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1 Introduction

Let {u,},>0 be the Lucas sequence satisfying vy = 0, u; = 1 and the recurrence u, 1 =

Au,+ Bu,_ for all integers n > 1, where A and B are fixed nonzero integers. The corresponding
286



associated Lucas sequence {v, },>¢ satisfies the same recurrence relation as of Lucas sequence
but with different initial terms vy = 2 and v; = A. Both sequences have characteristic equation
2? — Axr — B = 0 with two roots « and /3. The Binet formulas for these sequences are given by

an _ 511 n "

Up = a_g " Uy = a” + ",
where @ = AHVAHE ang g = A=vATHBE  The sequences {u,} and {v,} can be extended to
negative indices n as u_,, = —(—B)"u, and v_,, = (—B) "v,, respectively. In this paper,
we will assume that A2 + 4B > 0. If A = 6 and B = —1, then the sequence {u,} reduces

to balancing sequence {5, }, which is defined by Behera and Panda [2], as the solution of the
Diophantine equation

1424 +m=—1)=On+1+ -+ (n+r)

for some natural number r, known as the balancer corresponding to n. It is well known that
8B2 + 1 is a perfect square for all n and its positive square root is called as n-th Lucas-balancing
number C),, which satisfies the recurrence relation C,,,; = 6C,,—C,,_1, Cy = 1, C; = 3. Pell and
associated Pell sequences {P,} and {Q,} are defined recursively as P,,; = 2P, + P, 1, Py =
0, =1land Q11 = 2Q, + Qn_1,Qo = 1,1 = 1. The characteristic equation of Pell and
associated Pell sequences is 22 — 2z — 1 = ( with distinct roots o« = 1 + V2, b=1-— V2 and
the corresponding Binet forms are

an_ﬁn

a—pf

Twice of the associated Pell numbers are known as Pell-Lucas numbers (or companion Pell

P, =
2

, Qn = ey

numbers). Pell and associated Pell numbers are connected to balancing and Lucas-balancing

numbers by the identities B, = P,Q,, Pan = 2By, Pon1 = B, — Byo1 and Qy, = 2ottt

Q2,1 = B, + B,_1 [17]. Balancing-like sequence {G,} and the associated balancing-like

sequence { H,} are the Lucas and associated Lucas sequences corresponding to B = —1 and
their Binet forms are " gn
a —_—
Gp=—1, Hy,=a"+ ", (2)
a—p

where o = “T\/m and 8 = A_Tm. Balancing sequence is a particular case of balancing-like
sequence with A = 6. Generalizing the relations of Pell and associated Pell numbers with
balancing and Lucas-balancing numbers, Pell-like sequence {p,, },>0 and the associated Pell-like
sequence { ¢y, },>o are defined by pa, = 2G,,, pon—1 = G, — G,y and qo, = %, Gon—1 =
G, + Gp_1 [15]. The sequence {s,} = {2¢,} is called Lucas Pell-like sequence [19] and it can
be observed that H,, = s,,, for all n > 0.

Exploring different type of the numbers among the terms of binary recurrence sequences
have motivated to solve many interesting problems. Alekseyev and Tengely [1] showed that
the equation u,(k,+1) = ax? + b has only a finite number of solutions n when a # 0 and b
are integers. In particular, Bugeaud, Mignotte and Siksek [6] solved the Diophantine equation

F, = y? for p > 2 using modular approach and classical linear forms in logarithms. Bugeaud,
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Luca, Mignotte and Siksek [7] found all integer solutions of F;, £ 1 = y?. Replacing Fibonacci
numbers with balancing numbers and balancing-like numbers, Sahukar and Panda [19] solved the
equations B,, =1 = ¢* and G,, £ 1 = y%. As an extension of [7], Luca and Patel [10] solved the
Diophantine equation F), £+ F,,, = y? for p > 2. They found that if » = m (mod 2), this equation
has solution either max {|n|, |m|} < 36 or y = 0 and |n|= |m|.

In this study, we solve the equation B,, + B, = y*, where B,, is the n-th balancing number.
In order to solve this equation, we will also determine all indices /N and M such that PyQy; = yP
for positive integers N, M,y with p > 2. We also deal with the equation G,, = G,,, = y?, where
G, is the n-th balancing-like number. For the solution of this equation, we need the indices NV
and M satisfying the equation Gy Hy; = y? for natural numbers N, M. In particular, we prove
the following theorems.

Theorem 1.1. For positive integers N, M, the only solutions of the Diophantine equation PyQy; =
y? are (N, M) = (1,1) for y = 1 and every positive integer p; (N, M) = (7,1) for y = 13 and
p=2;and (N, M) = (4,2) fory =6 and p = 2.

