(−2)𝑟𝑥2)
∞
𝑛=0 ,      

(iv) ∑  𝑂𝑗
𝑘,𝑟𝑛+𝑝𝑥𝑛 =

 𝑂𝑗
𝑘,𝑝−(−2)𝑟 𝑂𝑗

𝑘,𝑝−𝑟𝑥

(1−𝑗𝑘,𝑟𝑥+(−2)𝑟𝑥2)
,     ∞

𝑛=0  
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and the exponential generating functions for  𝑂𝐽
𝑘,𝑛 and   𝑂𝑗

𝑘,𝑛 are as follows 

(v) ∑
 𝑂𝐽

𝑘,𝑟𝑛

𝑛!
𝑥𝑛 =

𝛼̅1𝑒𝛼1
𝑟𝑥−𝛽̅1𝑒𝛽1

𝑟
𝑥

𝛼1−𝛽1
,∞

𝒏=𝟎  

(vi) ∑
 𝑂𝑗

𝑘,𝑟𝑛

𝑛!
𝑥𝑛 = 𝛼̅1𝑒𝛼1

𝑟𝑥 + 𝛽̅1𝑒𝛽1
𝑟𝑥,∞

𝑛=0  

Proof.  (i) Using Theorem 2.4, we get the following: 

∑  𝑂𝐽
𝑘,𝑟𝑛𝑥𝑛  =  (

𝛼̅1𝛼1
𝑟𝑛 − 𝛽̅1𝛽1

𝑟𝑛

𝛼1 − 𝛽1
)

∞

𝒏=𝟎

𝑥𝑛 

                           =
𝛼̅1

𝛼1 − 𝛽1
∑(𝛼1

𝑟𝑥)𝑛

∞

𝑛=0

−
𝛽̅1

𝛼1 − 𝛽1
∑(𝛽1

𝑟𝑥)𝑛

∞

𝑛=0

 

                           =
𝛼̅1

𝛼1 − 𝛽1
(

1

1 − 𝛼1
𝑟𝑥

) −
𝛽̅1

𝛼1 − 𝛽1
(

1

1 − 𝛽1
𝑟𝑥

)

=
(𝛼̅1 − 𝛽̅1) + (𝛽̅1𝛼1

𝑟 − 𝛼̅1𝛽1
𝑟)𝑥

(𝛼1 − 𝛽1)(1 − (𝛼1
𝑟 + 𝛽1

𝑟)𝑥 + (𝛼1𝛽1)𝑟𝑥2)
 

                           =
(𝛼̅1 − 𝛽̅1) + (𝛽̅1𝛼1

𝑟 − 𝛽̅1𝛽1
𝑟 + 𝛽̅1𝛽1

𝑟 − 𝛼̅1𝛽1
𝑟 + 𝛼̅1𝛼1

𝑟 − 𝛼̅1𝛼1
𝑟)𝑥

(𝛼1 − 𝛽1)(1 − (𝛼1
𝑟 + 𝛽1

𝑟)𝑥 + (𝛼1𝛽1)𝑟𝑥2)
 

                           =
(𝛼̅1 − 𝛽̅1) + [(𝛼̅1 + 𝛽̅1)(𝛼1

𝑟 − 𝛽1
𝑟) + 𝛽̅1𝛽1

𝑟 − 𝛼̅1𝛼1
𝑟]𝑥

(𝛼1 − 𝛽1)(1 − (𝛼1
𝑟 + 𝛽1

𝑟)𝑥 + (𝛼1𝛽1)𝑟𝑥2)
 

                           =
(

𝛼̅1 − 𝛽̅1

𝛼1 − 𝛽1
) + [(𝛼̅1 + 𝛽̅1) (

𝛼1
𝑟 − 𝛽1

𝑟

𝛼1 − 𝛽1
) + (

𝛽̅1𝛽1
𝑟 − 𝛼̅1𝛼1

𝑟

𝛼1 − 𝛽1
)] 𝑥

(1 − (𝛼1
𝑟 + 𝛽1

𝑟)𝑥 + (𝛼1𝛽1)𝑟𝑥2)
 

                           =
 𝑂𝐽

𝑘,0 + ( 𝑂𝑗
𝑘,0 𝐽𝑘,𝑟 −  𝑂𝐽

𝑘,𝑟)𝑥

(1 − 𝑗𝑘,𝑟𝑥 + (−2)𝑟𝑥2)
. 

