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Abstract: Multiple zeta values have become of great interest due to their numerous applications
in mathematics and physics. In this article, we present a generalization, which we will refer
to as multiple sums, where the reciprocals are replaced with arbitrary sequences. We develop
formulae to help with manipulating such sums. We develop variation formulae that express the
variation of multiple sums in terms of lower order multiple sums. Additionally, we derive a
set of partition identities that we use to prove a reduction theorem that expresses multiple sums
as a combination of simple sums. We present a variety of applications including applications
concerning polynomials and MZVs such as generating functions and expressions for {({2p},)
and (*({2p},). Finally, we establish the connection between multiple sums and a type of sums
called recurrent sums. By exploiting this connection, we provide additional partition identities
for odd and even partitions.
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1 Introduction and notation

The harmonic series is a divergent series as was proven independently by Nicole Oresme [30],
Pietro Mengoli [27], Johann Bernoulli [6], and Jacob Bernoulli [4,5]. However, elevating the
terms to a power s > 1, we obtain a convergent series. Sums of the form:
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— 1
C(s) = 2 e
where s is a real number, were first studied by Euler. The case for s = 2 is the celebrated Basel
problem. Its fame came from the originality of the way Euler proved that ((2) = %2 [13,14,17].
More rigorous proofs were later developed [12]. By the method used to find ((2), Euler was
able to obtain a general formula for this zeta function for positive even values of s. In 1859, a
generalized form of ((s) where s is a complex variable was introduced by Riemann in his article
“On the Number of Primes Less Than a Given Magnitude” [34]. In recent years, mathematicians
like Zagier [38], Hoffman [24], and Granville [20] have introduced a generalized form of the
zeta function which they call the multiple harmonic series (MHS) or multiple zeta values (MZV).
However, interest in these sums dates back to when Euler studied the case of length 2 [16].
Since the beginning of the 1990s, such series/sums have been heavily studied by mathematicians
such as Hoffman and Zagier. Interest in such sums grew from their tremendous importance in
Number Theory and numerous applications [37]. For example, the multiple harmonic series is
directly related to the Riemann zeta function ((s) [20,24]. Interest in these series extends beyond
mathematics. In fact, they appear in many fields of physics. The number ((6,2) appeared in
the quantum field theory literature in 1986 [9]. They are of fundamental importance for the
connection of knot theory with quantum field theory [10,25]. Multiple harmonic sums became
even more important when higher order calculations in quantum electrodynamics (QED) and
quantum chromodynamics (QCD) started needing them [7, 8].
A multiple harmonic series (MHS) or multiple zeta values (MZV) is defined as:

1
C(517827"'78k) = § NslNSQH.NSk‘
1 2 k

1<Ni<No<--<Nj

Its partial sum is written as:

1
Cn(Sl,SQ,...,8k>: Z NSINSQ'--NSIC.
1 2 k

1<N1<Na<-<Nj<n
These sums are a particular case of what we called multiple sums as they are of the form
21§N1<-~~<Nm§n A(m); Ny *** Q1N WIth agy N, = NL for all 7. Note, however, that while this
particular case has been heavily studied, the general case has received much less attention.
Meanwhile, there are thousands of formulae for multiple harmonic sums/series in the literature,
not much can be found for general multiple sums/series. In this article, we derive some essential
formulae for dealing with general multiple sums.

The aim of this paper is to develop methods/formulae that allow us to better the way we
work with multiple sums. We will develop formulae to calculate the variation of such sums as
well as formulae to express multiple sums in terms of simple sums. Partition identities needed
to prove these formulae as well as partition identities that can be derived from these formulae
will be presented. These identities include sums over partitions involving Bernoulli numbers and
the zeta function as well as a new definition of binomial coefficients as a sum over partitions.
Likewise, by complementing this work with that done in Part 1 of this study [22], we will extend
the partition identities of this article to sums over odd and even partitions. As a matter of fact,
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multiple sums are intimately related to recurrent sums (presented in [22]) as we will show in this
paper.

Additionally, note that like the MHS, the general multiple sum structure is not recent, it goes
back to the 17-th century. In 1646, Viete proved that a polynomial can be represented as a
product of factors (Viete’s theorem) as well as he developed the relations linking the coefficients
of a polynomial to its roots for positive roots (Viete’s formula) [36]. Viete’s formula was later
proven to hold for any roots or coefficients by A. Girard [19]. The type of sums represented by
Viete’s formula is a general multiple sum. Hence, according to Viete’s formula, multiple sums
are fundamental for linking the roots and coefficients of a polynomial.

The importance of this article is based on how it improves our ability to study sums of this
form. The theorems presented in this paper can be used to develop new theorems involving
multiple sums or to improve upon previously obtained results as we will illustrate in this article.
Applications include generalizing the Faulhaber formula for the sum of powers to a formula
for the multiple sum of powers. They also include simplifying the relation between roots and
coefficients of a polynomial as well as linking the roots of a polynomial to those of its derivatives.
And probably, most importantly, determining generating functions for MZVs as well as several
formulae for computing (({2p},,) and (*({2p},) in terms of p and m. The partition identities
are also a major part of the importance of this paper. This article includes partition identities not
only for partitions in general but also for odd and even partitions. These identities could be key
in deriving new theorems involving odd or even partitions.

Now let us define a notation for multiple sums which we will use in the remainder of this
paper: For any m, q,n € N where n > ¢+m —1 and for any set of sequences a(i);n,, - - - A(m); N,
defined in the interval [g, n], let P, 4 (a@1yn;, - - - Gm);n,, ) Tepresent the general multiple sum
of order m for the sequences a(y);n,, - - - , @(m);N,, With lower and upper bounds respectively ¢ and
n. For simplicity, however, we will denote it simply as P, 4 -

Prgn = E , A(m); Ny, * " " Q(2);N2 A(1); Ny
q<N1<-<Nm<n
n N3—1 Ny—1

— Z R Z Z A(m);Nm *** A(2);Na G (1); N, (1)

Np=q+m—1 No=q+1 N1=¢q

n N3—1 No—1
= D WmNa Y AEN. Y Gy
NnL:qu‘m_l N2:Q+1 N1:q

The most common case of a multiple sum is that where all sequences are the same,

Pogn(any, ... an,,) = E ANy, = * " ANy ANy
qu1<"'<N'm§n
n N3—1 Nao—1

=Y Y Y a, vy, .

Npm=q+m—1 N2=q+1 N1=¢q

n N3—1 No—1
= E an,, * - E AN, E an .
Nm=q¢+m—1 No=q+1 Ni=q

For simplicity, we will denote it as Pm,q’n. We could also denote it as Pmﬁqﬁn(a N)-
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Remark 1. Knowing that adding zeros to a sum does not change the sum and noticing that for
Ny =q,we getq < Ny < Ny —1 = g — 1 which would lead to an empty sum for this value.
Hence, we can start N, at ¢. Similarly, for N3 = ¢,¢q+1or---or N,, =¢q,...,q+m — 2, all
would lead to zeros. Hence, we could start all the variables at q.

N3—1 No—1

Z PIDIT NN

Nm=q Na=q N1=q

Remark 2. If m > n—g+1 (orn < g+ m— 1), the multiple sum can still be considered defined
and will be zero (P, ,,» = 0).

Remark 3. A multiple sum of order 0 is always equal to 1 (F;; = 1,Vi,j € N). It is not
equivalent to an empty sum (which is equal to 0).

In Section 2, formulas for the calculation of variation of these sums in terms of lower order
multiple sums will be presented. Then, in Section 3, we will present a reduction formula that
allows the representation of a multiple sum as a combination of simple sums. In Section 4, the
relations developed will be applied to Viete’s formula in order to simplify the relation linking the
coefficients of a polynomial to its roots. Additionally, some theorems related to polynomials will
be developed. A generalization of the binomial theorem will also be developed. In Section 5, the
reduction theorem will be used to calculate certain special sums such as the multiple harmonic
sum and the multiple power sum. In Section 6, we investigate the relation between recurrent sums
and multiple sums then, using these links, we derive some odd and even partition identities.

2 Variation formulas

In this section, we will develop formulas to express the variation of a multiple sum of order m
(Pm.gnt+1 — Pm,gn) In terms of lower order multiple sums. Equivalently, these formulas can be
used to express P, ;,,+1 in terms of P, , , and lower order multiple sums.