Theorem 1.2. If the Diophantine equation GxH); = y? has a solution for some nonnegative
integers N, M, then N € {0,1,2,4, 8}.

Theorem 1.3. Let n and m be non-negative integers. Then the only solutions of the equation
B, + By, = y? are (n,m) = (1,0), (0,1) for y = 1 and every positive integer p; and (n,m) =
(3,1), (1,3) for y = 6 and p = 2. The only solutions of the equation B,, — B,, = y* are
(n,m) = (1,0) fory = 1 and every positive integer p; and (n,m) = (4,3) fory = 13 and p = 2.

Theorem 1.4. Let n and m be non-negative integers and G,, &= G,, = y* for some integer y. If
n and m have the same parity, then n + m € {0,2,4,8,16}, and if n and m have the opposite
parityn £ m € {1, 3}.

Moreover, in this paper, we will also deal with the equations py = 22, py = 222, qu =
22, gy = 222, and pyqur = y? for odd natural numbers N, M.

Throughout the paper, (a,b) and (%) denote the greatest common divisor and the Jacobi
symbol of a and b, respectively. Also, [] denotes the perfect square.

2 Preliminaries

In this section, we recall some results and definitions that are useful to prove the main results.
Lemma 2.1. If m and n are natural numbers, then

1. P, =2B,, Qs, =C,,and B, = P,Q,.

2. Q% —2P% = (—1)".

3. (B, @n) =1,

4. if nis even, then P,, B,, are even and (),, and C,, is odd for all n > 0,

5

. Ugp = UpUp,
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6. v2 — (A% +4B)u? = 4(—-B)",
7. (una um) = U(m,n),

8. ifm = 2m’ and n = 20/, m’ and n' are odd, then

(um Un) = { ) fa> b,

1or2 otherwise,

and

(Vm, V) = { A

1or2 otherwise,

Proof. The assertions (1)—(6) can be proved by using Binet formulas of corresponding sequences.
The proofs of (7) and (8) can be found in [12]. [

For Lucas sequence {u, },,>o and associated Lucas sequence {v;, },,>0, the following theorem
is proved in [20].

Lemma 2.2. Letn € N — {0}, m,r € Z and m be a non-zero integer. Then
Gamnir = G (mod G,) 3)

and
Gomnir = (—1)"G,  (mod H,,). (4)

Moreover, the following properties can be found in [20].
Uman + (_B)num—n = UmUn (5)
and
Um+n — (_B>numfn = UpUm- (6)
Lemma 2.3. ([13]) The Diophantine equation u* — (A*> — 4)v*> = 4 has the positive integer
solutions (u,v) = (H,, Gy,) for each n > 0.
Lemma 2.4. ([18], Theorem 1)
1. Ifv, =0, thenn =1,3,5.

2. v3 = Qifand only if A = Oand A*> + 3B = 0, or A = 30 and A? + 3B = 3L
Furthermore, if v3 = O, then B = 1(mod 4).

3. vs =0, ifand only if A = 500 and A* + 5A%B + 5B? = 500. Furthermore, if vs = [J, then
A = 5(mod 8) and B = 3(mod8).
Lemma 2.5. ([18], Theorem 2)

1. If v, = 20U, then the possible values of n in nonnegative integers are n = 0, 3, 6.

2. vy = 20iff A = 30 and A? + 3B = 600. Further, if v3 = 200, then A = 3(mod 24)
and B = 5, 7(mod 8).
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3. v =20 iff A2+ 2B = 30 and (A* + 2B)? — 3B? = 601. Further, if vg = 20, then B = 1
(mod 4).

Let {T; + UxV/d : k > 1} be the set of solutions of the Pell’s equation X?> — dY2 = 1. The
following Lemma analyzes the existence of the solutions of > X4 — dY? = 1.

Lemma 2.6. ([3], Theorem 1.1) If b,d > 1 are squarefree integers, then there is at most one
index k for which T}, = bxz? for some x € 7 and consequently, the equation b*X* — dY? = 1 has
at most one solution in positive integers X,Y . Moreover, if such a solution exists, then k is the

smallest positive integer such that b|T}.

From Lemma 2.3, it is clear that when A is even, the equation 4u* — ((5)? — 1)v? = 1 gives
the perfect squares in the sequence {H,} and is equivalent to b?>u* — dv? = 1 when b = 2 and

d= (%)2 — 1. Hence, the following Lemma results combining Lemma 2.4 with Lemma 2.6.