The proofs of (𝑖𝑖), (𝑖𝑖𝑖), (𝑖𝑣), (𝑣) and (𝑣𝑖) are like that of (𝑖) by using Theorem 2.4.  

Now let us give some equations that we will need in the next theorems. 

Lemma 2.2. The following equations are provided. 

(𝑖)  
𝑣̅1𝛽1

𝑡 − 𝑣̅2𝛼1
𝑡

𝛼1 − 𝛽1
= (−73𝐽𝑘,𝑡, −85𝐽𝑘,𝑡+1 − 166𝐽𝑘,𝑡−1, −51𝐽𝑘,𝑡+2 + 196𝐽𝑘,𝑡−2, 

       − 17𝐽𝑘,𝑡+3 + 34𝐽𝑘,𝑡+1 + 68𝐽𝑘,𝑡−1 + 120𝐽𝑘,𝑡−3, 5𝐽𝑘,𝑡+4 − 112𝐽𝑘,𝑡−4, 3𝐽𝑘,𝑡+5 − 10𝐽𝑘,𝑡+3 

       + 80𝐽𝑘,𝑡−3 + 160𝐽𝑘,𝑡−5, 𝐽𝑘,𝑡+6 − 12𝐽𝑘,𝑡+2 + 48𝐽𝑘,𝑡−2 − 192𝐽𝑘,𝑡−6, −𝐽𝑘,𝑡+7  

       + 2𝐽𝑘,𝑡+5 4𝐽𝑘,𝑡+38𝐽𝑘,𝑡+1−128𝐽𝑘,𝑡−7 − 64𝐽𝑘,𝑡−5 − 32𝐽𝑘,𝑡−3 + 16𝐽𝑘,𝑡−1) = 𝑉̅𝑘,𝑡 

(𝑖𝑖)  
𝑣̅1𝛼1

𝑡−𝑣̅2𝛽1
𝑡

𝛼1 − 𝛽1
= (−73𝐽𝑘,𝑡, −83𝐽𝑘,𝑡+1 − 170𝐽𝑘,𝑡−1, −49𝐽𝑘,𝑡+2 − 204𝐽𝑘,𝑡−2, 

          − 15𝐽𝑘,𝑡+3 + 34𝐽𝑘,𝑡+1 + 68𝐽𝑘,𝑡−1 − 126𝐽𝑘,𝑡−3, 7𝐽𝑘,𝑡+4 − 80𝐽𝑘,𝑡−4, 

          − 5𝐽𝑘,𝑡+5 + 10𝐽𝑘,𝑡+3 + 80𝐽𝑘,𝑡−3 + 96𝐽𝑘,𝑡−5, 3𝐽𝑘,𝑡+6 − 12𝐽𝑘,𝑡+2 + 48𝐽𝑘,𝑡−2 − 64𝐽𝑘,𝑡−6, 

          𝐽𝑘,𝑡+7 − 2𝐽𝑘,𝑡+5, −4𝐽𝑘,𝑡+3 + 8𝐽𝑘,𝑡+1, −128𝐽𝑘,𝑡−2 − 64𝐽𝑘,𝑡−5 − 32𝐽𝑘,𝑡−3 + 16𝐽𝑘,𝑡−1)  

         = 𝑈̅𝑘,𝑡 
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(𝑖𝑖𝑖)  𝛼̅1
2 𝛼1

2𝑡 + 𝛽̅1
2

𝛽1
2𝑡 = 2 𝑂𝑗

𝑘,𝑡 − 𝑗𝑘,𝑡 − 𝑗𝑘,𝑡+4 − 𝑗𝑘,𝑡+6 + 𝑗𝑘,𝑡+8 

           +𝑗𝑘,𝑡+10 + 𝑗𝑘,𝑡+12 + 𝑗𝑘,𝑡+10 + 𝑗𝑘,𝑡14 = 𝑅̅𝑘,𝑡. 