Remark 4. In this section, for concisness, we will omit the proofs as they are simple and repeat
the procedure of the proofs of Section 2 of Part 1 of this study [22].

2.1 Simple expression

We begin by presenting the simplest case of the variation formula in Lemma 2.1. This basic form
is needed in order to prove the general form.

Lemma 2.1. For any m,q,n € N wheren > q+ m — 1, we have that

Based upon Lemma 2.1, a more generalized version of the variation formula can be developed
which allows the representation of P, ;41 in terms of P, ,,, and lower order multiple sums
(from order 0 to (m — 1)).
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Theorem 2.2. For any m,q,n € N where n > q + m — 1 and for any set of sequences
A(1);Ny 5 - - - > Q(m);N,, defined in the interval [q,n + 1|, we have that

> A(m):Npm " " * A(1):Ny

q <N1<---<Np<n+1
m m—k—1
= E H A(m—j)int+1—j E Ak);Ng * " A(1);Ny | -
k=0 j=0 q<N1<--<Np<n—m+k

Using the notation from Eq. (1), this theorem can be written as

m m—k—1
Prgnt1 = E H Um—j)mt+1—j | Prgn-m+k-

k=0 7=0

Corollary 2.2.1. If all sequences are the same, Theorem 2.2 becomes

m m—k—1
g aNm...a/Nl — g H an+17j E aNk...aNl .
q <N1<--<Nm<n+1 k=0 7=0

q<N1<--<Np<n—m+k

Using the notation from Eq. (2), this theorem can be written as

m m—k—1
Pm,q,nJrl = § H Qpy1—j Pk,q,nfmqtk-

k=0 \ j=0

Example 2.1. For m = 2, we have

Z szaN1 - Z szaN1 = (bn-i-l) Z an, + (bn-l-l)(an)'

g<N1<Nza<n+1 g<N1<N2<n g<Ni1<n-—1

2.2 Simple recurrent expression
Theorem 2.2 can be rewritten in a recursive way as illustrated by the following theorem.

Theorem 2.3. For any m,q,n € N where n > q + m — 1 and for any set of sequences

Q)N » - - - » Q(m):N,, defined in the interval [q,n + 1], we have that
Z A(m);Nm, * " A(1);N1 — Z A(m);Nyp, ** " A(1);Ny
q <N1<-<Npm<n+l q <N1<-<Npm<n

= Q(m);n+1 § G(m-1);n [ ©A2)m—m+3 (a(l);TZ—TfH‘?(l) + Z a(1)§N1>

q<N1<n—m+1

+ Z A(m—1);Np—y " A(1):N,

q§N1<"'<N7n—1§n71

+ Z (2);N2 A(1); Ny

q<N1<N2<n—m+2

Using the notation from Eq. (1), this theorem can be written as

Pm?q?n_‘—]‘ - Pm’q7n
= Q(m);n+1 {a(m—l);n [ ©A(2);n—m43 (a(l);n—m+2 (PO,q,nferl) + Pl,q,nferl) + P?,q,nfm+2:| + mel,q,n71}>

where Py g n—m+1 = 1.
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Corollary 2.3.1. If all sequences are the same, Theorem 2.3 becomes

: : aNm U aNl - E aNm e aNl

q <N1<-<Np;<n+l q <N1<-<Nm<n

= Uny1§ O |** Gnemy3 | Gnomaa(1) + > an, | + > AN, AN,
g<N1<n—m+1 q<Ni<N2<n—m+2

+ Z a’Nm—l P aNl
q<N1<-<Np-1<n—1
Using the notation from Eq. (2), this theorem can be written as

Pm,q,n—}—l = Gp+t1 {an |: ©Qp—m+3 (an,—m+2 (PO,q,n—m+1) + Pl,q,n—m-H) + P2,q,n—m+2j| + Pm—l,q,n,—l} + Pm,q,nv

where Py g p—m+1 = 1.

Example 2.2. For m = 2, we have

Z bN2aN1 - Z bN2aN1 = (bn+1) Z an, + an(l)

q<N1<Nz2<n+1 g<N1<N2<n qg<N1<n-—1

2.3 General expression

In order to represent the variation of a multiple sum of order m (P, 4 n+1 — P ¢.) only in terms
of multiple sums of order going from p to (m — 1), a more general form of Theorem 2.2 can be

developed.
Theorem 2.4. For any m,q,n € N where n > q+m — 1, for any p € [0, m], and for any set of
sequences a(1y;n,, - - - , A(m):N,, defined in the interval [q,n + 1], we have that
m fm—k—1
Z A(m); Ny, =" A(1);N1 = Z A(m—j)m+1—j Z A(k);Ny, =" A(1);N,
q<N1<--<Np<n+1 k=p+1\ j=0 q<N1 < <N <n—m+k
m—p—1
+ H A(m—j)n+1—j Z Qp);Np *** A(1);Ny |-
7=0 q<N1<--<Np<n—m+p+1

Using the notation from Eq. (1), this theorem can be written as

m m—k—1 m—p—1

Prgn+1 = E, H Um—j)int1-j | Prgn-m+k + H Um—j)int1—j | Ppan—maps1-
k=p+1 \ j=0 =0

Corollary 2.4.1. If all sequences are the same, Theorem 2.4 simplifies to the following,

m m—k—1
E aNm...aNl = E H an+1_j E aNk...aNl
q <N1 < <Np<n+l k=p+1 \ j=0 g<N1<--<Np<n—m-+k
m—p—1

+ H An+1—j Z an, ** N,
J=0

q<N1<---<Np<n—m+p+1
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Using the notation from Eq. (2), this theorem can be written as

m m—k—1 m—p—1
Pm,q,n—l—l = E H Apy1—j Pk,q,n—m—l—k + H Apt1—j Pp,q,n—m+p+1-
k=p+1 j=0 7=0

Example 2.3. For p = 2 and if the sequences are the same:

m m—k—1
E aNm...aNl — E H an+1—j g aNk...aNl
q <N1<--<Np<n+l k=3 7=0 q<N1<---<Np<n—m+k
m—3
+ an+1fj E a/NgaNl
j=0 g<N1<N2<n—-m+3

Example 2.4. For p = m — 2 and if the sequences are the same:

E aN7n...aN1— E aN7n.-.aN1

gq<N1<--<Nm<n+l g<N1<--<Nm<n

= (an+1) Z ANy 0Ny |+ (Any1Gp) Z an,,_, "+ an,

gSN1<-<Np-1<n—1 g<N1 < <Npm—_2<n—1

2.4 General recurrent expression

The general expression of the variation formula (illustrated by Theorem 2.4) can be expressed in
a recursive way as illustrated by the following theorem.

Theorem 2.5. For any m,q,n € N wheren > q+m — 1, for any p € [0, m|, and for any set of
sequences a(1y;n,, - - -, A(m):N,, defined in the interval [q,n + 1], we have that

P
,g;n+1
= A(m)n+1 {a(m—l)m [ * Q(p+2);n—m+p+3 (a(p+1);n—m+p+2 (Pp,q,n—m+p+1> + Pp+1,q7n—m+p+1>
+ Pp+2,q7n—m+p+2} + Pm—lvq,n—l} + Pm7q,n'

Corollary 2.5.1. If all sequences are the same, Theorem 2.5 simplifies to the following form,

Pm?q?n+1 - Pm’q7n

= Qpy1 {an [ © Qp—m+p+3 (an7m+p+2 <Pp}q,nf’m+p+1> + Pp+1,q,n7’m+p+1) + Pp+2,q,n7m+p+2:| + mel,q,nfl} .

Example 2.5. For p = m — 2 and if the sequences are the same:

E a/Nm-..aNl— E a/Nm-..aNl

q <N1<-<Nm<n+l q <N1<-<Nm<n

:an+1 E a'Nm,l"'a'N1+a'n E aNm72...aJN1

q<N1<-<Np—-1<n—1 q<N1<-<Np—2<n—1
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3 Reduction formulas

The objective of this section is to introduce formulas which can be used to reduce multiple sums
from their original form containing multiple summations to a form containing only simple sums.
This will involve the use of partitions of an integer.