Lemma 2.7. If A is odd, then H,, = O implies that n = 1 and if A is even integer, then H, = []
implies that n = 1, otherwise it has no solution.

Proof. 1If A is odd, then by Lemma 2.4, H,, = [ only when n = 1. If A is even, then the
Diophantine equation given in Lemma 2.3 reduces to (%)? — ((4)? — 1)v? = 1. When H,, = u =

w?, the last equation reduces to 4(2)* — ((4)? — 1)v? = 1, which is of the form »*X* — DY? = 1.

For b = 2, the only possible value of n is n = 1 by Lemma 2.6. ]

If we consider the Diophantine equation z* — dy? = 1, then the following lemma gives a brief
idea on the possible solutions depending on the values of d.

Lemma 2.8. ( [21], Theorem 1) The equation x* — dy? = 1 has at most one solution in positive
integers except d = 1785,4 - 1785, 16 - 1785 in which the given equation has two positive integer
solutions (x,y) = (13,4),(239,1352), (z,y) = (13,2),(239,276), (z,y) = (13,1), (239, 338)
respectively. If the given equation has one solution (x1,1,) in positive integers, then 2 = g or

23 = 2% — 1, where 2 + yo\/d is the fundamental solution of x> — dy? = 1.

Lemma 2.9. If A is odd, then H,, = 2] hold for n = 0 or 3 and if A is even, then H,, = 2] has

only one solution n = 2 except A = 338 in which it has two integer solutions n = 1, 2.

Proof. If A is odd, then it can be seen that n = 0 or 3 by Lemma 2.5. When A is even and

H, = 2w? for some n, the Diophantine equation mentioned in Lemma 2.3 reduces to w* —
((4)? — 1)v* = 1, which is of the form w* — Dv? = 1 with D = (4)? — 1. By Lemma 2.8,
the equation w*? — Dv? = 1 has at most one solution except D = 1785,4 - 1785, 16 - 1785. But,
For A > 2 and (é)2 — 1 being an integer, the only possible value of D of the form (%)2 -1
is D = 16 - 1785 for A = 338. Lemma 2.8 results in that for A = 338, the given equation ha
solutions w = 13,239 and hence H,, = 2w? = 338 = A = H, and y,, = 114242 = A?> -2 = H,.
Since the fundamental solution of w? — ((4)* — 1)v? = 1is (4,1), if D # 16 - 1785, then
w* — Dv? = 1 has only one solution (zy, ;) such that 27 = 4 or 27 = 2(4)? — 1 and hence
H, =213 = Aor A? — 2. O
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The following Lemma can be found in [6].
Lemma 2.10. Forn > 3, G,, = Oonly if (A,n) = (338,4), (3,6) and G,, = 21 has no solution.

Lemma 2.11. ([14], Lemma 2.6, [19], Lemma 2.6) The only perfect power terms in Pell sequence
are Py =1, P; = 169 and P, is the only Pell number which is twice of perfect power.

Lemma 2.12. ([5], Theorem 2.6) The only solutions of the Diophantine equation u, = 243%™
in positive integers n, z, m with m > 2 and non-negative integers o, 3 are given byn = 1,24, 7.

Lemma 2.13. ([5], Theorem 2.6) The only perfect power term in associated Pell sequence is

Q1 =1
Lemma 2.14. ([19], Lemma 2.6) The only perfect power term in balancing sequence is By = 1.
The following theorem gives a useful factorization of sum of two balancing numbers.

Lemma 2.15. For any natural numbers n and m,

PoimQnm, ifn=m(mod 2)

B, + B,, =
* { P nQnim, ifnZm(mod 2).

Proof. If n and m are of same parity, i.e., n = m(mod 2), then n + m, n — m are even and using
Lemma 2.1 (1) and (5) we get

Bn+ B = Blugmy(ngm) + Bragm)_(agm)

2

If n and m are of different parity i.e, n Z m(mod 2), then n + m, n — m are odd and

B am — ﬁn—m an—}—m + ﬁn—&—m
Pn—an—i-m - ( 2\/§ ) ( 9 )
— 4_\1/§{a2n _ 5271 _ (aﬁ)n—m<a2m _ BQm)}
o P2n PQm
~ 2 T
= B, + B, O

Similarly, using Lemma 2.1 and (6) the following lemma can be proved.