Proof.  

(𝑖)   
𝑣̅1𝛽1

𝑡 − 𝑣̅2𝛼1
𝑡

𝛼1 − 𝛽1
=

1

𝛼1 − 𝛽1
 

(−73, −83𝛼1 + 85𝛽1, −49𝛼1
2 + 51𝛽1

2, 34𝛼1 − 34𝛽1 − 15𝛼1
3 + 17𝛽1

3, 

       7𝛼1
4 − 5𝛽1

4, 5𝛼1
5 − 3𝛽1

5 + 10𝛼1
3 − 10𝛽1

3, 3𝛼1
6 − 𝛽1

6 + 12𝛽1
2 − 12𝛼1

2, 

             𝛼1
7 − 2𝛼1

5 − 4𝛼1
3 + 8𝛼1 + 𝛽1

7 + 2𝛽1
5 + 4𝛽1

3 − 8𝛽1)𝛽1
𝑡
 

−(−73, 85𝛼1 − 83𝛽1, 51𝛼1
2 − 49𝛽1

2, − 34𝛼1 + 34𝛽1 + 17𝛼1
3 − 15𝛽1

3, 

−5𝛼1
4 + 7𝛽1

4, 5𝛽1
5 − 3𝛼1

5 − 10𝛼1
3 + 10𝛽1

3, −𝛼1
6 + 3𝛽1

6 − 12𝛽1
2 + 12𝛼1

2, 

              𝛼1
7 + 2𝛼1

5 + 4𝛼1
3 − 8𝛼1 + 𝛽1

7 − 2𝛽1
5 − 4𝛽1

3 + 8𝛽1)𝛼1
𝑡 

If the necessary calculations are made, then  

(−73𝐽𝑘,𝑡, −85𝐽𝑘,𝑡+1 − 166𝐽𝑘,𝑡−1, −51𝐽𝑘,𝑡+2 + 196𝐽𝑘,𝑡−2, 

−17𝐽𝑘,𝑡+3 + 34𝐽𝑘,𝑡+1 + 68𝐽𝑘,𝑡−1 + 120𝐽𝑘,𝑡−3, 5𝐽𝑘,𝑡+4 − 112𝐽𝑘,𝑡−4, 3𝐽𝑘,𝑡+5 − 10𝐽𝑘,𝑡+3 

+80𝐽𝑘,𝑡−3 + 160𝐽𝑘,𝑡−5, 𝐽𝑘,𝑡+6 − 12𝐽𝑘,𝑡+2 + 48𝐽𝑘,𝑡−2 − 192𝐽𝑘,𝑡−6, −𝐽𝑘,𝑡+7 +

2𝐽𝑘,𝑡+5 4𝐽𝑘,𝑡+38𝐽𝑘,𝑡+1−128𝐽𝑘,𝑡−7 − 64𝐽𝑘,𝑡−5 − 32𝐽𝑘,𝑡−3 + 16𝐽𝑘,𝑡−1) = 𝑉̅𝑘,𝑡. 

The proofs of (𝑖𝑖) and (𝑖𝑖𝑖) are like that of (𝑖).    