3.1 A brief introduction to partitions

In this paper, partitions are involved in the reduction formula for a multiple sum. For this reason,
a brief introduction to partitions as well as to Stirling numbers is needed. For concisness, we omit
this introduction here. See Section 4.1 of Part 1 [22] for the necessary introduction and notation.

Remark 5. A more in-depth explanation of partitions can be found in [1]. For further details on
the partition function see [11, 15,23,32,33]. Additional ways of representing partitions can be
found in [31].

Before we can proceed to the next section, there is still an identity that needs to be presented.
The unsigned Stirling numbers of the first kind, denoted |S(m, )| or ['], can be expressed in
terms of the rising factorial 2™ [26] :

= Zm: [ﬂ F or [T] =[] (=) . 3)

k=0
Remark 6. For m > 0, [] = 1. Form > 1, [J] = 0.

From this definition, the famous finite alternating sum of the unsigned Stirling numbers of the
first kind can be directly deduced by substituting x by (—1) to get:
e Ifm=0o0rm=1

20: (—1)* 2] = m =1=0!(-1)" 4)

T (—1)* ]1] = [(1)] — m =0—1=1(-1" (5)

o [fm>2

Z(—nk[m =(=1)(=1+1)---(=14+m—1)=0. (6)
Hence,

= (7

i( 1) [m] (=1)™m! for0<m <1,
0 for m > 2.

3.2 Reduction Theorem and partition identities

In order to prove the main theorem of this section (Theorem 3.3, which we will call the reduction
theorem), we have to prove a set of lemmas. There are 2 sets of lemmas needed: The first set
of lemmas is also needed to prove the reduction theorem for Recurrent sums and, hence, was
already proven in Part 1 of this study [22]. The second set of lemmas is specific to the type of
sums studied in this paper and will be proven in this section.
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We begin by proving the following identity involving an alternating sum over partitions.

Lemma 3.1. Let m be a non-negative integer,
)Yk e 1 (=)™ for0<m<1
1) Yk - _ !

ZHZ?J}C’L - Z ( 1) * szkz(ykl)l o

©(m) i=1 w(m) i1 0 form > 2.

Proof. Left to the reader. Can be proven using the same approach as Lemma 4.2 of Part 1 [22].
It requires the use of Lemma 4.1 from [22] as well as Eq. (7). [l

A more general form of Lemma 3.1 is illustrated in the following lemma.

Lemma3.2. Let (Yx1, -, Yem) = { (Y115 s Y1m), (Y215 - - s Y2.m), - - - } De the set of all partitions

of m. Let (vq, . ..,vy) be a partition of 7 < m.
yk i yk z yk i yk i  {ym—rTTm (=1)% B
m(m) i=1 Zyl“ yk n(m) i=1 Zyl” yk 0 form —r > 2.
Yk, ’L>vl

Remark 7. Knowing that the largest element of a partition of 7 is at most r, we can rewrite it as

ZH )k y;“ Z H y,“(y;“) _ (=)™ 1= 11( (1)) for0 <m —r <1,
(m) i=1 ey x(m) i=1 e (y 0 form —r > 2.
Yk,i 2 Vi

Proof. Left to the reader. Can be proven using the same approach as in Lemma 4.4 of Part 1 [22].
It requires the use of Lemma 3.1. ]

Remark 8. If » > m, then ) i.Y); = m — r < 0 which makes Lemma 3.1 invalid. Hence, this
lemma is invalid for r > m.

Now that all the required lemmas have been proven, we show the following theorem which
allows the representation of a multiple sum in terms of simple sums.

Theorem 3.3 (Reduction Theorem). Let m be a non-negative integer, p(m) be the number of
partitions of m, k be the index of the k-th partition of m (1 < k < p(m)), ¢ be an integer between
1 and m, and y;,; be the multiplicity of © in the k-th partition of m. The reduction theorem for

—1) ki 1 & AN
(yk)z)' <;Z<GN)2> '

N=q

multiple sums is stated as follows:

E Cle"‘ale —

g<Ni1<--<Nm<n w(m) i=1

3

Remark 9. The theorem can also be written as

m

| ] Lo i Yk,i
Z an,, - anN; = Z (_1>m—zykﬂ H (yk,z)' (; NZ: (aN) ) :

q<Ni;<--<Nm<n w(m) =1
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Proof. Base case (for n = ¢, Vm € N):

Z H yori (1 Zq: (ay) Yhot 1) ﬁ (—1)¥wi ( )’yk
- an v = (-1 — . \a b-Ykst
() i1 ykz (A N=q () i1 (yk,i)!zyk,z q
m - (_1)yk’z
= (_a(I) ( )1_11 (ykl)'lykl

By applying Lemma 3.1, we get

0=1 form =0,

1 q Yk,i ( ( )
(; (CLN)i> =19 (—a)' (=) =aqa, form=1,

m(m) = (—a,)™(0) =0 form > 2.
Likewise,
1 for m = 0,
Z a/Nm”.aNl e qunganl :aq fOI‘m: 17

g<N1<--<Nm<q B
Zq§N1<--~<Nm§q an,, ---an, =0 form > 2.

Induction hypothesis (for n, Vm € N):

_ D (19 )
> an,an =(-1) ()] (Z q(N)) :

q<N1<--<Nm<n 71'(77’[,) =1 N=

Induction step: To be concise, we denote by [ the right-hand side term of the equality to be
proven, i.e.,

ZH

yk‘l

m(m) i=1 N*q

ykz n i i Ykst
P (St )
w(m) =1 N=q

By applying the binomial theorem, we get that

Z H uikyk Z (yf)) (i (aN)i>v((an+1)i)yk,i—v

w(m) =1 v=0 N=¢
m  Yk,i y]“ Y n v
ki i LYk —1.U
EIHEI ( ) (an)' | (aan) "
Zykz
m(m) i=1 v= 0 N=¢q

Let Ay p = % (=) (ZN . (an)’ ) (any1) ¥, By expanding then regrouping, it can

be seen that

m  Yk,i Yk,m Ye,1 m
HE szk_ E E HAvlzk_ E Hszzk-
i=1 v=0 Vm =0 v1=0 i=1 0<v; <yg,; 1=1
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This is because, for any given k, by expanding the product of sums (the left-hand side term), we
will get a sum of products of the form A,, 1Ay, 2+ Ay,.m ([]-, Ay ;) for all combinations of
V1, V2, ..., Uy suchthat 0 < v < ypq,...,0 < v, < yim, Which is equivalent to the right-hand
side term. This then can be written more compactly by expressing the repeated sum over the v;’s
with one sum that combines all the conditions. The set of conditions 0 < v; < ygq,...,0 <
Um < Ykm can be expressed as the condition 0 < v; < y;,,; for i € [1, m]. Hence,

PP H ,(y) (Z <N>><+>

m) 0<v; <yy, ; i=1 N=q
Similarly, let j represent ) i.v;. Hence, we can add the trivial condition that is j = > i.v; to
the sum over v;. This condition is equivalent to the condition II(;) which refers to the sum being
over all partitions II of j. Additionally,

e > i.; = jis minimal when v; =0, ..., v,, = 0. Hence, j, = 0.

e > i.w; = jis maximal when vy = yg 1, ..., Uy = Ygm. HENCE, Jiaz = Y .Yk = M

Therefore, we have that 0 < j < m or equivalently that 7 can go from 0 to m. Hence,
knowing that adding a true statement to a condition does not change the condition, we can add
this additional condition to get

zm: zm: ﬁ l:k(ykj) (ﬁ: (GN)Z)vi(an+1)i'y’“’i_i'”".

N=q
H(J
0<v; <yg;

Knowing that (yq’j“) = 01if v; > yi 4, hence, the terms produced for v; > vy ; would be zero. Thus,
we can remove the condition 0 < v; < y;,; because terms that do not satisfy this condition will
be zeros and, therefore, would not change the value of the sum.

Z Z H ;j; (yk;) (i (GN)i> Ui(anﬂ)i‘y’“_i'”i.

