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1 Introduction

W. R. Hamilton defined the four-dimensional real quaternions in 1843. The real quaternions
constitute an extension of complex numbers into a four-dimensional space and can be considered
as four-dimensional vectors, in the same way that complex numbers are considered as two-
dimensional vectors. Hamilton [9] introduced the set of quaternions which can be represented as:

H={q=q+ig+je+kelecR, s=0123} (1)
where
P==k==1,ij=—ji=k, jk=—-kj=i, ki=—ik=j. (2)
Horadam [10, 11] defined complex Fibonacci and Lucas quaternions as follows:

QFn:Fn+Fn+1i+Fn+2j+Fn+3k (3)
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and
QLn = Ln + Ln+1 1+ Ln+2j + Ln+3 k, (4)

where F,, = F,_ 1+ F, o, n>2 and L, = L, 1 + L,_5, n > 2 denote the n-th Fibonacci
and Lucas numbers with the initial conditions Fy = 0, Fy} = 1, Ly = 2 and L; = 1, respectively.

Also, the imaginary quaternion units ¢, j, k have the following rules
P=?=k=-1,ij=—ji=k, jk=—-kj=1i, ki=—ik=j

There are several studies on quaternions as the Fibonacci and Lucas quaternions and their
generalizations, for example, [3,6-8,12,13,16,19,23-25].

In recent years, fractal structures of bicomplex numbers have also been studied [20,22]. The
set of bicomplex numbers can be expressed by the basis {1,4,j,7j } (Table 1) as,

(=q+igtjat+ija=(q+ig)+(g+iqu)j, )
where ¢, j and 7 j satisfy the conditions
i*=—1, j2=-1, ij=7ji. (6)

Then, forany ¢ = ¢1 +iq2 + jqs +1jq4 and p = p; + i ps + J ps + @ j p4, the addition and
subtraction and the multiplication of the bicomplex quaternions is defined by

qtp =(qEtp1)+ilg2E£p2)+7(qsxps)+iJ(qu=Epa) (7)

gxp =(q@p1 — @22 — q3ps + qupa) + i (@12 + @2p1 — q3Pa — GaPs3)
+ 7 (13 + @3p1 — G2pa — qup2) +1j (q1Pa + qup1 + G2p3 + @3p2)
respectively. Here ¢ X p = p X q.

®)

Bicomplex numbers have three different conjugations as follows:

¢"=q — i+ jgz —ijga = (1 — iq2) + j (g3 — iqu),
¢ = q +iqa — jgs — ijqs = (q1 +1iqa) — j (g3 + iqa), )
G =@ — iq2 — gz +1jqs = (1 — iq2) — J (g3 — iqu).

For more details about the bicomplex numbers, the readers can refer to [17, 18,21,22].

In 2015, the bicomplex Fibonacci and Lucas numbers defined by Nurkan and Giiven [20],
respectively, as follows:

B]Fn:Fn+iFn+l+an+2+an+37

. . (10)
B]Ln = Ln +1 LnJrl +J Ln+2 +k Ln+37

where F}, is the n-th Fibonacci number, L, is the n-th Lucas number and i, j, k are bicomplex
units which satisfy the commutative multiplication rules:

ij=ji=k, jk=kj=—i, ik=ki=—j.
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Starting from n = 0, the bicomplex Fibonacci and bicomplex Lucas numbers can be written
respectively as:

BFy =11+ 15 + 2k, BFy=1+1i4+2j+3k, BFy=1+21+43j+5k,...
BLy=2+1i+3j4+4k, BLi=1+3i+4j+7k, BlLy,=3+4+7j+11k,...
In 2018, the bicomplex Fibonacci numbers were defined by Aydin Torunbalci [5] as follows:

BF, = F, +iFu +J Fape +17 Fogs

. . . (11)
= (Fn+ 1 Fp) + (Foge + 1 Fogs) J,
where ¢, j and ¢ j satisfy the conditions
i=-1, j*=-1, j=ji, (ij)°=1 (12)

The theory of the quantum g-calculus has been extensively studied in many branches of
mathematics as well as in other areas in biology, physics, electrochemistry, economics, probability
theory, and statistics [1,4] For n € Ny, the g-integer [n] g is defined as follows:

=g 2 n—1
n] = =l+q+q¢+ - +q" . (13)
q 1— q

By (13), for all m,n € Z, it can be easily obtained [m + n], = [m], + ¢™ [n], .