Theorem 2.3 (Catalan’s Identity). For any integer 𝑛 and 𝑡, we have 

(𝑖)     𝑂𝐽
𝑘,𝑛−𝑡 𝑂𝐽

𝑘,𝑛+𝑡 −  𝑂𝐽
𝑘,𝑛

2
= (−2)𝑛−𝑡𝐽𝑘,𝑡𝑉̅𝑘,𝑡 

(𝑖𝑖)   𝑂𝑗
𝑘,𝑛−𝑡 𝑂𝑗

𝑘,𝑛+𝑡 −  𝑂𝑗
𝑘,𝑛

2
= −𝜌 (−2)𝑛−𝑡𝐽𝑘,𝑡𝑉̅𝑘,𝑡 

Proof. (𝑖)  By using the Binet formula of the hyperbolic k-Jacobsthal, we have  

 𝑂𝐽
𝑘,𝑛−𝑡 𝑂𝐽

𝑘,𝑛+𝑡 −  𝑂𝐽
𝑘,𝑛

2
 

= (
𝛼̅1𝛼1

𝑛−𝑡 − 𝛽̅1𝛽1
𝑛−𝑡

𝛼1 − 𝛽1
) (

𝛼̅1𝛼1
𝑛+𝑡 − 𝛽̅1𝛽1

𝑛+𝑡

𝛼1 − 𝛽1
) − (

𝛼̅1𝛼1
𝑛 − 𝛽̅1𝛽1

𝑛

𝛼1 − 𝛽1
)

𝟐

       

=
1

(𝛼1 − 𝛽1)2
[𝛼̅1

2𝛼1
2𝑛 − 𝛼̅1𝛽̅1𝛼1

𝑛−𝑡
𝛽1

𝑛+𝑡 − 𝛽̅1𝛼̅1𝛽1
𝑛−𝑡𝛼1

𝑛+𝑡 + 𝛽̅1
2

𝛽1
2𝑛

 

      −𝛼̅1
2𝛼1

2𝑛 + 𝛼̅1𝛽̅1𝛼1
𝑛𝛽1

𝑛 + 𝛽̅1𝛼̅1𝛽1
𝑛𝛼1

𝑛 − 𝛽̅1
2

𝛽1
2𝑛] 

=
1

(𝛼1 − 𝛽1)2
[𝛼̅1𝛽̅1𝛼1

𝑛
𝛽1

𝑛 (1 −
𝛽1

𝑡

𝛼1
𝑡
) + 𝛽̅1𝛼̅1𝛽1

𝑛𝛼1
𝑛 (1 −

𝛼1
𝑡

𝛽1
𝑡)]                

=
(𝛼1𝛽1)𝑛(𝛼1

𝑡 − 𝛽1
𝑡)

(𝛼1 − 𝛽1)2
[
𝛼̅1𝛽̅1

𝛼1
𝑡

−
𝛽̅1𝛼̅1

𝛽1
𝑡 ] =

(𝛼1𝛽1)𝑛(𝛼1
𝑡 − 𝛽1

𝑡)

(𝛼1 − 𝛽1)2
[
𝛼̅1𝛽̅1𝛽1

𝑡 − 𝛽̅1𝛼̅1𝛼1
𝑡

(𝛼1𝛽1)𝑡
] 

   = (𝛼1𝛽1)𝑛−𝑡𝐽𝑘,𝑡 [
𝑣̅1𝛽1

𝑡−𝑣̅2𝛼1
𝑡

𝛼1−𝛽1
],   (from  𝛼1𝛽1 = −2 and Lemma 2.2)  

   = (−2)𝑛−𝑡𝐽𝑘,𝑡𝑉̅𝑘,𝑡 

The proof of  (𝑖𝑖) is like that of (𝑖).     
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Theorem 2.4 (Cassini’s Identity). For 𝑛 ≥ 1, we get  

(𝑖)    𝑂𝐽
𝑘,𝑛−𝑡 𝑂𝐽

𝑘,𝑛+𝑡 −  𝑂𝐽
𝑘,𝑛

2
= (−2)𝑛−𝑡𝐽𝑘,𝑡𝑉̅𝑘,𝑡 

(𝑖𝑖)   𝑂𝑗
𝑘,𝑛−𝑡 𝑂𝑗

𝑘,𝑛+𝑡 −  𝑂𝑗
𝑘,𝑛

2
= −𝜌 (−2)𝑛−𝑡𝐽𝑘,𝑡𝑉̅𝑘,𝑡 

Proof.  If we substitute 1 for 𝑡 in the Catalan identity, we get the Cassini identity.  

