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Abstract: In this study, we take the generalized Fibonacci sequence {u, } as ug = 0,u; = 1 and
Up = TUp_1 + U,_o for n > 1, where r is a non-zero integer. Based on Halton’s paper in [4], we
derive three interrelated functions involving the terms of generalized Fibonacci sequence {u,,}.
Using these three functions we introduce a simple approach to obtain a lot of identities, binomial
sums and alternate binomial sums involving the terms of generalized Fibonacci sequence {u,, }.
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1 Introduction
For n > 1, the second order linear recurrence sequence {w,,(a, b;r, s)} is defined by
Wp = TWp—1 — SWp—2,

where wy = a,w; = b. This sequence was introduced by Horadam in [5, 6] and it generalizes
many sequences (see [11]). Fibonacci number sequence { F},} = {w,(0,1;1, —1)}, Lucas number

252



sequence {L,,} = {w,(2,1;1, —1)}, Pell number sequence {P,} = {w,(0,1;2,—1)} and Pell-
Lucas number sequence {Q,} = {w,(2,2;2,—1)} are well-known examples of the sequence
{w,}. In this study, we take the generalized Fibonacci sequence {u,} = {w,(0,1;r, —1)},
where r is a non-zero integer. Thus

Up = TUp_1 + Up_2 (1)

where ug = 0,u; = 1. It is cleared that u,, = F;, (n-th Fibonacci number) and u,, = P, (n-th
Pell number) for r = 1 and r» = 2, respectively. Let a be a positive root of the quadratic equation
22 —rx — 1 = 0 and 3 its negative root. Then we have the Binet’s formula

a — 4"
by = £ 20"
a—pf
From the Binet’s formula, one can see that
U_p = (_1)n+1un (2)

forn > 0.

Numerous authors appear to have been fascinated by the many interesting summation identities
involving the Fibonacci and generalized Fibonacci numbers. There are many types of identities
involving sums of products of binomial coefficients and Fibonacci or Lucas numbers (see [1,4,
10-12]). Many authors have been concerned with the generalized Fibonacci sequence {u,, }. They
have been searched for the binomial sums, alternate binomial sums, weighted binomial sums of
the terms of this sequence and the binomial sums of products of these terms using by matrix
methods, generating function methods or in different ways (see [2, 3,5-9]).

In this study, based on Halton’s paper in [4], we derive three interrelated functions involving
the terms of generalized Fibonacci sequence {u,} and introduce a simple approach to obtain a
lot of identities, binomial sums and alternate binomial sums involving the terms of generalized
Fibonacci sequence {u, } using these functions. Numerous new identities, binomial sums and
alternate binomial sums as well as those found in the existing literature are included a single
identity.

2 On three interrelated functions

involving the generalized Fibonacci numbers u,,

In this section, we will define three interrelated functions involving the generalized Fibonacci
numbers u,, and give some properties of these functions.
Firstly, we define a function

Sl(m7 TL) = UnUp — Upm++1Un—1 — (_1)n_1um—n+1- (3)
For all integers m and n, we get
Si(m+1,n) =rSi(m,n) + Si(m—1,n) 4)

using equalities (1) and (3). It is also clear from equalities (1), (2) and (3) that we can write:
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If the equalities (5) and (6) are taken into account in equality (4), it is easily obtained that

Sl(m, TL) =0

for all integers m and n.
Now we consider a function

n—t
Ut Uy —n+t-

SQ(t, m, n) = UmUn — UmtUn—t — (_1)
Then by equalities (1) and (8), for all integers ¢, m and n

So(t 4+ 1,m,n) = Sa(t — 1,m,n —2) + rSy(t,m,n — 1).

&)
(6)

)

®)

(€))

Since uy = 0 and u; = 1, we can easily obtain the following equations from the equalities (1),

(3), (7) and (8):
S9(0,m,n) =0,

So(1,m,n) = Si(m,n) = 0.
Thus, from the equality (9), we obtain that
Sa(t,m,n) =0

for all integers ¢, m and n.
Finally, we define a function

k
SS(ka ta m, 7’L) = u?ﬁzun - Z (Z) <_1)(m+1)zufn__ﬁtuéun—kt—mi~
i=0
Theorem 2.1. For all integers t, m, n and k > 0, we have

S3(k+ 1,t,m,n) = u,,S3(k,t,m,n).