For more details related to the quantum g¢-calculus, we refer to [2, 14].

In 2019, ¢-Fibonacci hybrid and ¢-Lucas hybrid numbers defined by Kizilates [15] as follows

HF,(a;q) = a" 'n], + o™ [n+1),i+a" ' n+2], e +a"*n+3],h (14)
and
2n 2n+ 2 2n+4 2n 46
HL, (a; q) = a"[ l +a"t! —[ r i+a"t? —[ l €+ a"+3—[ ks h, (15)
], n+1], [n+2], [n+3],

where i, € and h satisfy the conditions

2= -1, €2=0, h®=1, ih=hi=e+i (16)
Also, Kizilates derived several interesting properties of these numbers such as Binet-like formulas,
exponential generating functions, summation formulas, Cassini-like identities, Catalan-like
identities and d’Ocagne-like identities [15].

2 g-Fibonacci bicomplex and g-Lucas bicomplex numbers

In this section, we define ¢-Fibonacci bicomplex numbers and ¢-Lucas bicomplex numbers by
using the basis {1, 4, j, i j}, where i, j and 7 j satisfy the conditions (6) as follows:

BF,(o;q) = a"[n|, + a"[n+1],i + o™ n+2],7 + a"2[n+ 3],ij

= (120 o (L oy g (L) oy e (0

(17)

_ _a" [1+Oji—|—0&2j+a3ij]_—a(fq)n) [1—|—(qu)i+(OéQ)2j+<QQ)3ij]

a—(aq) (aq

263



and

. _ nl27] n+1 2042, nt2 2n+4], . n+3 [2n+6],
BLn(a5) = o5 =R = e A =

o om 1_q2n 2n+2 1_q2n+2 .
_CK (Oén—(Oéq)n)_‘_a (an+1_(aq)n+1>2

oIn+4 1_q2n+4 2n+6 1_q2n+6 ..
ta (o (aq) 2 )J+a (a"+3—(a PIBE )ij

a —(« 2n a2n+2 —(« 2n+2 a2n+4_ a 2n+4 a2n+6_ a 2n+6
= (oo + Comiager) i+ (e gmr ) + Com(agms)

(18)

= (" + (aq)") + ("™ + (aq)"™) i+ (" + (a q)"?) j
+(a™3 4 (aq)™™3) i

=a"(I+ait+a?j+a’ij)+(ag)" 1+ (aq)i+ (ag)j+ (ag)ij).

1+5

For a = 5 and (aq) = %1 g-Fibonacci bicomplex number BF, (a;q) becomes the
bicomplex Fibonacci numbers BF,, and ¢-Lucas bicomplex number BL,(a;q) becomes the

bicomplex Lucas numbers BL,,.

The addition, subtraction and multiplication by real scalars of two g-Fibonacci bicomplex
numbers gives a g-Fibonacci bicomplex number.

Then, the addition, subtraction and multiplication by a scalar of ¢-Fibonacci bicomplex
numbers are defined by

BF, (a; q) £ BF, (a; q) = (000 & 9000 o (A0 oy af @0

a—aq a—aq a—aq a—aq

am+2 n+3_ )n+3

_i_<04"+2—(0wz)"+2 + —(ocq)m”)]- + (2

(ag)™t® 4 am“—(w)’"*g) -
a—aq a—aq

a—aq a—aq L]

1
a—aq

—((ag)”x (aq)™ )1+ (aq)i+ (@q)®j+ (@q)*ij)},

{(a™+a™)(1+ai+a?j+a®iyj)

