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1 Introduction

The periodicity of the Bell numbers has been studied by several authors. In [17], William showed
that the number N, := (p? — 1)/ (p — 1) is the period of the Bell numbers. In [12], Radoux
conjectured that AV, is the minimum period of the Bell numbers, which have been verified by
some authors for most primes below 180. In [4, 5], the authors gave some properties of the
period N,. In this paper, for a given prime p, we use the properties of the classical umbral
calculus to determine sequences related to the Bell numbers and having periods divide )V,,. Before
starting, we recall some definitions and properties of several versions on the enumeration of the
set-partitions. Indeed, the n-th Bell number B, counts the number of all partitions of the set
[n] := {1,...,n}, and the n-th r-Bell number B,,,. counts the number of all partitions of [n + 7]
such that the first 7 elements are in distinct subsets, see [9]. More generally, the (71, . . ., rq)—Bell
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number B,,,, . ,, counts the number of all partitions of [r] such that the elements of each of the

-----

q sets

[Ry]:={1,...,r},
[Ro] :=={r +1,...,r1 +1m},

[Rq] ::{T1+"'+Tq—1+1,...,7’1—|—---+7’q}’

are in distinct subsets, see [8]. Furthermore, the number of partitions of [n] without singletons
and the number of partitions of [n + 1] with the large singleton k + 1 are denoted, respectively,
by V, and V), , see [16]. Let B be the Bell umbra introduced by Rota et al. [13—15], given by
B" = B,,. The above numbers can be represented by B, as follows [2, 16]:

Bn;r = (B + T)n 5
Bn;m ..... rq — Bn (B)T1 ce (B)Tq 9

Vo = BF (B —1)"",
where (z),, is the falling factorial defined by
(), =z(x—1)---(x—n+1),ifn>1and(z), = 1.
Also, for any polynomial f, and any non-negative integer n, we have, [7]
(B), f(B) = f(B+n). (1)
In particular, for f () = 1, we obtain

(B), =1. (1.2)

n

For more information on the umbral calculus and its applications one can see [1-3,7,13, 15]. For
any non-negatives integers n, s > 1, and any prime p, it is known from [6] that we have

Bips = $B,, + By1 (mod p) . (1.3)
We also have, [10-12]
Byin, = By, (mod p) ,

where
No=1dp+ - 4p'=

In the remainder of this paper, we use the identity

" :kzn;{Z} (), (1.4)

where {}} is the (n,k)-th Stirling number of the second kind, which counts the number of
partitions of the set [n] into k£ non-empty subsets. Also, for any numbers ¢ and b we denote
by a = b to mean a = b (mod p).
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2 Period of some sequences linked to Bell numbers

The key of the main results is given by the following theorem.

Theorem 2.1. Let f be a polynomial in Z |x]. Then for any prime p, and any non-negative
integers n, s > 0, there holds

BV+1-1f (B) = (B +s), f(B). 2.1

Proof. Tt suffices to take f (x) = z". We proceed by induction on s. It is obvious that the
congruence (2.1) is true for s = 0 and for s = 1, by (1.3) we have

Bn+N1—1 —B" = (B 4 1>0 :Bn7

and
B2l = B = B" + B""' = (B+ 1), B".

Assume that B"™V-=1 = (B +s—1), ,B",s > 1. Then
BrVenitl = BB = BY (B4 s— 1), B"=(B+s—1),_, B"".

By (1.3) we have B"*?" = sB™ + B"*!. Then

BNei—l = (B4 s — 1), B
=B+s—1),_, (sB"+B"")
:(B+S )s 1(B+S)Bn
=(B+s),B
This completes the inductive step. O]

Proposition 2.2. Let f be a polynomial in 7 [X| . Then for any prime number p and any integer
rsuchthat0 < r < p—1, we have

(B—1), BM»—f(B) = f(B). (2.2)

In particular for r = 0, we get

BY'f(B) = f(B). (2.3)