Theorem 2.5 (D’Ocagne Identity). Let 𝑛 be any non-negative integer and 𝑡 ≥  𝑛, then we have: 

 (𝑖)   𝑂𝐽
𝑘,𝑡 𝑂𝐽

𝑘,𝑛+1 −  𝑂𝐽
𝑘,𝑡+1 𝑂𝐽

𝑘,𝑛 = (−2)𝑛𝑈̅𝑘,𝑡−𝑛 

(𝑖𝑖)   𝑂𝑗
𝑘,𝑡 𝑂𝑗

𝑘,𝑛+1 −  𝑂𝑗
𝑘,𝑡+1 𝑂𝑗

𝑘,𝑛 = −𝜌(−2)𝑛𝑈̅𝑘,𝑡−𝑛. 

Proof. (𝑖)    By using The Binet formula of the hyperbolic 𝑘-Jacobsthal, we have  

 𝑂𝐽
𝑘,𝑡 𝑂𝐽

𝑘,𝑛+1 −  𝑂𝐽
𝑘,𝑡+1 𝑂𝐽

𝑘,𝑛 

= (
𝛼̅1𝛼1

𝑡 − 𝛽̅1𝛽1
𝑡

𝛼1 − 𝛽1
) (

𝛼̅1𝛼1
𝑛+1 − 𝛽̅1𝛽1

𝑛+1

𝛼1 − 𝛽1
) − (

𝛼̅1𝛼1
𝑡+1 − 𝛽̅1𝛽1

𝑡+1

𝛼1 − 𝛽1
) (

𝛼̅1𝛼1
𝑛 − 𝛽̅1𝛽1

𝑛

𝛼1 − 𝛽1
) 

       =
1

(𝛼1 − 𝛽1)2
[𝛼̅1

2𝛼1
𝑛+𝑡+1 − 𝛼̅1𝛽̅1𝛼1

𝑡
𝛽1

𝑛+1 − 𝛽̅1𝛼̅1𝛽1
𝑡𝛼1

𝑛+1 + 𝛽̅1
2

𝛽1
𝑛+1+𝑡

 

                  −𝛼̅1
2𝛼1

𝑛+𝑡+1 + 𝛼̅1𝛽̅1𝛼1
𝑡+1𝛽1

𝑛 + 𝛽̅1𝛼̅1𝛽1
𝑡+1𝛼1

𝑛 − 𝛽̅1
2

𝛽1
𝑛+𝑡+1] 

       =
1

(𝛼1 − 𝛽1)2
[𝛼̅1𝛽̅1𝛼1

𝑡
𝛽1

𝑛(𝛼1 − 𝛽1) + 𝛽̅1𝛼̅1𝛽1
𝑡𝛼1

𝑛(𝛽1 − 𝛼1)] 

       =
𝛼1

𝑛𝛽1
𝑛(𝛼1 − 𝛽1)

(𝛼1 − 𝛽1)2
[𝛼̅1𝛽̅1𝛼1

𝑡−𝑛 − 𝛽̅1𝛼̅1𝛽1
𝑡−𝑛] 

       = (−2)𝑛 [
𝛼̅1𝛽̅1𝛼1

𝑡−𝑛 − 𝛽̅1𝛼̅1𝛽1
𝑡−𝑛

𝛼1 − 𝛽1
] 

       = (−2)𝑛 [
𝑣̅1𝛽1

𝑡 − 𝑣̅2𝛼1
𝑡

𝛼1 − 𝛽1
] = (−2)𝑛𝑈̅𝑘,𝑡−𝑛 

The proof of  (𝑖𝑖) is like to (𝑖).    

Theorem 2.6 (Vajda Identity). If 𝑖 and 𝑗 are any two natural numbers then we have 

(𝑖)    𝑂𝐽
𝑘,𝑛+𝑖 𝑂

𝐽
𝑘,𝑛+𝑗 −  𝑂𝐽

𝑘,𝑛 𝑂𝐽
𝑘,𝑛+𝑖+𝑗 = −(−2)𝑛𝐽𝑘,𝑖𝑉̅𝑘,𝑗  

(𝑖𝑖)   𝑂𝑗
𝑘,𝑛+𝑖 𝑂

𝑗
𝑘,𝑛+𝑗 −   𝑂𝑗

𝑘,𝑛 𝑂𝑗
𝑘,𝑛+𝑖+𝑗 = 𝜌 (−2)𝑛𝐽𝑘,𝑖𝑉̅𝑘,𝑡. 