(19)
a2n —(« 2n O52771 —(« 2m Oé2n+2 —(« 2n+2 O42777,+2 —(« 2m—+2 .
BL (v q) £ BLp(a;q) = ( Cyn_((ag))n * am_((a;’))m )+ ( a”+1—((a:11))”+1 + am+1—((ag))m+1 )i
2n+4 2n+4 Oé2m+4 —(« 2m+4 .
( ant2_ (( ))n j: am+2_((a;1))m+2 )j
Q2n+6 2n+6 a2nt6 (o g)2nt6 . . .
( ant3_— (( ))n+3 ant+3 ((a;l))n-!—f} )Z]
= (a"+(ag)"+a™+ (ag)")

q)"
+@ + (ag)" £ o™ + (ag)
(@ + (aq)"? £ a2 + (aq)™t?) )
+(@"? 4 ()" £ ™ 4 (aq)" )i
= (@"+a™(1+ai+a?j+a®ij)
+((ag)" £ (@g)™) A+ (aq)i+ (aq)®j+ (aqg)®ij)

(20)
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The multiplication of g-Fibonacci bicomplex and ¢-Lucas bicomplex number by the real scalar A
is defined as

ABF,(; q) :afaq{a"(l—l—ai+a2j+a3ij) on
+ag)"(1+ (aq)i+ (aq)?*j+ (ag)?ij)},
. o n . 2 . 3. .
ABL,(a;q) =Xa"(14+ait+aj+a’iy) 22)

A ()" (1+ (agq)i+ (ag)® )+ (ag)]i).
The multiplication of two g-Fibonacci bicomplex numbers is defined by

BF,.(o;q) x BF,,(a;q) = (o tn], + a"[n+1],i + " n+ 2], 5 + a"2[n+ 3],i7)
x (™ Hmly +a™[m 4+ 1]gi + o™ m + 2], j + o™ 2[m + 341 )

= " (14 aita?j+abif)?

(a—aq)?
=" (1 + (aq)i+ (ag)?j+ (ag)’ij)?
—(@"+ ") (A+ait+a?j+adif)(1+ (aq)i
+@g)?j+ (@q)?ij)}

= BF,.(ov; ¢) x BF,(a;q)

(23)
The multiplication of two g-Lucas bicomplex numbers is defined by
nl27], nt1 [2n+2], . nt2 2n+4], . nt3[2n+6], . .
BLy(; q) X BLi (0 ¢) = ("t + @ 1 R +2 e, 3 e, 1)
m[2ml, ma1 2m+2], . ma2[2m+4], . m+3[2m+6], . .
x (a ml, T ¢ " r], T O " ot J T " [m+3], )
=a"{(1+ai+a?j+aij)?
+¢ T (L (aq)i+ (ag)®j + (ag)’if)?
Hg"+q") (It aita®j+a’ij) 1+ (aq)i+ (aq))
+Hag)ij)}
= BLin(;q) x BlLn(a;q)
(24)

The multiplication is done using bicomplex units (Table 1), and this product is commutative.

i g ij|

O IR R
joij —1 —i
ijllij —j —i 1

Table 1. Multiplication scheme of bicomplex units
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Three kinds of conjugation can be defined for bicomplex numbers [20,22]. Therefore, conjugation
of the g-Fibonacci bicomplex number is defined in three different ways as follows

(BF,(a;¢))" = (" 'n], —ia™[n+1],+ja" " n+2], —ija"*n+3],), (25)
(BF,(;q))™ = (O‘n_l[n]q +ia"[n+ 1](1 —J anH[n + 2]q - ijoz"”[n + 3]q)7 (26)
(BF,(a;q))* = (O‘n_l[n]q - i&n[n + 1](1 —J an+1[n + 2]61 + ija"+2[n + 3]61)‘ (27)

Therefore, the norm of the g-Fibonacci bicomplex number BF, («;q) is defined in three
different ways as follows

Ner, (a1 = ||(BFn(;q)) x (BF, (s q))* %, (28)
Ner, ()2 = ||(BF,(a;q)) x (BF,(a;q))*|? (29)
Ner,(aq)s = ||(BFn(a;q)) x (BF,(a;q))™ |2 (30)

Now, we give another relations related to ¢g-Fibonacci bicomplex numbers. For n > 1,