) 7=0 =1 N=q
11(7)
We expand the expression then, from all values of k (from every partition (Y1, .., Ykm) Of
m), we regroup together the terms having a combination of exponents (vy, . .., v,,) that forms a

partition of the same integer j and we do so Vj € [0, m]|. Hence, performing this manipulation
allows us to interchange the sum over m(m) (over .y, ; = m) with the sum over j. Thus, the
expression becomes as follows,

YIS ,j’;;(yk;) (5 0) i

Jo)ﬂ'mll N=q

S [l (S )”Hﬁ s ()

7=0 7(m

I(5)

m m n i ykz
_(_1\m m—j i ykl
TS S [H( o) (ST ()

j=0 i=1 \N=¢ m(m) =1 ‘ vi

II(5)
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Applying Lemma 3.2, we have

ZH ) (%){(1)“1—[7‘1% for0 <m—j <1,
ykzllykz V; .

Vi1 0 form —j > 2,
(=1)m~ JHI“W(IUUZ form—1<j<m,

0 for0<j<m-—2.
Hence,
F= " S ()™ | TT (S ) [ (TP EL
- n+1) 11 (ax) (=1) 11 v (v;)!
j=m—1 i=1 \N=¢q i=1 e
()
m ~ m _1)% n Vi
_ m—j (
- Z (@n+1)™ 7 (=1) (H i“i(vz)'( (aN)> )
j=m—1 =1 N=q
()
Knowing that for any given value of j there are multiple combinations of vy, ..., v, that satisfy

> i.v; = j. Hence, every value of j corresponds to a sum of the sum’s argument for all partitions
of j (for all combinations of vy, . .., v, satisfying > i.v; = j). Therefore, we can split the outer
sum with two conditions into two sums each with one of the conditions as follows,

=% <an+1>mf<—1>fZ<H s (Z <aN>i> )

Jj=m—1 () \i=1 N=q

Knowing that the largest element of a partition of j is at most j, we can rewrite the product as
going from 1 to j instead of 1 to m. Now, by using the induction hypothesis, the expression
becomes

m

D (@)™ D away,

j=m—1 q<N1<-<N;<n

= ( Z AN, * 'GN1> + (an+1) Z Ny =" ANy

q<N;<-<Nmpm<n q<N1<-<Npm-1<n
Using Lemma 2.1, we get the case for (n + 1). The theorem is proven by induction. []

Example 3.1. For m = 2, we have that

2
1 [ — 1 [ — )
E an,an, = § an — 5 (aN) .
1<Ni<N2<n N=1 N=1

Example 3.2. For m = 3, we have that

3
Z AN AN AN, = & <Z aN) 9 (Z aN) ( (aN>2> T 3 < <aN)3> ‘
1 <N1<N2<N3<n N=1 N=1 N=1 N=1



Corollary 3.3.1. Let m,n € N, we have that

PERGE G- ()

w(m) =1 ykl

Proof. From paper [21], we have the following relation,

We shift the variables in the following way,

Np—1 No—1 n—m Npm+m—1 No—1
DREEED SEED SENED SEESD SIS DI O
1<N1<-<Nm<n Nm=m Np—1=m—1 Ni=1 Np=0 Npp—1=m—1 N1=1

N, Np—1+m—2 No—1

=D IS S O}

Nm=0 Ny1=0 Nyp_a=m—2  Nj=1
After completing the shifting for all variables, we get
1<N; < <Nm<n =0 1=0

By applying Theorem 3.3, we get the corollary.

Example 3.3. For n = 1, we get Lemma 3.1,

ZH Y Py 1\ (=)™ for 0 <m <1,
ykl ’l/ykl— m o

0 for m > 2.

Example 3.4. Forn =m

ST = o () = o

m(m) i=1

Corollary 3.3.2. For any q,n € N where n > q, we have that

n— q+1 n Yk i
n q+1 < Z (aN)i> _ Ha’j'

m(n—q+1) =1 N=¢ j=q

Proof.

E aNn7q+1...aN1 — g aNn—q+1...a’N1 = Qp -

q<N1<-<Np_gr1<n q=N1,Na=q+1,....Np_gt+1=n

By using Theorem 3.3, we get the corollary.
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3.3 General Reduction Theorem

See Section 4.3 of Part 1 [22] for the necessary concepts and notation. Using the notation
introduced, we can formulate a generalization of Theorem 3.3 where all sequences are distinct.

Theorem 3.4. Let m,n,q € N suchthatn > q+m — 1. Let aqy,N, - . ., Ggm);n be m sequences
defined in the interval [q,n|. we have that

Z ( Z (o (m));Nm " a(U(l));Nl)

0€Sm \q<Ni1<---<Np<n
m Yk i n
= (ymEm [ i - e > 11 amw
PeQ i=1 g=1 \ N=qheP,,
Remark 10. The theorem can also be written as
0€Sm \g<Ni<--<Npm<n
ki n
SOOIETEED w1 (R 1 Dol
7r(m) Qk =1 g=1 N:q hEPl"g
1 m yk i Yk,i
= (=1)"|5 ’Z|Q|ZH lly;“ H Z H A(h);N
w(m) k Qp i=1 =qheP; 4
The first form is obtained by regrouping together, from the set of all partitions of the set 1, ..., m,

those who are associated with a given partition of m. The second expression is obtained by noting

that
m‘S ‘ ykz m

— (—1)" X Yk 1)) Yk
N Hym'zy“ ) [11G—0

=1

These forms are shown as they can be more easily used to show that this theorem reduces to
Theorem 3.3 if all sequences are the same.

Proof. The same terms appear in both sides of the theorem, hence, to prove the theorem, it suffices
to prove that they appear with the same multiplicity on both sides.

We assume, without lost of generality, that all sequences are distinct. The left-hand side term can
be written as follows

Z ( Z A(o(m));Np """ a(U(l));N1> = Z ( Z A(m);Ny(m) *° 'a(l)%Nau)) .

0ESm \q<N1<--<Npm<n 0€Sm \g<N1<--<Nm<n

Consider the symmetric group S,, actingon N = (Ny, ..., N,,). N has an isotropy group S,,,(N)
and an associated partition p of the set {1,...,m}. p is the set of equivalence classes of the
relation given by a ~ b if and only if N, = N;. S,,,(N) = {o € S,, | o(i) ~ i}. Hence, a term

A(m); Ny ** " Q(1);Ny ()

appears, in the left-hand side term, once if all the /V;’s are distinct and none otherwise.
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A term (8) appears

Z (_1)7”*2311@,1' H [(i — 1)1 ] 9)

times in the right hand side. Note that ) _ v ; is equal to the number of sets in P.
To prove the theorem, one has to show that

S (e [T 1 - 1)) = 1, if|p|=m, o

Prp =1 0, otherwise.

We notice that the sign of (—1)™=2 ¥+ [T™, [(i — 1)!]¥* is positive if the permutations of cycle
type P are even and negative if they are odd. Therefore, (9) is the signed sum of the number
of even and odd permutations in the isotropy group S,,(N). Let us also note that an isotropy
group has the same number of even and odd permutations unless the associated partition p is
{{1},...,{m}} (|p|= m). Hence, (9) is zero unless |p|= m. This concludes our proof of the
theorem. [

Example 3.5. For m = 2, Theorem 3.4 gives the following,
S it 3 = (o) (D] - (o).
q <N1<N2<n q <N1<N2<n N=¢ N=q N=q

Example 3.6. For m = 3, Theorem 3.4 gives the following,

Z Z a(0(3));N3a(0(2));N2a(0(1));N1)

o €S3 (qSN1<N2<N3§n

= (Z Cl(l);N) (Z G(z);N) (Z “(3);N>
N=¢q N=q N=q

- (Z CL(l);N> (Z a(2);Na(3);N> - (Z a(Q);N> (Z a(l);Na(3);N)
N=q N=q N=q N=q

- (Z @(3);1\/) (Z a(l);Na@);N) +2 (Z a(l);N@@);N@(s);N) -
N=q

N=q N=¢q

Remark 11. The author thinks that a multiple sum with a specific ordering of the sequences
cannot be isolated in Theorem 3.4 in the general case. However, given a specific set of sequences
and using their properties, we should potentially be able to isolate the multiple sum with the
desired order.