Proof. From the definition of the function S5(k, t, m,n), we can write

(4

k+1 k41
S3(k + 17 tu m, TL) = ul:nJrlun - Z ( . )(_1>(m+1)luﬁj+ltzuiun—(k-l-l)t—mi‘

=0

Since

andfori < Qor0<k <1

we obtain that
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k

k

St 1) = = 33 () VU s
=0

k
m+1 i+1), k—i , i+1
E ( ) ) )um+tut Un—(k+1)t—m(i+1)
=0

k

k m K3

= u]:n+1un - Z; (2)( 1)( i um-{—tut(um-i-tun (k+1)t—mi
+ (= 1) st (k1) —m(it1))-

Since the equality (10) is true for all integers m, n and t, taking n — tk — ms instead of n in
equality (8), we can write

o n—t(k+1)—mi

UmUn—tk—mi = Um+tUn—t(k+1)—mi + (_1) ( ) UtUm (i+1)—n+t(k+1)
— m+1
= U tUn—t(kt1)—mi T (= 1) Ul m(it1)—e(kt1)

using by equality (2). Thus, we have

53<k + ]-a t,m, ’I’L) = uk+1 — Um Z ( ) (m—l—l)z m+tutun tk—mi

= U, S3(k,t,m, n)
by equality (11). O
Theorem 2.2. For all integerst, m, n and k > 0, we have
Ss(k,t,m,n) = 0.
Proof. Taking k = 0 in equality (11), we get
S3(0,t,m,n) = u, —u, = 0.
Similarly, if we take £ = 1 in equality (11), we get
Ss(1,t,m, 1) = Uy — UppgUp—p — (— D)™ w4
= U Uy — U tp—t — (— 1) Ul yt
= Sy(t,m,n)

by equalities (2) and (8). From the equalities (10), we get S3(1,¢,m,n) = 0. Thus, the desired
result is obtained from the Theorem 2.1. [l

3 Some equalities and binomial sums

about the generalized Fibonacci numbers u,,

In this section, we will give some equalities, binomial sums and alternate binomial sums about
the generalized Fibonacci number u,, that can be derived from some special cases of the equality
(11). Since sums and identities involving Fibonacci or generalized Fibonacci numbers are in a
closed form, it is very interesting to investigate these types of identities and sums.
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Now let us take —m and —n instead of m and n respectively in equality (11), we get

k
k

]
=0

by Theorem 2.2. Since u_,, = (—1)"*!u, for n > 0, we have

k
k m— i
Ufnun - Z (Z> (_1)( 2 uk t“tun+kt mi-

=0

This final sum can also be obtained by substituting —t for ¢ in equality (11).
On the left of each equalities below, we write the function Ss(k, t, m,n) as (k,t, m,n) briefly
and use the equality (2) to remove the negative subscripts in some cases.

k
k — 7
(k7 t,—m, —kt — n) : uﬁzukt-i-n = Z ( > (_1)(m i uk tutun+2kt mi

=0
k
_ kt+z k—1
(katama_kt) 'LL mUkt = § ( > m+tutu2kt+mz
=0
L (k
Lo k1 m—i+1+kt  k—1
(k,t,m,m) CUy = § :(Z)( 1) um—i—tutum(l D)+kt
1=0

k
k
(ks t,m,nt) © wgun, = Z ( ) (_1)(m+1) ufnftutu(n k)t—mi

1=0
ok ~ (k (mt+1)i, k—i i
(k,t,mt,n) : u,,u, = Z ; (—1) U p 1) Wt Un—(mi+k)t
i=0

k
k
(k,t,m,0):0= Z < )( 1D R VAR VT
[k
(k>tv m, 1) : u?ﬁz = Z ( ) (_1>kt+lulr€n-ﬁtutuml+kt 1

k
(ka t, mt, 0) 10 = Z < ) (_1)kt+2+1ul(€n;:_1)tuiu(mi+k)t

=0
"k
(k,t,1,n) : u, = Z <Z)uf+futun ht—i
=0
"k
(k7 t 17 -n - kt) FUntkt = Z (l>< 1)kt Zuf-}-1lutun—l-2kt—i-z
=0

k
k
(k,t, 1, —k't) LUkt = Z (’l>( 1)kt Zui:_llutqutJrz

(k,t,1,mt) @ uy =



(k,t,2,n) :

(k,t,2,—kt) :

(k,1,m,n) :

(k,1,m,k) :

(k,2,m,n) :

(k,t,1,0) :

(k,t,2,0) :

(k,1,m,0):

(k,1,m,1) :

(k,1,1,—n) :

(k,1,1,—kn) :

(k,1,1,—k) :