BF,11(c; q) = BF,(a; q) + BF,_1(; q), (31)
1
BEF,11(a; q) — BF,—1(a;q) = T BL,(c; q), (32)

with the initial values

BFo(cv; q) = {l4+ai+a®j+a’ij)— 1+ (g i+ (ag)®j+(ag)’ij)},

a—aq
1

BF1(a; q) = a—aq

{a(l+ai+a®j+a’ij)—(aq) 1+ (aq)i+(0g)?j+ (aq)’ij)},

where A = (a — aq)%
For example, for equality (31):

BFy(c; q) = [@*(1+ai+a®j+a’iy)

a— (aq)
— (aq)*(1+ (aq)i+ (2g)®j + (aq)’ij)]

BF:(a; q) + BFo(a; q) = {[la+ )+ (®+a)i+ (o’ +a®)j+ (o' +a%)ij]

a —(aq)
—[((@q) +1) + ((aq)* + (aq)) i+ (@ q)® + (aq)?) j
+ () + (aq)’)ij]},
where

a+l1=0? od?+a=0c® E+a?=0a', a'+d=0a

and
(aq) +1= (g (@q)® + (aq) = (ag)’,

(aq)’®+ (g = (aq)', (@q)' + (aq)® = (aq)’.
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For equality (32):

BF>(a; q) — BFo(asq) = — [(&® =1+ (&’ —a)i+ (o' —a®)j+ (a® —a’)ij]

—[((eg) = 1)+ ((0q)* = (@q) i+ ()" — (2 q)?) j
+((aq)” = (aq)’)ijl}

1 1
— BL;(a;q) = {la+a?i+a’j+atij]+]ag+aditad®j+aqij]
VA VA

where

and

(aq)?—1=aq (g’ —aq=(ag)?
(aq)' = (2g)® = (aq)’, (aq)’ —(aq)’=(ag)".

In this section, we give Binet-Like formulas, exponential generating functions and some other
identities for the g-Fibonacci bicomplex numbers.

Theorem 1 (Binet’s formula). Ler BF, (a;q) and BL,(«;q) be the g-Fibonacci bicomplex
number and the q-Lucas bicomplex number. For n > 1, Binet’s formula for these numbers
respectively, is as follows:

BF, (a;q) = 21 (@ 0"0 (33)
a—oq
and
BL,(0; q) = a" 7 + ()" 0 (34)
where
J=l+aita?j+aij, a=1H50
and

~

0=1+(aq)i+(ag)?j+(ag)?’ij, agqg=7.
Proof. (33): Using (13) and (17), we find that

BF,(o;q) = " 'n], +a™n+1],i+ " n+2],j+a"n+3],ij

n+3 , .

_ n 1—q" n+1 1—-¢" n+2 1—q¢" n+3 1—¢
= 0= —|—Oé aaq1+a aaq-l+a a—aq 1]

o™ [1+aita? j+adij]—(o Q)’(L [ 1;r(a @) i+(aq)?j+(aq)?ij]
a—(aq

_ a"i—(aq"d
a—aq '
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In a similar way, equality (34) can be derived as follows

) . n[2 n| o 2n+2], . nao 2n+4], . na-3[2n+6]
BL.(asq) = o™ i e gt o g
) _ 2n+2 .
— &271 (anl_gxq)n) + a2n+2 (W) i

2n+4 1—g?nt! 2n+6 1—g?n+6 a
ta (an+2 (aq) 2 )J+a (an+3—(a PG )i]

= a"(1+ait+a?j+a®ij)
+Hag)"(L+ (aq)i+ (ag)®j+ (@g)*ij)

= a"F+(ag)"d

where 7=1+ai+a?j+a3ij, d=1+ (aq)i+ (ag)?j+ (aq)ijandyd=747.

Thus, the proof is completed.

O

Theorem 2 (Generating function). Ler BF,(«;q) be the q-Fibonacci bicomplex number and

BL, («; q) be the q-Lucas bicomplex number. For the generating function for these numbers is as

follows:
_(—t+at)F—(1—t+(ag)t)d
(a; BIF,, ( ;
IBEn(059) Z (azq)t @—aq)(1l—t—#)
_(—tt+at)F+(1—t+(ag)t)d
gIB%ILnaq) ZB]L Oé(] 1—1_¢2 .