Proof.  The proof is done using Theorem 2.2, similar to Theorem 2.5.  

Theorem 2.7. For any integer 𝑡, we have 

(𝑖)    𝑂𝐽
𝑘,𝑡

2
+  𝑂𝑗

𝑘,𝑡
2

=
1

𝜌
((1 + 𝜌)𝑅̅𝑘,2𝑡 +  (−2)𝑡+1(73𝑂̅𝑗

𝑘,0)(𝜌 − 1)) 

(𝑖𝑖)   𝑂𝐽
𝑘,𝑡

2
−  𝑂𝑗

𝑘,𝑡
2

=
1

𝜌
((1 − 𝜌)𝑅̅𝑘,2𝑡 + (−75 + 𝑂𝑗

𝑘,0) (−2)𝑡+1(1 + 𝜌)) 

. 

Proof. 

(𝑖)   𝑂𝐽
𝑘,𝑡

2
+  𝑂𝑗

𝑘,𝑡
2

= (
𝛼̅1𝛼1

𝑘 − 𝛽̅1𝛽1
𝑘

𝛼1 − 𝛽1
)

𝟐

+ (𝛼̅1𝛼1
𝑡 + 𝛽̅1𝛽1

𝑡)
𝟐
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                      = (
𝛼̅1

2𝛼1
2𝑡 − 𝛼̅1𝛽̅1𝛼1

𝑡𝛽1
𝑡 − 𝛽̅1𝛼̅1𝛽1

𝑡𝛼1
𝑡 + 𝛽̅1

2
𝛽1

2𝑡

𝜌
) 

                           + (𝛼̅1
2𝛼1

2𝑡 + 𝛼̅1𝛽̅1𝛼1
𝑡𝛽1

𝑡 + 𝛽̅1𝛼̅1𝛽1
𝑡𝛼1

𝑡 + 𝛽̅1
2

𝛽1
2𝑡) 

= (
(1 + 𝜌) (𝛼̅1

2𝛼1
2𝑡 + 𝛽̅1

2
𝛽1

2𝑡) + (𝜌 − 1)(𝛼1
𝑡𝛽1

𝑡)(𝛼̅1𝛽̅1 + 𝛽̅1𝛼̅1)

𝜌
) 

(from Lemma 2.1 and Lemma 2.2) 

                      =
1

𝜌
((1 + 𝜌)𝑅̅𝑘,2𝑡 + (𝜌 − 1) (−2)𝑡+1(73𝑂̅𝑗

𝑘,0)) 

The proof (𝑖𝑖) is similar to that of (𝑖).   

Theorem 2.8. For every integers 𝑟, 𝑠 ≥ 𝑡, there is the following equation. 

 𝑂𝐽
𝑘,𝑟+𝑠 𝑂𝑗

𝑘,𝑟+𝑡 −  𝑂𝐽
𝑘,𝑟+𝑡 𝑂𝑗

𝑘,𝑟+𝑠 = 2(−75 + 𝑂𝑗
𝑘,0) (−2)𝑟−𝑡𝐽𝑘,𝑠−𝑡. 

Proof.   

𝑂𝐽
𝑘,𝑟+𝑠 𝑂𝑗

𝑘,𝑟+𝑡 −  𝑂𝐽
𝑘,𝑟+𝑡 𝑂𝑗

𝑘,𝑟+𝑠 

= (
𝛼̅1𝛼1

𝑟+𝑠 − 𝛽̅1𝛽1
𝑟+𝑠

𝛼1 − 𝛽1
) (𝛼̅1𝛼1

𝑟+𝑡 + 𝛽̅1𝛽1
𝑟+𝑡) − (

𝛼̅1𝛼1
𝑟+𝑡 − 𝛽̅1𝛽1

𝑟+𝑡

𝛼1 − 𝛽1
) (𝛼̅1𝛼1

𝑟+𝑠 + 𝛽̅1𝛽1
𝑟+𝑠) 