4 Applications to polynomials

Multiple sums have a variety of applications. However, the most famous one is it’s usage in
Viete’s formula to relate the coefficients of a polynomial to its roots. This corresponds to the
particular case where the sequence ay represents the roots r of the polynomial. In this section,
some applications of this type of sums to polynomials will be presented.
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4.1 Relation between the roots and the coefficients of a polynomial

Let P(x) be a polynomial of degree n,

n
P(z) = Z a;rt = apz™ + ap 1V 4 -+ az + ag (11)
=0
where q; is the coefficient of z°.
Viete’s theorem allows us to rewrite this polynomial as a product of its factors,

n

P(z) :anH(x—ri) =ap(xr—r1) (T —1p) (12)
i=1
where 7; is the ¢-th root of the polynomial.
The relation between the roots and the coefficients of a polynomial of degree n (Viete’s
formula) is structured as a multiple sum of the roots of the polynomial,

Gnm _ (_qym S TN T (13)

1<N1<-<Nm<n

This relation linking the roots and coefficients of a polynomial can be simplified by applying the
reduction theorem to Viete’s formula. By applying Theorem 3.3 to Viete’s formula, we get the
following theorem.

Theorem 4.1. Let P(x) = a,x™ + - - - + a1 + ag be a polynomial and let 1+, . . ., r,, be its roots.
The coefficients of this polynomial can be linked to its roots by the following relation,

Qp—m " — 1Yk 1 n i Yk,i
an, :ZH( )! (ZZ(TN)> .

w(m) i=1 (Yri) N=1

Some relations relating the coefficients of a polynomial to its roots for different values of m
have been calculated using Theorem 4.1, and are as follows:

u ano 1 [ — L .
et B )

n

L=,

Qp, Ap—1
Qp Qp,

. 5 (ZTN> +3 (Zm) (Z <mv>2> -3 (Z <rN>3) =

N=1 N=1 N=1 N=1

4.2 Relation between the roots of a polynomial and those of its derivatives

With the formulas developed, we can go beyond just linking the coefficients and roots of a
polynomial. In this section, we will develop a formula linking the roots of a polynomial to the
roots of its derivatives as illustrated by the following theorem.
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Theorem 4.2. Let f(x) = Y i a;x’ = a,(x —r1) - - (x — 1) be a polynomial of order n and

let
n—=k n R
7! -
Z; Mot = Z maﬂj " = a@n-1(® = raga) - (@ = Tgn-n)
1= =k

be its derivative of order k. The roots of f(x) can be linked to the roots of f®) () as follows,

n ‘ Yk,i (n_m k i n—k ' Yk,i
S (S e) - i (FE ewr)
¢ N=1 N=1

)i=1

/‘\

S|

Proof. By comparing the coefficients of f(x) and f* (x), we get

(n—m)! n—m)!
AW tom _ G ko OS5

Oyn—k ot SRR G

By applying Theorem 4.1, we get this theorem. [

A special case of this theorem which is of special interest is the following.

Corollary 4.2.1. Let f(z) = > ja;x" = an(x — ry)---(x — r,) be a polynomial and let
f®)(z) = Z?;ok )it = ayn—k(T — Tgy1) -+ (& — Trym—r) be its derivative of order k. Let
T be the average root value for f(x) and Ty be the average root value for f®)(x). we have that
L S A () 1 B A A () N

€T = = = .
n n—k (k)

4.3 Generating functions and the sum of multiple sums

In this section, we prove a formula for the sum of multiple sums. This identity is then used to
prove a generalization of the binomial theorem as well as MZV identities.

Theorem 4.3. Let 2 € C* and n € N*. We have the following generating function

zi:zm > er...erzz"ﬁ(rN+§)=ﬁ(er+1),

1<N1 <-+<Nm<n N=1 N=1
n n Yi n n
mmZH ( Z(TN)Z> :z”H(TN—Fl):H(er—i-l).
m:0 m(m) i=1 ’ U N=1 N=1 o N=1
Z Z er---rM:H(er—i-l).
1<N1<+-<Np, N=1

Remark 12. The theorem holds when taking the limit for 2 — 0. Also, knowing that the multiple
sum is equal to 0 if m > n, we can extend the bounds of the first two equations for m going from
0 till co.

Proof. Let f(z) =>" _ ama™ = a,(x —r1)--- (x — r,) be a polynomial of order n. Then

m=0

S 3t Yt

Letz = —1 / x. Applylng Vlete s formula, we get the first identity. Similarly, applying Theorem

=(x—r)-(x—ry)=(=D"(r1—x) - (r, — ).

4.1 instead leads to the second identity. Letting n — oo, we get the third equation. ]
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Corollary 4.3.1. For z = —1, we get the alternating sum of multiple sums.
SED™ DY ey = [ @ =),
m=0 1<N1 < <Npm<n N=1

Corollary 4.3.2. For z = 1, we get the sum of multiple sums.

Z Z T’Nm"'T’NIIH(TN—i‘l).
m=01<N1<-<Nm<n N=1

Theorem 4.4. For any n € N*, we have that

n
by --+b
= m=01<N; <-<Np<n = Nm N

(a1 + bl) CLn + b <H

=1

() Sl (E6))

=1 m=0 7rm)’L 1
Proof.
- a; - (i
llaJr H(>(bi+) (1} )E(b+>
Letting r; = (a;/b;) and applying Corollary 4.3.2, we obtain this theorem. O

Corollary 4.3.2 can be used to derive several identities related to MZVs. First, let us note the
following notation: (({p},) represents ((p, ..., p) where the multiplicity of p is m.

Corollary 4.4.1. For z € C, the sum of MZVs can be rewritten as a product as follows:

S n6h) =TT (1 35) et > nctth =TT (14 35)

m=0 =1 m= =1

Proof. Applying Corollary 4.3.2 with ry = (2/NP), we find this identity. O
Corollary 4.4.2. The sum of MZVs converges to 2 as the arguments of the MZVs go to infinity.

fim > Gullphn) = Jim D ¢({p)m) =2

Proof.
1 n
Jim ch {p}m) = lim H (1+—) = lim (1+1) Zg(u—) = (2)(1) =2.
Letting n — oo, we obtain the second part of the identity. [

Now we will use some important product identities such as Euler products to derive some
special sums of multiple zeta values.

First, we will derive a formula for the sum of multiple prime zeta functions in terms of the
zeta function. Let P = {p € N | pis prime} and let Py represent the N-th prime number, we
define the multiple prime zeta function as follows:

1
Ce(81,7 7, 8m) = Z P pen (14)

1 Psm
1<Ni <Ny, - N177 77 N
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Corollary 4.4.3. Forany s € C,

(6 e s
Z@”{S}m‘ o 2o UGl =

m=0

¢
o ra) s S C(s) = ¢29) _ ((5,9)
ZC}P’ tham) = occ2s ~ cmees) 2o W) = 5000~ e

Proof. We have the following Euler products,

o -1 - I mr) @ ! e (@)

Letting ry = 1/(Py)?® respectively in Corollary 4.3.2 and Corollary 4.3.1, we get this corollary.
The odd and even cases are obtained by adding and subtracting the first two equations. ]

An interesting product identity that could be used in combination with Corollary 4.3.2 is
Euler’s expression for the sine function as a product. From this identity, we can derive the
following corollary.

Corollary 4.4.4. Forany z € C,

[e.e]

ym 52m sin(rz) ifz¢Z 1
2 (- ) == 7= T(1+2)0(1—2)

m=0

Proof. From the product expansion of sine and Euler’s reflection formula, we know that

(2 _sin(rz) itz¢z 1
ng <1 ﬁ) w2 T+ 2T —2) (15)

Letting 7y = —2%/N? in Corollary 4.3.2, we obtain this corollary. O

From this corollary, we can deduce two extremely interesting particular cases:
Case l:Ifz € Z,

o

> (=1)"mC({2}m) = 0. (16)

m=0

Case 2: If z =iy, x € R,

- - ~ 2 XT — g™ XT inh(7y)
2 ({2}) = )= 0 _° a7
mZ:oX {2 Z 2m—|—1 H ( +N2 2mx 9% 17

m:O N=1

The fourth and fifth terms are obtained from Corollary 4.4.4. The third term is obtained from
Eq. (15). The second term is obtained from the Taylor series of sinh(7). Using /X instead of
X, we get a generating function for {({2},,) such that

1 dm feVXT —em VAT 1 d™ (sinh(r/X) I
C({2hm) = mldy™ ( 2m/X >x=0 T omldym ( /X )Xzo  2m+ 1) (18)

Using a similar procedure, we can produce generating functions for MZVs of any even arguments

using product expansions. But to do so, we need to first derive the following product expansion.
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Lemma 4.5. Forany p € N*¥, z € C,

ﬁ (1 + (—1)2’“7_127) = (14 (=1)P2P), ﬁ (1 + (—1)2kp_QZ> = (1= (=1)PzP).

k=1

Proof. A polynomial can be defined by its leading coefficient and roots. It is trivial to show that
both sides of the equality have the same roots and the same leading coefficient. [
2k—1

We define the following notation: y, = (—1) » if pisevenand y;, = (—1)%772 if p is odd.

