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Abstract: Given a positive integer x, an addition chain for x is an increasing sequence of positive
integers 1 = c0, c1, . . . , cn = x such that for each 1 ≤ k ≤ n, ck = ci + cj for some 0 ≤ i ≤ j ≤
k−1. In 1937, Scholz conjectured that for each positive integer x, `(2x−1) ≤ `(x)+x−1, where
`(x) denotes the minimal length of an addition chain for x. In 1993, Aiello and Subbarao stated
the apparently stronger conjecture that there is an addition chain for 2x − 1 with length equals to
`(x) + x − 1. We note that the Aiello–Subbarao conjecture is not stronger than the Scholz (also
called the Scholz–Brauer) conjecture.
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1 Introduction

Given a positive integer x, an addition chain [9, 11] for x, denoted by AC(x), is an increasing
sequence of positive integers 1 = c0, c1, · · · , cn = x such that

∀ 1 ≤ k ≤ n, ck = ci + cj with some 0 ≤ i ≤ j ≤ k − 1. (1)

The length of the chain is n. The minimal value of n for any AC(x) is denoted by `(x).

Flammenkamp [6] added another condition on addition chains to ensure that addition chains
do not contain superfluous elements. The condition is the following:

∀ 0 ≤ k ≤ n− 1, ∃j with k < j ≤ n and ∃i < j such that cj = ck + ci. (2)
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It is clear that there is a difference between the two definitions. For example, the sequence

1, 2, 4, 8, 9, 16

is an AC(16) according to the first definition, Eq. (1), while it is not an AC(16) according to the
second definition, Eq. (2), since c4 = 9 is not used to construct ck for any k > 4.

Scholz [10, 11] conjectured that for each positive integer x,

`(2x − 1) ≤ `(x) + x− 1.

The Scholz conjecture is usually called the Scholz–Brauer conjecture [8, 12, 13] (simply S–B
conjecture). The S–B conjecture holds when ω(x) ≤ 5, where ω(x) denotes how many 1’s in
the binary representation of x, [2, 8, 9]. It is also known that the S–B conjecture is true if the
shortest addition chain is a Hansen chain, where a chain is called Hansen’s if there is a subset H
of members of the chain such that each member of the chain uses the largest element of H which
is less than the member, [9]. Let ` 0(x) denote the length of the shortest Hansen chains. Clearly,
`(x) ≤ ` 0(x). In [2], the authors pointed out that `(x) may be less than ` 0(x) when, for example,
all shortest addition chains for x have an element ci = cj + ck, j, k ≤ i − 3. Clift [5] found the
first number x = 5784689, with `(x) < ` 0(x). Therefore, computationally, the S–B conjecture
holds for all positive integer x < 5784689, [3–5, 7].

In order to prove the S–B conjecture, Aiello and Subbarao [1] conjectured that there is an
AC(2x − 1) whose length equals `(x) + x − 1. They proved it for all x ≤ 128 and for x with
ω(x) = 1.

Remark 2.2 of [1] states that the Aiello–Subbarao conjecture (or simply A–S conjecture) is
stronger than the S–B conjecture.

In this paper, we note that the A–S conjecture is not stronger than the S–B conjecture under
the two definitions.

2 The result

In this section, we show that the A–S conjecture is not stronger than the S–B conjecture. We have
two definitions in literature:

The first definition (Eq. (1)): The A–S conjecture is not stronger than the S–B conjecture since
any chain of length n (`(x) ≤ n < x − 1) could be extended to the desired length by
blowing it up with an arbitrary positive integer. For example, if we have an AC(x) of
length n:

1 = c0, c1, . . . , cn = x,

then we can extend it to a chain of length n+ 1 for x as follows:

1 = c0, c1, . . . , ck, ck + 1, ck+1, . . . , cn = x.

In the first addition chain ck satisfies that ck+1 − ck > 1 and 1 ≤ k < n. Clearly such ck
exists since k < x− 1.
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The second definition (Eq. (2)): Although Flammenkamp’s definition was published after the
posting of the A–S conjecture, we note that Flammenkamp’s extra condition on addition
chains does not change the result.
Suppose that c0, c1, . . . , cn = x (n < x − 1) is an AC(x) that satisfies Flammenkamp’s
condition Eq. (2). To construct a new chain of length n+ 1 for x, we complete two steps:

1. Since n < x− 1, find the smallest ck such that ck+1 − ck > 1.

2. Insert the new element ck + 1 between ck and ck+1.

The new chain is

1, 2, 3, 4, . . . , ck−1 = ck − 1 = k, ck = k + 1, ck + 1 = k + 2, ck+1, . . . , cn = x.

Since ck+1−ck > 1 in the first addition chain, ck+1 can be written as the sum ck+cj, where
cj ≥ 2. In the new addition chain,

ck+1 = (ck + 1) + (cj − 1) = (ck + 1) + cj−1.

All other elements in the new addition chain are formed as before.

It should be noted that in both cases the process can be repeated if necessary. Therefore, if we
have an AC(2x − 1) with length n < `(x) + x− 1, then it can be extended to a chain for 2x − 1

with length `(x) + x− 1. Thus, the A–S conjecture is not stronger than the S–B conjecture.
Now, let us define the following: An AC(x) : c0 < c1 < · · · < cn = x is called irredundant,

if no proper subset of {c0, c1, . . . , cn} forms an AC(x). So a proper rephrasing of the A–S
conjecture would be: For every positive integer x, the integer 2x − 1 has an irredundant addition
chain of length `(x) + x− 1.

For example, the sequences
1, 2, 3, 5, 10, 15

and
1, 2, 4, 5, 10, 15

are two irredundant chains for 15. If we remove any element in the sequences, then the sequences
are not addition chains. For examples, if we remove 3 from the first sequence (or 4 from the
second sequence), then we cannot write 5 as a sum of two preceding elements. Similarly, if we
remove 5 from both sequences, then we cannot write 10 as a sum of two preceding elements.

On the other hand, the sequence 1, 2, 3, 4, 5, 10, 15 is an AC(15) according to the first and
second definitions of addition chains, Eq. (1) and Eq. (2), respectively. Table 1 shows why the
sequence is an AC(15) according to Eq. (2). But the sequence is not an irredundant chain since
the subsequence 1, 2, 4, 5, 10, 15 is a proper subset of the given sequence and forms an AC(15),
where 2 = 1 + 1, 4 = 2 + 2, 5 = 4 + 1, 10 = 5 + 5, 15 = 10 + 5.

Similarly, the sequence 1, 2, 4, 5, 8, 10, 18 is an AC(18) according to the second definition of
addition chains, Eq. (2), while it is not irredundant since 1, 2, 4, 8, 10, 18 is an AC(18).
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k j i

cj = ck + ci

0 1 0

c1 = c0 + c0 = 1 + 1

1 2 0

c2 = c1 + c0 = 2 + 1

2 3 0

c3 = c2 + c0 = 3 + 1

3 4 0

c4 = c3 + c0 = 4 + 1

4 5 4

c5 = c4 + c4 = 5 + 5

5 6 4

c6 = c5 + c4 = 10 + 5

Table 1. The sequence 1, 2, 3, 4, 5, 10, 15 is an AC(15)

according to the second definition, Eq. (2).

Open problem: Is this variation of the A–S conjecture stronger than the S–B conjecture?

It is observed that an irredundant chain is not necessarily the shortest one. For example, the
chain 1, 2, 4, 5, 9, 14, 15 is irredundant but not the shortest one; see the above examples. On the
other hand, any shortest addition chain must be irredundant.

3 Conclusion

We have shown that the A–S conjecture is not stronger than the S–B conjecture.
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