Lemma 2.16. For any natural numbers n and m,

B _B — Prm@Qnim, ifn=m(mod 2)
n m Pn-i-an—ma lf?’L §é m(mod 2)
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Moreover, it is also given in Theorem 2.22 [19] that for w = VAHEVAZ2 apd 2 =

VA+2+VA VA+2—A=-2
2 2 ’

,w2n+1 + Z2n+1 Sont1 w2n+1 _ Z2n+1

n = s = 5 7
P2nt1 w+ z 2 w—z 7

2n

2 2 Don w —z

Sop = w427, - =
2 w? — 2

Recall that Lehmer and associated Lehmer numbers are defined as

2n

A2=0"  if s odd,

Un = )\i\:gn e . )
T if n 1s even
and
)\n+6n . .
if n is odd,
Vn _ a+d (9)

A"+ 0" if nis even,

respectively, where A and ¢ are complex numbers with ((A + 6)%, A6) = 1 and 5 not a root of
unity. Since (w + z)? and wz are non-zero coprime integers, the Lehmer and the associated
Lehmer numbers corresponding to w and z are
Pan Son+1
U =" Usnir = =5 = Gonsas (10)

Vo = Son,  Vant1 = Pan1.

Lehmer and associated Lehmer numbers satisfy the divisibility properties similar to Lucas
and associated Lucas numbers discussed in Lemma 2.1. The following two lemmas are the
generalization of the Lemmas 2.15 and 2.16.

Lemma 2.17. For any natural numbers n and m,

%pn+msn_m, ifn = m(mod 2)

G, + G, =
i { %pn—msn-‘,-my lfn ?é m(mod 2)

Proof. If n and m are same parity, then n 4+ m and n — m are even. Hence, using (5), we get

2(G+ ) =2 (G o + G o)

2 2

- 2Gn+m anm — pn+m3n_m.
2 2

If n and m are of different parity, then n +m and n —m are odd. Using (7) in the above equation,
we have

92 n—men+m n—m 9

wnfm + anm wn+m _ Zner
w+z w—Zz

1 _ _
= — 2(w2n_wn mzn+m+zn mwn+m_z2n>
we —z
1 2n 2n 2m 2m
we —z
2n 2n 2m 2m
w -z w -z Pon Pom
_ L L P P oq,. 0
w? — z w? — z 2 2



Similarly, using (7), the following lemma can be proved.

Lemma 2.18. For any natural numbers n and m,
%pnfm3n+m7 lfn = m(mod 2)
G,— G, = i '
5PntmSn—m; lfn §—£ m(mOd 2)

When A is odd, it is seen that Hy» = 7 (mod 8), which gives

(_1):—1 and (2):1 (11)
Hyr Hyr
for r > 1. It can be easily seen that
A+1 A—-1
(H;):(HT>:1. (12)
Lemma 2.19. ([19], Theorem 2.22) All positive integer solutions of (A + 2)u* — (A — 2)v* =4
are (u,v) = (P2n+1, Gont+1) = (Gp1 — Gn, Grp1 + Gy).

In [8], Keskin and Duman proved the following two lemmas.
Lemma 2.20. If A is odd and the equation G,, + G,1 = u® has a solution, then n = 0 or 1.
Lemma 2.21. If A is odd and the equation G, 1, — G, = u? has a solution, then n = 0 or 1.

Since qan 41 = Gpy1 + G, are the v-coordinates of the solutions of (A +2)u? — (A —2)v? = 4
by Lemma 2.19, the solutions of the equation (A + 2)u? — (A — 2)v? = 4 give a brief idea
on the existence of perfect squares in the sequence {g,.1}. Thus, the following lemma can be
concluded from [19].

Lemma 2.22. ([19], Theorem 2.26) For natural number n, the only perfect squares in {qon+1}
are qy or gs.

3 Main theorems

By Lemma 2.19, we know that the positive integer solutions of (A + 2)u? — (4 — 2)v? = 4
are given by (u?,v) = (pani1,@ans1) for n > 0. This leads us to find the perfect squares in
{pP2nt1}n>0. If A is odd, we can see from Lemma 2.21 that the perfect squares in {pa,+1}n>0

are only p; and ps. If A is even, then we have the equation (4 + 1)u* — (4 — 1)v* = 2 or

2
(#) ut— (%) v2 = 1. The solutions of these equations gives the perfect squares in {p2n+1 }nZO

when A is even. For this, we need the following two lemmas.

Lemma 3.1. ([23], Theorem 1.4) For any positive odd integers M and N, the equation
Mu* — Nv? = 2 has at most one solution in positive integers.

Lemma 3.2. ([4], Theorem 1.2) Let m be a positive integer. If t = m? + m, then positive integer
solutions of the equation
(m*> +m+ Du* — (m* + m)v* =1 (13)

are (u,v) = (1,1) and (u,v) = (2m + 1,4m? + 4m + 3).
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If t = m? + m, then (13) is of the form (¢ + 1)u* — tv*> = 1. If t # m? + m, Walsh [22]
conjectured the following.