Corollary 4.5.1. For any p € N*, we have the following generating function for {({p}.),

- e x? 1
2 mtot =T (1 5) =L 22

szme eoy =TT (1+ ( ) (iwlaz:)P ﬁsm (0% 7). 2022

N=1

Proof. From Lemma 4.5, [[}_, (1 + xxx) = 1 + 2P. From Viete’s formula, > 7 _, x; = 0 for
p > 1. Hence, [[7_, n”X** = 1. We have the following gamma function infinite product,

n

(+%) " g =i IO+ 5)

N=1 N=1

T( — fim

n—oo Z

:]:

For z = yrx,

H 1+W Jango(gnm)HH(HXk )Z,}Lﬂgo“)ﬁ(H%)-

1k=1 N=1

For even p, Euler’s reflection formula is used to obtain the expression in terms of sines. ]
For the finite case, we can use the following corollary.
Corollary 4.5.2. For any n,p € N¥

. n 1 1 T+ 1+ xa)
D attohe) = I (14 55) = g L0+ woh = G T3

N=1 k=1

~—
]

where (z), = z--- (2 +n — 1) is the Pochhammer symbol (rising factorial).

Proof. For conciseness, let I represent the right-hand side term,

:(n})Pﬁﬁ (N + xp) = pﬁﬁN(1+Xk ): pﬁﬁ<1+Xk >

k=1 N=1 k=1 N=1 N=1k=1

Applying Lemma 4.5 with z = /N, we obtain the 2nd term. Applying Corollary 4.3.2, we get
the first term. 0
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This allows us to obtain results such as

™ W ™ @ m) 5y = 4
Ga(2) = o v (n+1), (.(4)= 50 v (n+1), where '™ (z) = T -InT'(2).
(n(2,2) = s +1 [ (n+1)]" - 7T—Q@W(n +1) + i¢<3>(n +1).
120 2 6 12

We can obtain a more general version of these results by applying Theorem 3.3 to (,,({p}.), then
using the following polygamma function identity ¢, (p) = ¢(p) + (=1)P"'p®P=V(n +1)/(p—1)..
Corollary 4.5.3. For any m,n,p € N,

ykz

4 (ip=1)(p, Yk,i
Co{ptm) = Z H 'zy’“ ( (ip) + (—1)1p—1w (ZPE 1;’! 1)) :

w(m) =1
Similarly, we can do the same for sums of powers.

Corollary 4.5.4. For any n,p € N*, we get the following generating function

n

prm Z Nmp...Nlp:ﬁ(1+$pr):xpnﬁr(n+1+Xk/x)‘
N=1

m=—0 1<Ni<-<Npm<n k=1 P+ Xk /)

Proof. Let I represent the right-hand side term of the equation.

p n

I—IIIIx<N+X%>:IIxWWII(L+——> I] @ n? +1
k=1 N=1 N=1 k=1 N=1
Applying Corollary 4.3.2, we get this corollary. [

Seeing the usefulness of Corollary 4.3.2, one might be tempted to ask if there is an analogous
result for recurrent sums (presented in Part 1 of this study [22])? To the author’s best efforts,
he was not able to derive such a formula except for the particular case of multiple zeta star
values (*({p}m)- In fact, this result was rediscovered by the author as it had already been shown
in [2,39]. This result is the following:

i " ({p}m) = H (1 — —) .z 1 (19)

From Eq. (19), we can find an analogous version of Corollary 4.5.1.

Theorem 4.6. For any p € N*, we have the following generating function for C*({p}m),

S e =TT (1-55) =IIra- . o 1p=2
m=0 k=1

Z 2 ({2p} ) = H (1 — x_p> = (mz)PiP~? H ;ﬁ, x#1,2p>2.
m=0

2 ]
N=1 N j—o sin((—1)»mx)

Remark 13. Corollary 4.5.1 and Theorem 4.6 lead the author to believe that the Gamma function
is key for developping an expression for zeta values of odd arguments, e.g., ((3), {(5), etc.
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: : k-1
Remark 14. For any arbitrary function f(z), [[i_, f(xx) = [[h—, f(=(—=1) 7 ) because

2k—1 2k—1 |
{xelt <k <pp={-(-1)> by —(=1) 7 in
many of the previous lemmas, corollaries, and theorems.

Using this theorem, we can easily reobtain Schneider’s formula for (*({2},,) [35] as well as
we can find formulas for even more general cases such as the following.

Example 4.1. From Theorem 4.6, (wx)*csc(wx)csch(nx) is a generating function for (*({4}.,)-
Using the Cauchy product to obtain its Taylor series, we get that

2m

_ 2m—f _
C({1hn) = 4’”2 Bt _ S (206 (2D

=0

We can further simplify it by noting that the sum from 0 till m — 1 is equal to from m + 1 till 2m.
Finally, from Corollary 4.5.1 and Theorem 4.6, we obtain a formula for (({2p},,) and (*({2p}.n)-
But, first, we define the condition |n|= pm to mean n; + - - - +n, = pm, n; > 0.

Theorem 4.7. For any m € N, p € N*, and where (), = oy, — a1,

C(({2p}m) _ m(p+1) f%k
(iﬂ—)me B Z H 27’Lk—|—1 271' 2pm Z H {2}7%)

[n|=pm k=1 [n|=pm k=1

—ijjﬁi:z = Y S T gy v =m0 =0

op—1=0 a1=0 k=1

Proof. From Corollary 4.5.1 and using the Taylor series of the sine function,

P i ((—1) g

) P nd 2k—1
Zx%m ({2p}m) = H 2h—1 = ,:!;[ Z_ 2nk + D)1 (—1) = 2k 20k (D))

S ()%

We note the coefficients in each Taylor series as a).,, and apply Lemma 4.5 of [22] then by
looking at the left term of Eq. (20), we notice that the indices must sum to a multiple of p (note
that otherwise, the corresponding coefficient will be zero).

00 00 00 p [e's] p
o C{2ptn) = D ) [Tewmee™ =D > [ awme
m=0

np=0 n1=0 k=1 m=0 ni+-+np=pm k=1
nj ZO

After simplification and by identification, we obtain the theorem. The second expression is obtain
by applying the generalized Cauchy product to Eq (20) instead. ]

Using the same procedure, we prove the following theorem.

Theorem 4.8. For any m € N, p € N*, and where {;, = oy, — a1,

2 an) 2 _ 2 B2nk E (2m
Z;{T fp}m Z H (énk) ) - 2pm Z H p )C {2}%)

[n|=pm k=1 [n|=pm k=1

k(

{2p}m p ; 2519)(2 _ 22&)B2€k

(i) 2pm 2 :0 a§ 0,:!—11 (20,)! , with a, = pm, ap = 0.
Qp—1 1
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Remark 15. Note that the expression in the second equation of Theorems 4.7, 4.8 has a "recurrent
sum”-like structure but more general as sequences cannot be isolated for each index.
Remark 16. Let A(n) = Y 7_ k-nzand A(€) = > 7_, k-l = (p+ 1)pm — |a|. Noting that
C({2p}m), C*({2p}m) € R, we can replace the product of (—1)’s by its real part, e.g.,

2nb) o G i Gl
(—1)m(im)2pm Zm (2n; + 1)1 (2n, + 1)! Z Z (20, + 1)1+ (20, + 1)V @h

[n|=p ap-1=0

¢ ({2p}m) 21A(n)\ 17 2—22”’“ i
G a(EE e

Equivalently, the imaginary part is zero.

sin (Q”A( )) 27A(m)\ &y (2 — 22™) By,
Zm RS 2 s ( )H Gl 3

In|=p [n|=pm k=1

Applying the generalized formula for the product of sines (which can be easily proven by induction)

to Corollary 4.5.1 and using the Taylor series, we get Theorem 4.9.