Proof. (35): Using the deﬁmtlon of generating function, we obtain
985, (asq) (1) = BFo(a; q) + BF1(a; ) t + BFa(; ¢) 1 + -+ + BF,(a;¢) " + -+
Multiplying by (1 — ¢ — ¢?) both sides of (37) and using (31), we have
(1=t —1%) ggr,(asq) (t) = BFo(; q) + [BF1(; ¢) — BFo(a; q) ]t
+ [BFs(a: q) — BF1 (a; ) — BFo(a; q) ] £
+ [BFs(; ¢) — BFa(a; ) — BF1(a;9) ] + ...

+ [BFyi1(c; ) — BFy(a; q) — BFj_1(a; q) | 57 4.

(I—t+at)7—(1—t+(aqg)t)s
(a—agq)(l—t—1?) ‘

JBF, (asq) (1) =
where

BF>(a; q) — BF1(a; q) — BFo(a; q) =0,

BF+1(c; q) — BFg(av; ) — BFy_1(a; ¢) = 0.

In a similar way, (36) can be derived.
Thus, the proof is completed.
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Theorem 3 (Exponential generating function). Ler BF, («; q) be the q-Fibonacci bicomplex
number and BLL,,(«v; q) be the q-Lucas bicomplex number. For the exponential generating functions
for these numbers are as follows

,.Yeat _ge(aq)t
I8F (i) (— ZBF a; q) P (38)
BLn (o) ( ZIB%IL a: q) Ly delant (39)

Proof. (38): Using the definition of exponentlal generating function, we obtain

> BF,(a;q) 5 =3 <#>—

n=0 n=0 o
__7 o (a
T a—agq = n' a—agq Z
i aeat_/ge(aq)t
- a—agq :
(39):
;Eln(%@% =3 (@7 +(a Q)" 0) 5
=7 Z D46 Zo loat)”
=7 et 4 §el@
Thus, the proof is completed. U

Theorem 4. Let g-Fibonacci bicomplex number (BF, («;q)) and g-Lucas bicomplex number

BILL,(c; q)). In this case, for nonnegative integer numbers n and k, we can give the following
8

relations:
> () (ot Bt = { S0, R o
5~ (1) (-0 Blatern - { AELlon) e
zn: (ZL) (—1)" (=a? Q)" BF2isk(e; q) = (—[2]g)" BFyi(; q) (42)
=0
y (7) (—1)" (—a? q)" " BLaisn(a; q) = (—a2]g)" BLpk(a; q) - (43)

i=0
where A = (o — aq)? and (—a[2],)" = (—a(1 +q))™
Proof. (40): If n is even. Using the binomial coefficients and (33), we have

Z (rlt) (_a2 q)n—i BFQ’H—k(a; C]) _ Z (?) (—042 q)”—i a2i+kz__(zg)2¢+k3

1=0 1=0
_ (®—a?qn ok F—(a2¢?—a’q)" (aq)* ]
- a—agq
_ (aVA)"odFF—(—agVA)" (aq)* T
- a—agq
= VA" (At
a—oq
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If n is odd. Using the binomial coefficients and (33), we have

() (o BBaalaia) = 3 () (ot 22 et
=0 =
_ (@?-a?q"a*F-(a??—a?q)" (aq)*§
a—agq
_ (O‘\/Z)"ak’v\-i—(aq\/g)"(aq)kg
a—aq

= VA" (0"F + (ag)" D)
= A"7 BLyui(asq).

In a similar way, (41), (42) and (43) can be derived.
Thus, the proof is completed.