Conjecture 3.3. Let t > 1. The only positive integer solution to (t + 1)u* — tv? = 1is (u,v) =
(1,1) if t # m? + m for some positive integer m.

Thus, we can give the following theorem.

Theorem 3.4. Let A > 2 be a natural number and
(A+2)u* — (A—2)0* =4 (14)

for some integers v > 1 and v > 1. Then, we have the following cases:

1. If Ais odd and A — 1 is a perfect square, then the only solution of (14) is (u,v) =
(VA—1,A+1).

2. If A = 0(mod 4), then (14) has no solutions.

3. If A =2(mod 4), % > 1 and % £ m? + m for positive integer m, and Conjecture 3.3
is true, then (14) has no solutions.

4. If A =2(mod 4), 42 > 1 and 42 = m? + m, then (14) has the only solution (u,v) =
(2m + 1,4m? + 4m + 3).

5. If A =6, then (u,v) = (13,239).

Proof. Assume that the equation (14) holds for some integers « > 1 and v > 1. Then, by Lemma
2.19, it follows that (u?,v) = (Gpy1 — Gy, Gruy1 + Gy). Thus, if Ais odd, then v? = G, 41 — G,
implies that n = 1 by Lemma 2.21. In this case, (14) has only solution (u,v) = (/A — 1, A+1),
where A — 1 is perfect square.

Now, let A is even. Then A + 2 and A — 2 are even. Hence (14) can be written as

A A
(= +Dut— (% -1 =2 (15)
2 2
If A=0 (mod 4), then % +1 and é — 1 are odd. Thus, by Lemma 3.1, (15) has the only solution
(u,v) = (1,1). But, since v > 1 and v > 1, this is impossible. If A = 2 (mod 4), then 4|(A+2)
and 4|(A — 2). Therefore (14) takes the form

At - A =1 (16)

Taking t = %, the above equation can be written as
(t+Du* —t® = 1. (17)

Assume that t > 1 and t # m? + m. If we assume that Conjecture 3.3 is true, then (14) has no
solutions sincew > landv > 1. If ¢ > 1and 22 = m?+m, then (u, v) = (2m+1, 4m*+4m+3)
for some positive integer m by Lemma 3.2. On the other hand, if ¢ = 1, then we have A = 6
and the equation v?> — 2u* = —1. It is well known that this equation has solution (v, u?) =
(Q2n+1, Pony1) for n > 0. Thus, it can be easily seen that (u, v) = (13,239) by Lemma 2.11. [
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Since pop+1 = Gny1 — G, as a consequence of Lemma 2.21 and Theorem 3.4, we can give
the following result, which expresses the perfect squares in {pay+1 n>o0-

Corollary 3.4.1. Let n be a non-negative integer and p, 1 = x> for some integer x.
1. If Ais odd, thenn = 0 or 1.
2. If4|A, thenn = 0.
3. If A =2(mod 4), and A — 1 is a perfect square or A = 6, thenn = 0,1 or 3.
4. If A =2(mod 4), A — 1 is not a perfect square, and Conjecture 3.3 is true, then n. = 0.

In the following theorems, we determine the terms, which is twice of a perfect square in the

sequences {p2,+1} and {gon11}-

Theorem 3.5. Let po,, 1 = 222 for some nonnegative integer n. Thenn = 1.

Proof. Assume that p,,; = 2x? for some nonnegative integer . Then we have
AGsr — G) = 12 (18)

for some integer u. If A is even, then consecutive terms of {G,,} are of opposite parity, which
implies that G, — G,, is odd for all n. Thus, we get u> = 2 (mod 8), which is a contradiction.
Thus, A is odd.
Ifn=4qg — 1forsome g > 0,thenn =2-2"-m — 1forr > 1, m odd and Lemma 2.2 reduces
(18) to

u? = 2(Gyy — Gag1) = —2(Gy — G_1) = —2(mod Hyr).