Proof. By Theorem 2.1, the identity (z),,,,, = (), (¥ —n),, and the congruence

we obtain
(B—1),BYf(B) = (B(B-1),) (BY"'f(B))
=(B),, ,B+p—r—1),_,,f(B)
=B), B-r-1,,,/(B)
)



Corollary 2.1. For any prime number p and any non-negative integer n, we have

Bn—i—f\/p =B,, 2.4)
Boinw = B 2.5)
Bn+/\/p;r1 ..... rq = Bn;m ..... g (2.6)
Vit Nkt Ny, = Visk- 2.7)

Proof. We use the identity (B), f(B) = f (B +n) and apply the congruence (2.3) on the

polynomials =", (z), z", 2" (x),, -~ (x), and 2" (z — )" ", u

Remark 2.3. Using the identities (1.1) and (1.4), the congruence (2.3) can be written as

Np

> {Mreri=rm) o9

j=1

Example 1. By application of the congruence (2.8) on the polynomials (x 4+ r)", (z —1)" and

a" (z),, - (x),,, we get

ri

M=

{/1\7/30 } Bn;r+j = BTL;T’?

7j=1
Np
N,
> { " Brjo1 = Vo,
=1
Np
N,
Z{ ‘p Bn;rl,...,rq,j = Bn;rl ..... rq*
Jj=1 J

Corollary 2.2. For any non-negative integers n, r and any prime number p > r, we have
Bn+/\/p—/\/p,r = Bp—1,r+1- (2.9)

In particular, forr = 1 or r = 2, we obtain

Bripp-1 = Buo12, Buppr—24pp-1 = Byo13, (2.10)
and by replacing n by n + 1+ N,,_,, we get

Briny,_ 41 = B
Proof. If we take f (z) = x"™No=No—r in (2.2), then
BH\e (B — 1) = B No—r,

On the other hand, we have

B (B-1), = (B-1),B" = (B),, B = (B+r+1)"",

r+1

which gives B" Vo ~No—r = (B + r + 1)"_1 ie, Buyn,-N,_, = Bao1r41 O
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Remark 2.4. The congruences (2.10) can also be obtained by taking s = p — 1 or p — 2 in the
congruence
Bn+ps = SBTL + Bn+1,

and can be written as
Bn—i—pP*l = Bn—i—l — B,
Bn+pp—2+pp—l = Bn+1+pp—2 - Bn+pp—2 = Bn+2 — 3Bn+1 + QBn

Corollary 2.3. Let n,rq,...,r,, be non-negative integers, and let p > max(ry,...,r,,) be a
prime number. Then for any polynomial f in 7.[X] , there holds

(B—1) (B —1), BNt tNeom f(B) = £ (B). (2.11)

T1

Proof. By (2.2), we have
(B-1),BNf(B)=/(B), 0<r<p-L (2.12)
This congruence proves the following
(B 1), (B—1), BVt N f(B)
= (B-1), - (B-1), BVt (B 1), BN f(B)
= (B-1), - (B-1),  BYrt Vg (B)

T1

T1 m—1

= (B-1),BYf(B)
= f(B). N
Example 2. For f (z) = 2" in (2.11), we get

B (B) . (B) BNp77.1+..-+Np—T'm = Bn—l—m7

ri+l rm+1

or, equivalently,

For

m=-=rp,=p—1 rmn=---=r, =00 m=1,

we obtain the congruences

Bn+m;p ..... p = Bn—l—my Bn+m/\/p;1 ..... 1= Bn—l—my Bn—&—j\/’p,r;r—i-l = Bn—&—l‘

3 Conclusion

Knowing that V,, is the period of the Bell numbers, we managed to generate sequences related to
Bell numbers having the same period. Among these sequences, let us quote the r-Bell numbers,
the (71, ..., r,)-Bell numbers, and a sequence of numbers related to the partitions on a finite set.
More generally, according to congruences (2.2) and (2.3), one can generate several sequences
having the same period NV,,. So, some questions about the minimum period may arise: when does
such a sequence have the same minimum period as that of Bell numbers? In particular, for what
values of r, the numbers 3,, and B,, , have the same minimum period?
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