(k,2,—1,—n):

(k,—1,2,—n):

(k,2,—1,—2k) :

(k,—1,2,k) :

(k,1,1,0) :

Yk

k i k—i, i

T Un = E (Z) (= 1) oty tn—pe—2i
i=0
"k

k }: kt—i, k—i_ i

T U = (z) (—1) Uy o Uy U(Kt+4)
i=0

Zk k
_ m~+1)i, k—1i
Uy Upn = i <_1)( ) Uy 1 Un—k—mi
i=0
i+1, k—i
(_1) U’m—‘,—lumi

S.
> |l
o

™

I

3?‘

Q

e

I

-
AQA
~ —

m—+1)i,.i, k—i
<_1)( ) T Uy 4 2Un—2k—mi

I
<
3
Il
Mi
o
~.

Sy

-~
~_ ~— ~—
|

kt+i+1, k—i, 1
(—1) Up 1 U Ukt +i

M-

@
Il
o
.

hE

(
e
(

kt+i+l, k—i i
(—1) Uy y o Uy Ukt 23
1=
Yk
_ k+i+1, k—i
0= i ( 1) U1 Ukmi
i=0
Yk
E o k+i, k—i
Uy = § <Z)(_1) U1 Uk+mi—1
i=0

>
k
k
Up = ( ) (_T) Un+4-2k—i
=0 ¢
k
k )
rfu, = Z <z) (—1)" "2
=0
k
k o
gk = Y (Z) (=1)'r* wap—
1=0
k
k
Tkuk = Z (Z) (—1) U (k—)
=0
k
k i+1, k—i
OZZ (Z><_1>k+ +1,’,.k Uk
=0



. _ m+1
UmUp — Um4tUn—t = (_1) UtUp—m—t

U Uy = (_1)t(um+tun+t - utun-‘rm—l—t)

2

FUy, = <_1)t<u72n+t — UtUm i)

S URUp—t = Um4-tUn—2t + (_1)m+1utun—m—2t (13)

s—m—1
um+tun—t + us—tus+t

FUm4sUm—s = (_1)
D UMm41Un—1 — UnUn = (_1)mun7m71

. _ m
P Ump1Un—2 — UpUpn—1 = (_1) Up—m—2

CUZ, = Uy Upyg + (—1)™H
U1 Um—2 — UmnUm—1 = (_1)m+1r
U1 Uz — U2, = (—=1)"r?
Uy U1 = Uz

e 2 2 _
. um+2—um = T'U2m+2

)
)
)
)
)
)
)
(L,2,m—1,n—1) : Up_1Up_1 = Ums1Un_3 + (—1)"7Up_m_2
)
)
)
)
)
(L1,m+1,—m~+1) : Upi1Um_1 + U2ty = Ugmat
(L1, —m,m+1) : ugp = Up, (Upt1 + Upm—1) (14)

Now we will give an example how different sums can also be obtained by using the above
identities. It is clear that many equalities can be obtained in this way.

If we substitute ¢ — m instead of n — ¢ in the equality (13) and use the equality (2), we can
easily obtain the identity

U Ut—m = Ut U—m + (_1)m+1utu—2m

= (—1)m+1(um+tum — Uyl )-

Dividing the obtained equality by u,, and using the equality (2), we have
W (U1 + Um—1) = Ut + (—1) " Uy o. (15)

Let us add —u; — (—1)™u, to both sides of equality (15), substitute ¢t/m+n for ¢ in the resulting
identity, and sum from ¢ = 1 to ¢t = k, then we have the following sum:

k m
Z U _ UYkt1)mtn — Umin — (=)™ (wkmrn — un) (16)
pa tm—+n Um+1 + U1 — 1 _ (_1)m .

It can also be seen that this sum can be formulated by Binet’s formula or recurrence relation (1)
(see [13] and [14]). Taking m = 1 in equality (16), we have
T

i 1
d tpin = —(Uksnt1 + Ukgn — Uns1 — Un).
t=1

258



Now if we take m = 2, n = 2s and m = 2, n = 2s — 1 in equality (16), we obtain

Zu2(t+s) = Uz(k+s) — Ugsy1)

and
i 1
ZW(HS)A = ;(Uz(kﬂ) — Uss),
t=1

respectively, using the recurrence relation (1).
Similarly, taking m = 3 and n = 3s in equality (16), we get

1
Z U3(t+s) = r2 T 3) (Us(k+s+1) + U3(k+s) — U3(s+1) — Uss)-
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