   = (
𝛼̅1

2𝛼1
2𝑟+𝑠+𝑡 + 𝛼̅1𝛽̅1𝛼1

𝑟+𝑠
𝛽1

𝑟+𝑡 − 𝛽̅1𝛼̅1𝛽1
𝑟+𝑠𝛼1

𝑟+𝑡 − 𝛽̅1
2

𝛽1
2𝑟+𝑠+𝑡

𝛼1 − 𝛽1
 

           −
𝛼̅1

2𝛼1
2𝑟+𝑠+𝑡 + 𝛼̅1𝛽̅1𝛼1

𝑟+𝑡
𝛽1

𝑟+𝑠 − 𝛽̅1𝛼̅1𝛽1
𝑟+𝑡𝛼1

𝑟+𝑠 − 𝛽̅1
2

𝛽1
2𝑟+𝑠+𝑡

𝛼1 − 𝛽1
) 

   = (
𝛼̅1𝛽̅1𝛼1

𝑟
𝛽1

𝑟(𝛼1
𝑠𝛽1

𝑡 − 𝛼1
𝑡𝛽1

𝑠) + 𝛽̅1𝛼̅1𝛼1
𝑟𝛽1

𝑟(𝛼1
𝑠𝛽1

𝑡 − 𝛼1
𝑡𝛽1

𝑠)

𝛼1 − 𝛽1
) 

   = (
(𝛼̅1𝛽̅1 + 𝛽̅1𝛼̅1)𝛼1

𝑟𝛽1
𝑟(𝛼1

𝑠𝛽1
𝑡 − 𝛼1

𝑡𝛽1
𝑠)

𝛼1 − 𝛽1
) 

   = (𝛼̅1𝛽̅1 + 𝛽̅1𝛼̅1)(𝛼1𝛽1)𝑟−𝑡 (
𝛼1

𝑠−𝑡 − 𝛽1
𝑠−𝑡

𝛼1 − 𝛽1
) 

= 2(−75 + 𝑂𝑗
𝑘,0) (−2)𝑟−𝑡𝐽𝑘,𝑠−𝑡. 

This completes the proof.   

Theorem 2.9. For any integer  𝑠 and 𝑡, we prove that  

(𝑖)    𝑂𝐽
𝑘,𝑠𝑗𝑘,𝑡 = 𝑂𝐽

𝑘,𝑠+𝑡 +  (−2)𝑡𝑂𝐽
𝑘,𝑠−𝑡 

(𝑖𝑖)   𝑂𝑗
𝑘,𝑠𝐽𝑘,𝑡 = 𝑂𝑗

𝑘,𝑠+𝑡 +  (−2)𝑡𝑂𝑗
𝑘,𝑠−𝑡. 

Proof.  (i )  If we use Theorem 2.2, then we have 

𝑂𝐽
𝑘,𝑠𝑗𝑘,𝑡 = (

𝛼̅1𝛼1
𝑠 − 𝛽̅1𝛽1

𝑠

𝛼1 − 𝛽1
) (𝛼1

𝑡 + 𝛽1
𝑡) 

                 = (
𝛼̅1𝛼1

𝑠+𝑡 + 𝛼̅1𝛼1
𝑠𝛽1

𝑡 − 𝛽̅1𝛽1
𝑠𝛼1

𝑡 − 𝛽̅1𝛽1
𝑠+𝑡

𝛼1 − 𝛽1
) 
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                 = (
𝛼̅1𝛼1

𝑠+𝑡 − 𝛽̅1𝛽1
𝑠+𝑡

𝛼1 − 𝛽1
) + (

𝛼1
𝑡𝛽1

𝑡(𝛼̅1𝛼1
𝑠−𝑡 − 𝛽̅1𝛽1

𝑠−𝑡)

𝛼1 − 𝛽1
) 

                 = 𝑂𝐽
𝑘,𝑠+𝑡 +  (−2)𝑡𝑂𝐽

𝑘,𝑠−𝑡. 

The proof (𝑖𝑖) is similar to that of (𝑖).   

Theorem 2.10. For any integer 𝑠 ≤ 𝑡, the following equations are true. 