But, since (%) = —1 by (11), the above congruence is not possible.
If n = 4q for some ¢ > 0, thenn = 2 - 2" - m for r > 1, m odd and applying Lemma 2.2 in (18),
we have

u2 = 2(G4q+1 - G4q) = —2(G1 - GO) = —Q(mod ng),

which is not true since (57%) = —1 by virtue of (11).
Ifn =4qg + 1forsome g > 0,thenn =2-2"-m+ 1forr > 1, m odd and by Lemma 2.2, (18)
reduces to

u? = 2(Gygr2 — Gagr1) = —2(G2 — G1) = —2(A — 1)(mod Hayr), (19)

which is not true since (%2:1)) = —1 by virtue of (11) and (12).
Ifn=4¢—2withq > 0,thenn =2-2"-m — 2 forr > 1, m odd and an application of Lemma
2.2 in (18) gives

u? = 2(Guy1 — Gag2) = —2(G_1 — G_y) = —2(A—1) (mod Hy), (20)

which does not hold since (%2:1)) = —1 by (11) and (12). Hence, the only remaining cases
aren = 0,1,2. If n = 0, then 2(G; — Gy) = 2, which is not a perfect square. If n = 1, then
2(Gy — G1) = 2(A — 1), which is a perfect square only if 2(A — 1) is so. If n = 2, then we get
u? =2(A%? — A—1) =2 (mod 4), which is a contradiction. O
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Since 2% = g9,,11 = Gpp1 + Gy, the following lemma derives the solutions of the equation

Gont1 = 2u’.
Theorem 3.6. Let qo, 1 = 222 for some nonnegative integer n. Then n = 1.
Proof. Assume that ¢y, 1 = 2u? for some nonnegative integer n. Then, we have
Gyt + G = 2u? (21)

for some integer u. Itis clear that n # 0. If A is even, then the terms of {G,, } are alternatively odd
and even integers and hence G, 11 + G, is odd for all n, which implies that (21) is not possible
for any natural number n. Hence, A is odd. If we take n = 12¢ + r, 0 < r < 12, for some
integers ¢ and r, then we have G,11 + G,, = G,4+1 + G, (mod 8) by (2.1) since 8|G3. Besides,
since 2|G 41 + Gy, it can be seen that r = 1,4, 7, or 10.

Ifn=12¢9g+1withqg > 0,thenn =2-2"-3m + 1 for » > 1 and m odd. In view of Lemma 2.2,
(21) results in

2u? = Giogi1 + Gragre = — (G2 +G1) = —(A+1) (mod Hyr), (22)

which holds only if (2-) = (). But, by (11) and (12), 1 = () = (=5) =

Hyr Hor
(7)(47=+) = —1, which is a contradiction to (22).

Iftn =129+ 4,thenn =2-2" - mforr > 1, m odd and because of Lemma 2.2, (21) gives
2u® = Gy + Gagy1 = —(Go+G1) = -1 (mod Hyr). (23)

This shows that (7>) = 1, which is not possible since Hor =7 (mod 8).
If n = 12q — 2 for some ¢ > 0, then by virtue of Lemma 2.2, (21) modulo G5 reduces to

20 = Giog 0+ Grag 1 =G 2+ G (mod Gy) = —(A+1)=-1 (mod A4), (24)
which implies that (=2) = 1. This holds only if A = 1,3 (mod 8). As a result of Lemma 2.2,
(21) modulo G35 gives

2u = Glog 0+ Grag 1 =G 2+ G (mod G3) = —(A+1) (mod G3).  (25)
Since 8|G3, (25) implies that 2u? = —(A+1) (mod 8). If A= 1,3 (mod 8), thenu? = —1, —2

(mod 4), which is a contradiction.
If n = 12q — 5 for some ¢ > 0, then n can be writtenasn = 2-2"-3-m — 5forr > 1 and m
odd. Using (3), we get
2u? = Guyp1+Gn=Grag 5+ GCGr2ga=G 5+ G4
= —(A* 4+ A*-34%7-24+1)
= A+ 1(modGs).
Since 8|Gs, it follows that 2u*> = A+1 (mod 8), which implies that A = 1,7 (mod 8). Besides,
using (4), we get
2 = Gni+Gn=GCrags+Giya=G5+Gy (26)
= —(A* 4 A® —34%7 -24+1)
= —(A+1)(modHj).
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Assume that A = 7(mod8). From the equavalent (26), it is seen that 2u? = —1(modA). This
shows that (5!) = (%), which is impossible since (') = —1 and (%) = 1 for A = 7(mod8).

Assume that A = 1( mod 8). From the equavalent (26), it is seen that 2u? = —(A+1)( mod A —
(4+1)
3), which implies that u> = — U (mod 4%-2). Thus, it follows that <A§—13> (L) =1.0n

A2_3
2 2

(A+1)
the other hand, since 2= = 7(mod8), it is seen that (_—1) = —1. Moreover, <¢) =

2 A2_3 A2_3
2 2

# — -1 — 1 g A+l — 1 d4 d A%2-3 _ 1 dA+1 Th h
@ | = | ) = 1since 5= = (mod4) and £5= = —1(mod%;=). Thus, we have

2

(A+1)
1= (Agla) (14223) = (—1)(+1) = —1, which is a contradiction. O

2 2

Thus, we can the following result.