U

Theorem 5 (Honsberger identity). For n,m > 0 the Honsberger identity for the q-Fibonacci

bicomplex numbers BF,,(«; q) and BF,,(«; q) and the q-Lucas bicomplex numbers BL,,(«; q) and

BL,,(«; q), respectively, are as follows:
BF,(c; ) BF (s q) + BFp41(ct; ¢) BF 1 (s q)
(14 a?)F — (1+a(aq) (¢ + ¢ T+ (1+ (g 5}

and
BL,(; ) BLy,(a; ) + BLyj1(a; ¢) BLyia (a; )

= o™ {(1+a®) 32+ (1 +alaq) (" + g™ 75+ 1+ (ag)? g™ }.
Proof. (44): By using (17) and (33) we get

BF,(; q) BF . (a; q) + BF i1 (; q) BF oy (e q)

a"A—(aq)" 3y ;A A—(aq)™ a1y (a )"t 8y samtlA—(aq)™ s
= ( WQ_(Q;I) ) ( va_(ag) )+ ( va_(ag) ) ( Va_(a;l) )

= @ LA =@ " D} + AT O E — D)}

(a—aq)?

= 22 {1+ 0)F = (1+alag) (¢" +¢™) 70+ (1 + (ag)?) "™ 5%}

For example, for n =2and m =1,

_ (e’ +a®) 75

BF2(; q) BF1 (o q) + BF3(av; ¢) BF2(a; q)

(o q)+a(o q)2(+a3(a)g)2+a2(a 0)*)+0%((a9)*+(cq)®)
a—aq

= aap {0+ a) P = (1+a(aq) (¢ + 970+ (14 (aq)? ¢* 57}

(a—aq)?
(45): By using (18) and (34) we get,

BLn(a; Q) BLm(a; Q> + IBLn+1 (a; Q) BLerl (Oé; Q)

~ ~ ~

= (@"7+(29)"3) ("7 + (@) 3) + ("7 + ()" 5) (™17 + (ag)" 1)

= o™ (1+0a) 72 + (¢" + ¢™) (1 + o )76 + ¢+ (1 + (2 q)?) 0°}.
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For example, for n =2and m =1,

BLa(a; q) BL1(c; q) + BLs(a; ¢) BLa(v; q)

~ ~

= (0’ +a*7? +76(a®*(aq) + alaq)® + a’(aq)® + a*(aq)’) + ((aq)’ + (a q)*)d?
= A (14072 + (¢ +9) (1 + a(aq) o+ ¢* (1 + (2q)?) 3%},
where ?g: gﬁ
Thus, the proof is completed. U

Theorem 6 (d’Ocagne’s identity). For n,m > 0, the d’Ocagne’s identity for the q-Fibonacci
bicomplex numbers BF, («; q) and the q-Lucas bicomplex numbers BL,, («; q), respectively, are
as follows:

BF,.(; ¢) BF,11(c; q) — By (a; q) BF,, (a3 g) = 00" ~a)33 (46)

~

BL,.(; q) BLyy1(a; q) — Bl (a; ¢) Bl (s q) = o™ (1 —q) (¢" — ¢™)70}. (47)
Proof. (46): By using (17) and (33) we get,
BF,(a; ¢) BF i1 (a; ) — BF i1 (a; q) BF (v q)

noS_ ng m+15_ m+18\ n+l5_ n+1g mS_ mg
— (el (g (1] (ol

antmtl m oS
= (a—aq)? {(1 - Q) (q —dq )75}
amtml(gm—q")53

(1-9)

For example, for m =2and n=1,

&

Fy(a; q) BFy(c; ¢) — BF3(cv; ¢) BF 1 (a; q)
3

(—a*(aq)?—a?(ag)®+o?(ag)+a(aq)®)
(a—aq)?

= a2 {1-9)(g—¢)7}
5

(47): By using (18) and (34) we get,

BL,(a; ¢) BLyyt1(; ¢) — BLyj(a; ¢) BLyy (a5 q)

= (a"F + (q)"8) (™17 + (a )™t 9)
Ha™ 7 + (ag)™ ) (™ F + (arg)™d)
= A (g = g0+ (¢ — g™ ) 07 )

= a1 g) (¢" = ¢™) 75}
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For example, for m = 2 and n = 1,
BLy(a; q) BLo(a; q) — BL3(cv; ¢) BL: (a3 ¢)
=o' {(¢ — A0+ (0 - )07}
= {(1-q) (@ - 970}
Here, ?g = 3\/7\ is used.
Thus, the proof is completed. U