(𝑖)     𝑂𝐽
𝑘,𝑠 𝑂𝐽

𝑘,𝑡 − 𝑂𝐽
𝑘,𝑡𝑂𝐽

𝑘,𝑠 =
1

√𝜌
 (−2)𝑠𝑣̅3 𝐽𝑘,𝑡−𝑠, 

(𝑖𝑖)    𝑂𝑗
𝑘,𝑠 𝑂𝑗

𝑘,𝑡 − 𝑂𝑗
𝑘,𝑡𝑂𝑗

𝑘,𝑠 = √𝜌 (−2)𝑠𝑣̅3 𝐽𝑘,𝑡−𝑠, 

(𝑖𝑖𝑖)   𝑂𝐽
𝑘,𝑡 𝑂𝑗

𝑘,𝑠 − 𝑂𝐽
𝑘,𝑠𝑂𝑗

𝑘,𝑡 = (−2)𝑠+1(75 − 𝑂𝑗
𝑘,0) 𝐽𝑘,𝑡−𝑠, 

(𝑖𝑣)   𝑂𝐽
𝑘,𝑡 𝑂𝑗

𝑘,𝑠 − 𝑂𝑗
𝑘,𝑡𝑂𝐽

𝑘,𝑠 = −(−2)𝑠+1𝑉̅𝑘,𝑡−𝑠. 

Proof. (𝑖) 

𝑂𝐽
𝑘,𝑠 𝑂𝐽

𝑘,𝑡 − 𝑂𝐽
𝑘,𝑡𝑂𝐽

𝑘,𝑠 

= (
𝛼̅1𝛼1

𝑠 − 𝛽̅1𝛽1
𝑠

𝛼1 − 𝛽1
) (

𝛼̅1𝛼1
𝑡 − 𝛽̅1𝛽1

𝑡

𝛼1 − 𝛽1
) − (

𝛼̅1𝛼1
𝑡 − 𝛽̅1𝛽1

𝑡

𝛼1 − 𝛽1
) (

𝛼̅1𝛼1
𝑠 − 𝛽̅1𝛽1

𝑠

𝛼1 − 𝛽1
) 

                =
1

(𝛼1 − 𝛽1)2
(𝛼̅1

2𝛼1
𝑠+𝑡 − 𝛼̅1𝛽̅1𝛽̅̅ ̅̅ ̅𝛼1

𝑠𝛽1
𝑡 − 𝛽̅1𝛼̅1𝛽1

𝑠𝛼1
𝑡 + 𝛽̅1

2
𝛽1

𝑠+𝑡
 

                                            −𝛼̅1𝛼1
𝑠+𝑡 + 𝛼̅1𝛽̅1𝛼1

𝑠
𝛽1

𝑡 + 𝛽̅1𝛼̅1𝛽1
𝑠𝛼1

𝑡 − 𝛽̅1𝛽1
𝑠+𝑡) 

                =
𝛼̅1𝛽̅1𝛼1

𝑠𝛽1
𝑠(𝛼1

𝑡−𝑠 − 𝛽1
𝑡−𝑠) − 𝛽̅1𝛼̅1𝛼1

𝑠𝛽1
𝑠(𝛼1

𝑡−𝑠 − 𝛽1
𝑡−𝑠)

(𝛼1 − 𝛽1)2
 

                =
(𝛼̅1𝛽̅1 − 𝛽̅1𝛼̅1)𝛼1

𝑠
𝛽1

𝑠(𝛼1
𝑡−𝑠 − 𝛽1

𝑡−𝑠)

(𝛼1 − 𝛽1)2
 

                =
1

√𝜌
 (−2)𝑠𝑣̅3 𝐽𝑘,𝑡−𝑠. 

The other equations are proved similarly to that of (𝑖).  

3 Conclusion 

We defined the hyperbolic k-Jacobsthal and k-Jacobsthal–Lucas octonions. We presented Binet’s 

Formula, Cassini’s identity, Catalan’s identity, d’Ocagne identity, generating functions of the 

hyperbolic k-Jacobsthal and k-Jacobsthal–Lucas octonions. Also, it was given many properties 

of these octonions. 
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