Theorem 3.7. Let N and M be odd positive integers and pyqy = 1y for some integer y.
1. If Aiis odd, then (N, M) = (1,1),(1,3),(3,1).
2. If4|A, then (N, M) = (1,1),(1,3).
3. If A =2(mod 4), and A — 1 is a perfect square or A = 6, then (N, M) = (1,1),(1, 3), or
(7,1).

4. If A =2(mod 4), A—1is not a perfect square, and Conjecture 3.3 is true, then (N, M) =
(1,1).

Proof. Suppose that
NG =Y (27)

holds for some odd positive integers N and M. In consequence of Lemma 2.1 and (8), {p,}
and {¢,} are Lehmer and associated Lehmer sequences, which satisfy the divisibility properties
analogous to Lucas sequence [12] and hence (pn,qn) = 1 or 2. As a result, (27) splits into
py = y? and ¢y = y2 or py = 2y? and ¢y = 2y3. Thus, by Theorems 3.5 and 3.6, Corollary
3.4.1, and Lemma 2.22, the proof follows. L]

3.1 Proof of Theorem 1.1

Suppose that
PnQu =y° (28)

has solution for some positive integers N, M and p > 2. Let N = 2°N; and M = 2 M, where
Ny and M, are odd and a, b are non-negative integers. If a < b, then (Py, Q3;) = 1 by Lemma
2.1. Hence, from (28), we get Py = ¥ and Q) = yb for some positive integers y; and y,. By
Lemmas 2.11 and 2.13, it can be seen that (N, M) = (1,1) fory = 1, and (N, M) = (7,1) for
y=13and p = 2.

Hence,a > b. Letr =a—b>1,d = (N, M) = 2°(N,, M;) and therefore, N = 2°N, =
2"kd for some odd k. As a result of Lemma 2.1, (28) can be written as

Y = PnQur = PorkaQur = 2" PraQra®Q2kd - - - Qar—15a@nr-
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In view of Lemma 2.1, (Pyg, Qairg) = 1 for 0 < i < r — 1 since vy(kd) < vy(2°kd) and
(Pra, Q) = 1 since vy (kd) = vo(M) = b. Consequently, Py, is relatively prime to the product

QrdQ2kd - - - Q2r-11aQ v and hence
2" Pra = i3 (29)
and
QraQ2kd -+ - Qor—1£aQn = V.- (30)
Assume that » > 2. In view of Lemma 2.1, (Q9-—1,4 is relatively prime to QqQorq - - - Q2r—214
since v2(2°kd) < vy(2"'kd) and (Qnr, Qar-11q) = 1 since vo(M) < v9(2"1kd). Therefore,
Qar—11q = vt for some positive integer ys. But, Lemma 2.13 results in 2""'kd = 1 and hence
r = 1, which contradicts our assumption that » > 2. Thus r = 1 and 2P,y = y% from (29). This
implies that Py = 2P~! (y3/2)?, which results kd = 2 by Lemma 2.12. Therefore, 2°N; = N =
2"kd = 4, and hence a = 2. Besides, since vy (y?) = vg (PyQu) = v2 (P4sQ) = 2, it follows
that p = 2. Thus, we obtain the equation 12 - Q,; = 3 or equavalently, Q, - Qy; = (y/2)” from
(28). The last equation has solution only for M = 2 by Theorem 2 given in [11]. Thus, the proof
is completed. U

3.2 Proof of Theorem 1.2

Suppose that the given equation

GynHy = 3/2 (31)
has solution for some positive integers N, M. Let N = 2°N; and M = 2 M., where N; and
M are odd and a, b are non-negative integers. If a < b, then (G, Hy) = 1 or 2 by Lemma
2.1. If (Gy, Hyr) = 1, then (31) results in Gy = y? and Hy; = y2. By Lemma 2.7 and 2.10,
we get (A, N) € {(3,6),(338,4)} for N > 3 and M = 1. But, these cases are impossible
since Hy = Hy = A # [. Thus, (31) has no solution for (G, Hy) = 1 and N > 3. If
(Gn, Hyr) = 2, then Gy = 2y? and Hy, = 2y2. In view of Lemma 2.10, if N > 3, then
Gn = 2y? has no solution, which implies that (31) has no solution in this case. Hence the only
possible values of NV for a < bare N = 0, 1, 2. Now suppose thata > b. Letr =a — b > 1 and
d = (N,M) = 2°(Ny, M;). N can be written as N = 2°N; = 2"kd for some odd k. Then, (31)
can be written as