0,€{0,1} cos ( - (—1)&“&1@) , if piseven.

l_Isma/y€ = 2) Z (_1)Z€k s (Zk_1( ) Gk) 1 pi1so 24)

Theorem 4.9. For any m € N, p € N,

(2810) = Gy, O (U (Z< ' ) |

" e{0,1} k=1

(o)) = SICD S gy (%Zmekeﬂi’“) |

+1
(Zpm +p)tar 0,€{0,1} k=1

The advantage of this theorem is that given a specific p, after some calculations and simplifications,
we can find the explicit expression of (({2p},,) for this p. Doing so for some values of p, we
notice the following.

Conjecture 4.1. Among the 2P terms of the sum over U’s, there are | 2P /2p| distinct terms each of

which is repeated 2p times and the remaining terms are zeros.

Example 4.2. Forp =1,2,3, |27 /2p| = 1 and we can easily verify by doing the calculation that

Yoo (—pEh (%Z(—l)%i?f“) = (2p) <%Zei?> =( (zz))lpmﬂ?

£,e{0,1} k=1 k=1 1—ev»
(2im)?™ (—1)™*1(2p) (2m)%m (—1)™ (2ip)
C({2p}m) = N\ 2pmAp im \ 2pm+p°
(2pm + p)lip+t (1 — e?> (2pm + p)!i2pmtr <1 - e?)
Example 4.3. For p = 4, |2?/2p| = 2 and we can easily verify by doing the calculation that
20)2Pm (—1)™ (2ip 1 1
c(2phn) = S TE) g

*2pm i\ 2pm+ i\ 2pm—+
(2pm + p)! i2pmtp (1_6?)17 P <1+e?>p P
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S Applications to special sums

In this section, we will apply the reduction formula presented in Theorem 3.3 to simplify certain
special multiple sums. The first special sum that we will simplify is the multiple sum of powers.
The second special sum is the multiple zeta values for positive even arguments.

5.1 Multiple power sums

The Faulhaber formula is a formula developed by Faulhaber in a 1631 edition of Academia
Algebrae [18] to calculate sums of powers. The Faulhaber formula is as follows

n

1 & 1
DN = D (Y (pj )B P
§=0

N=1
where B; are the Bernoulli numbers of the first kind [28].

In this section, we will use the reduction formula for multiple sums to develop a more general
form of the Faulhaber formula.

Theorem 5.1. For any m,n,p € N such that n > m, we have that

1<N1 <+ <Nm<n o) yk i Zyk i
ykz zp+1 p Zp—|—1 B ki
PYIE (z o(r)m)

Tr(m’bl J

Proof. By applying Theorem 3.3 and then applying Faulhaber’s formula, we get the theorem. [
Corollary 5.1.1. For any m,n € N, we have that

[nfm Py .i‘;; (sz)

m(m) =1
m i . Yk,i
YT (s ()

Proof. Knowing that

1
> Nm...le[H }
n—m+1

1<N < <Npm<n

By applying Theorem 5.1 for p = 1, the theorem is proven. ]

Let us consider the following special cases:

e Case l: m =2
2
1 n n
PN __ 2
> - (3] ) ()
1<N1<Nz<n N=1 N=1
1 [ ettt & p+ 1\ B, o 2 i(2p+ 1\ B;
2( 7_20 ( ')nJ 2 2p+1_zo(_1)( J )nJ '
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Example S.1. By using the previous equation, we can get the following formulas

Y NN = nn—Dn+1DE2n - 1)2n+1)(5n +6) _ <2n+2) 51+ 6.

360 ) 4!
1<N1 <No<n
5.3 n(n—1)(n+1)(21n° + 36n* — 21n® — 48n? + 8)
1<N1 <No<n

e Case2: m =3

n 3 n n n
Z NyP NyP NP = 1 (Z Np> _1 (Z NP) <Z N2p> 4_1 (Z N3p> .
6 N=1 2 N=1 N=1 3 N=1

1<N;<N2<N3<n

Example 5.2. For p = 2, by applying this theorem with Faulhaber’s formula, we have

2 2\ 35m% + 91 60

7 144
1<N1<N2<N3<n

Remark 17. Some of these sequences as well as additional ones were added by the author to the

OEIS:
e A347107 (https://oeis.org/A347107),

e A351760 (https://oeis.org/A351760),
e A351805 (https://oeis.org/A351805).

5.2 Multiple zeta values

In this section, using the formula developed by Euler and the reduction theorem, we prove an
expression which can be used to calculate multiple zeta values for positive even values. Then we
present new identities based on solutions for some more general forms of the Basel problem.

We start by using Theorem 3.3 to simplify the expression of MZVs for positive even values.

Theorem 5.2. For any m € N, p € N*, we have that

{Qp}m yk ¢ 2 e BZz Yk
2 Yk,i __ 2 pm P )
=S IV e = em S T o (g

m(m) i=1 n(m) i=1
B (—1)PHDm(27)2m 20m 19 (Bagp)¥ki B
C{2p}m) = (2pm)! Z ( 3 ) H ()il B = ({2p}y, ..., {2pm}y,.).

(m) i=1

Proof. Applying Theorem 3.3, we obtain the first equality. Euler proved that, for m > 1 [3],
(_ 1)m+1 (27T>2m

((2m) = 2@m)] Bop.- (25)
Hence,
Z 2 ! % )" Z ﬁ ) ( 1)"P+1B2ip(277)2ip>yk'i
' i ; |
1<N1<-<Np, No - - Nlp w(m) i=1 i 2(2217)'
Yri

= (-1) (p+1)m (2m) 2pm Z H ( Baip ) * ' 0

o i (Vi) 2i)(2ip)!

224



Example 5.3. For m = 2, Theorem 5.2 gives
1 2m)" [ (4p\ (By) | Bi
~[(c(2p)? = ¢(4p)] = P 2.

Remark 18. In this article, we presented three formulas for (({2p},,) and (*({2p},). One factor
to consider when choosing the formula to use is the number of terms summed. The number of

C(2p,2p) =

terms for the first equation of Theorems 4.7, 4.8, that for the second equation of Theorems 4.7,
4.8, and that for Theorem 5.2 (and Theorem 4.9 of [22]) are respectively

2 yi!- (p()! > i)' -2 (yl,--l-),ypm)’ (pmp+_pl— 1)’ pom. 20

m(pm) m(pm)
#(m)<p

where the multinomial coefficient is defined to be 0 if #(7) = > y; > p. Additionally, note that
from the way the first and second equation of Theorems 4.7, 4.8 were derived, they should sum
the same number of terms (their sums are over the same condition, for the first, |n|= pm, for the
second, |£|= pm). Hence, the first and second expression of Eq. (26) must be equal.

Zn:@) (yl, : .].Q,ypm> > (gyz) (ylzyzypm) - (pm;_pl_ 1). (27)

m(p m(pm)

Using Theorem 5.2, we will present special cases for 2p = 2,4, 6.

Theorem 5.3. For any m € N, we have that

1 (—1)¥k s w2m
C({2}m) = T = s (C(20)" = o,
1SN1;<Nm Ny N 7%;) 11_11 (yna)! e+ (2m +1)!
ST (arsr) -~ mor
S ) \ @@ T P em

Proof. In [24], [29], and [35] (as well as in Eq. (18)), the following relation was proven,

2m

Y
N2 ---NZ  (2m+ 1)

1<N1 < <Nm,

By applying Theorem 3.3, we get

yk 7 Ui 7T2m
ZH 'zy'“ C20)™ = (2m + 1)1
Applying Theorem 5.2 with p = 1, we obtain the second equation. []
Example 5.4. For m = 4, we have
1 4 1 2 1 1 7T8
C({Z}a) = 57 (€(2))7 =7 (C(2)" CA)+3¢(2)C(6)+ (C(4 )’ ——C( ) = 5y (== 0.02614784782).