Theorem 7 (Cassini’s identity). For n > 1, Cassini’s identity for the q-Fibonacci bicomplex

numbers BF,,(«; q) and the q-Lucas bicomplex numbers BL,,(«; q) respectively, are as follows:

-~

02" (1- )78

BF,,1(c; q) BF,_1(a; ¢) — BF: (03 ) = 09 : (48)
BL,+1(ct; ) BLoo1 (0 q) — BL, (a5 ¢) = o®" ¢" 7 (1 — ¢)*) 74 (49)
Proof. (48): By using (17) and (33) we get
a’l’b+1 F—(a n+175% anfl/\i a n—17% a"v—(a ny
BF,11(0; ¢) BF, 1 (05 q) — BF (a5 q) = (2 (00™0) (o 300700 _ (a29-(0q)0)2

_ gt (1-q)(1—¢~H)F3
(a—aq)?

a?"2q" (1-¢"1)73
(1-q) )

For example, for n = 2,

BFs(c; ¢) BF) (o g) — BF3(a q) =  Tlelen™o%(00P (ag)a(ag))

(a—aq)

_ a* P (1-q(1-¢"HF5
(a—aq)?

o? ¢ (1-¢"1) 75
(1-q) ’
(49): By using (18) and (34) we get

BLy 1 (03 ) BLy1(0; ) — BLo2(050) = (a5 + (aq)™ 1 d) ("5 + (aq)" 1)

For example: For n = 2,
BLs(0v; q) BLy(a: ) — BL3(a59) = [a® (aq) + a(aq)® — 0*(aq)? — a*(aq)?]74
= g+ ¢ — - )70
= o' (g+q -2)70

Here, ?g = 57 is used.
Thus, the proof is completed. U
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Theorem 8 (Catalan’s identity). For n > r, Catalan’s identity for the q-Fibonacci bicomplex
numbers BF,,(«; q) and the q-Lucas bicomplex numbers BL,,(«; q) respectively, are as follows:

o™ 2g"(1—q)(1—¢")79

BF,..(a; q) BF,_,.(a; q) — BF?(a; q) = (50)

BLyr (0 ) BLy— (01 q) — BL,* (a3 ¢) = o™ ¢" " (1 — ¢")*70. (51)
Proof. (50): By using (17) and (33) we get

IB%IFnM(a; q) BFn,T(CM; q) B BF%(O&, q) _ (a"+r F—(ag)™ " 3) (Oz"fr F—(ag)™ " 5) _ (a" F—(aq)™ 3)2

a—aq a—aq (a—aq)

. —a2n " ﬁg_ogn qn+7' §3\+2 a2n q" ,’y\g
(a—ag)?

a®" q" 38 [(1—¢~")+(1—q")]
(a—aq)?

a?"2g" (1—¢~")(1-¢") 58
o (1-9)? :

For example, for n = 2,

BF2, (0 q) BFo_, (0 ¢) — BF3 (0 q) =~ 7lea —ar 042070030

(a—aq)?

ot (—*T"—¢*"+2¢%)7 0
(a—aq)?

_ a2 (1-¢")(1-¢")7F5

(1—g)2

(51): By using (18) and (34) we get
Bl (0 0) Blor(a5q) = BL. (a30) = (@77 + (0g)™79) ("7 F + (g)""9)
—(0" 7 + (aq)" )
= a¥g" (¢ +q —2)70
= g (- ¢ PAS.
For example, for n = 2,

BLoy,(; ) BLy (a5 q) — BF3(a;q) = [0 (aq)* " + a7 (ag)* — 20 (2 q)?]70

Here, ‘?g — 57 is used.
Thus, the proof is completed. U

3 Conclusion

In this paper, algebraic and analytic properties of the g-Fibonacci bicomplex numbers and the
g-Lucas bicomplex numbers are investigated. Thanks to the g-calculus, many mathematical
concepts are generalized. In this study, we generalized the bicomplex Fibonacci numbers using
the g-calculus.
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