y2 = CTYN}IM = GQT‘deM = dedeH2kd e HQT—ldeM-

In view of Lemma 2.1, (Gyq, Hoipg) = Lor2for 0 < i < r — 1 and (Gyq, Hyr) = 1 or 2 since
vo(kd) < ve(2'kd) and vy(kd) = vo( M) = b, respectively. Thus, greatest common divisor of Gy
and HygHokq - - - Hor-1p4H s 1s a power of 2, which gives rise to
Gra = 2'y3 (32)
and
HyaHora - Hy—1pgHy = 2793, (33)

where j € {0,1}. Since vo(2°kd) < vo(2"'kd) for 0 < i < r — 1, Lemma 2.1 results in that
greatest common divisor of Hor—1,4 and HygHogg - - - Hor—2p4 1s @a power of 2. Note that if » > 2,
then vy (M) < v2(2""'kd) and hence (H s, Hyr-134) = 1 or 2 by Lemma 2.1.
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If r > 2, then it is clear that greatest common divisor of Hyr—134 and HygHopg - - - Hor—2,9H s
is a power of 2, which gives
H2r—1kd = y?) (34)

or
HQr—lkd = 2y§ (35)

Suppose that kd > 3. Then (32) has only solutions (A, kd) = (3,6), (338,4) by Lemma 2.10. If
A = 3 or A = 338, then (34) has no solution by Lemma 2.7. In consideration of Lemma 2.9, if
A = 3, then (35) has only solutions 2"~'kd = 0, 3, which is not possible since kd = 6 in this
case. If A = 338, then Lemma 2.9 results in that (35) has only solutions 2" 1kd = 1,2, which
is not true since kd = 4 in this case. Hence kd € {1,2}. From (34) and (35), it is clear that
2r1kd € {0,1,2,3}. Therefore, r € {1,2} and hence 2"kd = N € {2, 4,8} when a > b. O

3.3 Proof of Theorem 1.3

If n =0o0rm = 0, then B,, = y” or B, = y?, which has only one solutionm = 1l orn =1
by Lemma 2.14. Thus, the equation y» = B,, + B,, has the solutions (n,m) = (0,1), (1,0),
and the equation y? = B,, — B,, has the solution (n,m) = (1,0). Now, let n and m be positive
integers. If n = m, then we get 25,, = P, = y” by Lemma 2.1 (1). The equation P, = y?
has no solution by Lemma 2.11. Hence, we suppose that 0 < m < n. For some ¢ = =+1, let
N =n+emand M = n —em. Then, we can write y» = B,, + B,, = P1cnQn_em = PvQa by
Lemmas 2.15 and 2.16. By Theorem 1.1, the equation PyQ ), = y* implies that (N, My, p) =
(1,1,1,p),(7,1,13,2) or (4,2, 6, 2). Thus, it can be easily seen that the equation B,, + B,,, = y”
has the solution (1, m) = (3, 1) for y = 6 and p = 2 and the equation B,, — B,, = y” has the only
solution (n, m) = (4, 3) for y = 13 and p = 2. In the equation B,, + B,, = y?, since B,, and B,,
are symmetric, (n, m) = (1, 3) is a solution of this equation. O

3.4 Proof of Theorem 1.4

Suppose that G,, + G,,, = y? has a solution for some nonnegative integers n, m. If n and m are
of same parity, then n + m and n — m are even. Thus, we can write

V=G, + G,y = (pn;m)Sm_m\ = G#H\n;m\ (36)

by Lemma 2.17. By Theorem 1.2, it is seen that n +m € {0,2,4,8,16}.
If n and m are of opposite parity, then n + m and n — m are odd and so, the equation
G, + G,, = y? can be written as

8n+m

y2 = Gn + Gm :p|n—m\( 9

) = Pin—m|qn+m (37)

by Lemma 2.17. In view of Theorem 3.6, Lemma 2.22 and Theorem 3.7, we get n +m € {1, 3}
from (37).

Now assume that G,, — G,,, = 3 for some nonnegative integers n and m. Proceeding similar
to the above discussion, one can conclude that if n and m are of same parity then the given
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equation has possible solutions (n, m) such that n — m € {0,2,4,8,16} by Theorems 1.2 and

Lemma 2.18. If n and m are of opposite parity, then the given equation has possible solutions
(n,m) such that n — m € {1, 3} by Theorems 3.7 and Lemma 2.18. O
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