Using Theorem 5.3, we will prove that the multiple sum of - will converge to 0 as the

P

number of summations m goes to infinity for any p > 2.

225



Theorem 5.4. For any p > 2, we have that
i (k) = Jim (Y | =0
dm (({pim) = lim NL-NP) T
1<N1<--<Nm

< 1

Proof. Knowing that for any p > 2, we have 0 <57 < 7, therefore, 0 < NN

NZ,- NP
which then implies that

1 1
s D NowmS, 2 NoAF

1<Ni<-<Np 1 1<N;<-<Npy = ™

By taking the limit as m goes to infinity and applying Theorem 5.3, we get

) 1 ) 71_2m
03,&5&( 2 Nm—N> SAE&(m)—O'

1<N1<-<Nm

Hence, the theorem is proven. ]

Theorem 5.5. For any m € N, we have that

YUk ves 2 22m)) rdm 2(+/27)4m
C{4m) = D ZH s (U™ = (Elm—?—2)! N (Z(lm+)2)!’

1§N1<~-~<Nm
Z H B4z Yk,i B 2(_1)m
(Yr.i) i)(44)! o 22m(4m + 2)!

m(m) i=1

Proof. Using Corollary 4.5.1, we obtain the following expression whose Taylor series gives the
well-known expression of (({4},,).

sin(v/imy) sinh(v/iT) _ cosh(v/2my) — cos(v/2my) _ i 2(V/2my)tm
(Vimx)? (v2mx)? = (m+2)t

The first equation is obtained from Theorem 3.3 and the second from Theorem 5.2 for p = 2. [

D> X4 m) =

Example 5.5. For m = 3, we have

1 7T12

1 1
> s = g C@) - 5C@®) + ((12) (% 0.001357063251)
1<Ni;<N2<N3 372 1
Theorem 5.6. For any m € N, we have that

m )Y . 6(2m)5m
C({6}m) = Z ; U lzyk i Z))ym - (67(71 —3 3)!’

1<N1 < <Nm, m

;,;H (y0)! ( Bﬁéz))ykvi:m'

Proof. Similarly, using Corollary 4.5.1, we can obtain the well-known expression of (({6},,),

 62m)m
C({6}m) = 6m+3)1

The first equation is obtained from Theorem 3.3 and the second from Theorem 5.2 for p = 3. [
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Example 5.6. For m = 3, we have

1 3 1 1 _6(2m)®
> wanows = g €6’ =5C(6)C(12)+5¢(18) = - (= 0.0000273555196).

6 Relation to recurrent sums and odd-even partition identities

Recurrent sums and multiple sums have been studied separately respectively in [22] and in this
paper. In this section. we compare these types of sums and show their similarities and the link
between them. Then by combining the individual relations of each of these sums, we will produce
new results. In particular, we obtain new relations governing odd partitions and even partitions.

6.1 Relations between recurrent sums and multiple sums

In this section, we develop the relation linking recurrent and multiple sums. Recurrent sums and
multiple sums can be related by the following theorem.

Theorem 6.1. For any m,q,n € N and for any sequence ay defined in the interval [q,n], we

have that:
m 1 1 n Yk,i
> avcan 0" Y avean =2 [[o (iw |
g<N1<-<Nm<n g<N1<<Nm<n x(m) i=1 Yk,i): Ny
#(m) is even
Yh,i
> a0 Y anan =2 [ ( ZW) |
g<N1<-<Nm<n q<N1<-<Nm<n x(m) i=1 (Yn4)! Neg

(7r) is odd

Proof. We can notice that

w(m) i=1 N=q Oy i1 Frowd
m 1 1 n Yk,i
=2 > o722
F (k) \ 4=
m(m) =1 N=¢q
#(m) is odd

g<N1 < <N <n w(m) i=1



From Theorem 3.3, we have:

g<N1<--<Nm<n m(m) i=1

Hence, by combining these relations, we obtain the theorem.

Example 6.1. For m = 2, Theorem 6.1 gives

" 2
E an,an, + E an,aN, = E an
1<N1<No<n 1<N1<N2<n N=1
n
E an,anN, — E an,an, = .
1<N1<N2<n 1<N1<N2<n N=1

Example 6.2. For m = 3, Theorem 6.1 gives

3
n n
1 2 5
E AN; AN, AN, T E AN; AN, AN, = g an + g (aN)
1<N1<N3<N3<n 1<N;<N2<N3<n N=1 N=1
n n
2
aAN;aAN, OGN, — an; AN, AN, = an (QN) .
1<N; <N3<N3<n 1< N1 <Na<N3<n N=1 N=1

6.2 Odd and even partition identities

In Part 1 of this study [22] and in the present paper, we have produced multiple partition identities.

Combining these identities, we are able to produce several identities for even and odd partitions.
Note that a partition @ = (Yr1,...,Ykm) is odd if #(m) > yr; is odd and even if
#(m) = > yr. is even.

Theorem 6.2. Let m be a non-negative integer,

m 1 form =0,
0 form=1,

71,(2,”;) ];[ yk i f
#(7) is even % form > 2.
m 0 form =0,

1

; 11;[1 —Zykl(ykl)' =491 form=1,
#() is odd % for m > 2.

Proof. We can notice that:

yk1
ZHW +Z Zy,“ Z szm
Tfm m

m) i=1
(7r) is even

yk i m 1
Z H 7Yk, z ) Z H Yk, z yk Z L1 Gk, (ykﬂ>‘

m) i=1 w(m) =1

w(m) i=1
#(m) is odd
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From Part 1 of this study [22], we have

ZHW

w(m) =1

From Lemma 3.1, we have

o) i 122”“ Yi,i) 0 for m > 2.
Hence, by combining these relations, we obtain the theorem. ]
Theorem 6.3. Let (yi1,...,Yem) = {(W11s--,Y1im)s Y215+, Y2m), ...} be the set of all

Um ) be a partition of r < m. We have that

m (yk.,i) yzm
> Hm: Em: Hly,“

#(7) is even

partitions of m. Let (vy, ...,

#(ﬂ‘) is even
Yk,i 2V

1+(=1)XZ¥ m 1

BTG N » (|
B 2 Hizl i (v;)!

form —r =0,

form —r =1,

form —r > 2.

n(m) =1 n(m) =1
#(m) is odd #(m) is odd
Yk,i > Vi
I=(=D=v 1 _
3 | (vl), form —r =0,

Proof. We can notice that

_ ) 1+(=DZvi ym
o 2 Hi:l Vi (vl)'

1 m 1
2 Hi:l % (vg)!

form —r =1,

form —r > 2.

yk z yk i yk z m yk 7,
ZHW +ZHWZ ZIMM
w(m) w(m) w(m)

#(m) is even
yk i yk 1 yk 7,

ykz
Z II@ykz

w(m) =1

ZII Zykz
ﬂ'm

From Part 1 of this study [22], we have

yk 7, yk z m
ZE% ZHW HW
(m) w(m) =1

Yk, iV



From Lemma 3.2, we have

Z H Y (V) Z H y’“(y’“) I AG S —f‘(ﬂf”; for0<m—r <1,
() i= Wi (y w(m) i=1 ey 0 form —r > 2.
Yk, z>'Uz
Hence, by combining these relations, we obtain the theorem. O]
Theorem 6.4. Let m,n € N,
Z ﬁ 1 <n>ym_1 {(n—m+1) ( 1)m(n)]
7(m) =1 (yk Z)' t 2 m m
#(7) is even
Z ﬁ 1 <n>ym_1 n—m-+1 (—1)m n
i1 (Yra)! \i S 2 m m
#(m) is odd

Proof. We can notice that

i 1 ( >ym ( >y1“_ i ( >yk,i
m(m) i =1 m(m) i=l1
#(m) is even
ool N\ Yksi - Uk, LS| N Yi
w(m) =1 ’ m)i= (m) i=1
() is odd
From Part 1 of this study [22], we have
Zﬁ 1 (E)yk’i B (n—l—m— 1)
Lo i W)t N m
From Corollary 3.3.1, we have
Yk,i n
1™ )
()" =0(3)
Hence, by combining these relations, we obtain the theorem. [
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