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Abstract: The aim of this work is to consider the Pauli-Fibonacci quaternions and to present
some properties involving this sequence, including the Binet’s formula and generating functions.
Furthermore, the Honsberger identity, the generating function, d’Ocagne’s identity, Cassini’s
identity, Catalan’s identity for these quaternions are given. The matrix representations for Pauli—
Fibonacci quaternions are introduced.
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1 Introduction

The real quaternions were first described by Irish mathematician William Rowan Hamilton in
1843. The real quaternions constitute an extension of complex numbers into a four-dimensional
space and can be considered as four-dimensional vectors, in the same way that complex numbers
are considered as two-dimensional vectors.

In [11], Hamilton introduced the set of real quaternions which can be represented as

H:{QZQO+ZQ1+]Q2+I<7Q3|%eRa3:071a273} (1)
where

=2 =k=—-1, ij=—ji=k, jk=-kj=i, ki=—ik=j.



Quaternions have received widespread attention for their potential use in a new formulation of
quantum mechanics and quantum field theory [1]. Horadam [12, 13] defined complex Fibonacci
and Lucas quaternions as follows

Qn:Fn+Fn+li+Fn+2j+Fn+3k (2)

and
Kn = Ln + Ln+1 1+ Ln+2j + Ln+3 k (3)

where F;, and L,, denote the n-th Fibonacci and Lucas numbers, respectively. Also, the imaginary
quaternion units ¢, j, k have the following rules

There are several studies on different quaternions and their generalizations, for example (2,9, 10,
14,15,19,22,25].

The Pauli matrices have applications in different areas of mathematics and mathematical
physics [4,5,7,8, 16, 18]. The work on the the Pauli matrices can be found in [4,5, 16]. The
Pauli matrices are Hermitian and unitary which are elements of a set of three 2 x 2 complex
matrices as follows:

10 0 1 0 —1 1 0
12(01)701:<10>’02:<i O>’03:<0—1>' “4)

whose multiplication rules are

J%:agzagzl 0109 = —0901 =103,

: 4 &)
0903 = —0302 =107, 0301 — —0103 = 109.

The famous physicist Wolfgang Pauli has introduced the Pauli matrices [5, 16]. The Pauli
quaternions are defined by the basis {1, i0y ,i09,703 } [12]. This set of base is isomorphic to
quaternions H. In [16], the isomorphism from H to this set is given by the following map which
are reversed signs for the Pauli matrices:

1—=1,1— —t01, ]J— —toy, k— —i03.

The Hamilton multiplication rules differ from the Pauli matrix rules only by a factor of 7. It is
possible to formulate special relativity with Hamilton quaternions having complex coefficients
(called biquaternions) [11].

In quantum mechanics, they occur in the Pauli equation which takes into account the interaction
of the spin of a particle with an external electromagnetic field. It turns out that the formulae of
general relativity are simpler with the Pauli quaternions [21]. There is also a very interesting
relation between the Pauli quaternions and three-dimensional Clifford algebra [6].

Hermitian operators represent observables in quantum mechanics, so the Pauli matrices span
the space of observables of the two-dimensional complex Hilbert space. In the context of Pauli’s
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work, o k represents the observable corresponding to spin along the k-th coordinate axis in
three-dimensional Euclidean space [3,7].

The Pauli matrices (after multiplication by ¢ to make them anti-Hermitian) also generate
transformations in the sense of Lie algebras: the matrices 70y ,7 05,703 form a basis for the
real Lie algebra, which exponentiates to the special unitary group SU(2). The algebra generated
by the three matrices o, , 03, 03 is isomorphic to the Clifford algebra and the algebra generated
by i 01,109,103 is isomorphic to the quaternions.

The Pauli matrices are closely related to two-dimensional representations of SO(3) and SU (2)
groups (SO(3) and SU(2) groups are isomorphic). And they are used in representing rotation.
A necessary and sufficient condition for a rotation to be representative is that it satisfies the Pauli
matrices. But it can be easily verified that only two-dimensional representations of SO(3) satisfy
this property [3].

In 2017, Kim [16] defined the Pauli quaternions Hp and De Moivre’s formula of these
quaternions, as follows

q=1x91l+ 2101+ 2909+ 2303 (6)

Also, the quaternion units have the rules (5).
The Pauli-quaternion product can be written as

o T1 T2 T3 Yo

T Zo —ixg Z'l’g U1
q.p = . .

) 1X3 o —1 Y2

T3 —ixy 1Ty To Y3

The base elements of the Pauli-quaternions satisfy the following commutative multiplication
scheme (Table 1).

(2| 1] o] o] o
1 1 01 02 03
01 01 1 iO’3 —’iUg
02 (o) —iUg 1 ’iO'l
03 03 iO’Q —ial 1

Table 1. Multiplication scheme of the Pauli-quaternionic units

The conjugate of the Pauli-quaternion [16] as follows:

q:x01+x101+x202+x303,
(7)

¢ =x9l — 1101 — X909 — T303.

Moreover, q ¢* = ¢* ¢ = (3 — 22 — 22 + 22) 1. Also, the norm of Pauli-quaternion is defined as

Ny =llg x ¢l = \/Iad — a? — 3 + 3. ®)
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If N, = 1, then p € H[) = Hl, — E is called unit Pauli quaternions. Also, spacelike and timelike
Pauli quaternions have multiplicative inverse, denoted by p~!, where

E = {xol + 2101 + 2902 + 2303|253 = 23 + 25 + 23 }

and their property pp~! = p~!p = 1. On the other hand, lightlike Pauli quaternions have no
inverses [20].

In this paper, the Pauli—-Fibonacci quaternions will be defined. In addition, the Honsberger
identity, the d’Ocagne’s identity, the generating function, Binet’s formula, Cassini’s identity,
Catalan’s identity for these quaternions are given.

2 The Pauli-Fibonacci quaternions

The Pauli-Fibonacci and Pauli-Lucas quaternions can be defined by the basis {1, i oy ,i 09,703 },
where i0q, 109 and 103 satisfy the conditions (5) as follows

QPFTL :Fn+Fn+1 01+Fn+202+Fn+303 (9)

and
Qan =Ly, + Lyt101+ Lypyoos+ Lyis0s (10)

The addition, substraction and multiplication by real scalars of two Pauli—Fibonacci quaternions
gives the Pauli—Fibonacci quaternion. Then, the addition and subtraction of the Pauli—Fibonacci
quaternions are defined by

QpFnj:Qme: (FniFm)+(Fn+1:tFm+1)‘Ul

(11)
+(Fn+2 + Fm+2) .0 + (Fn+3 + Fm+3) .03.

The multiplication of a Pauli—Fibonacci quaternion by the real scalar )\ is defined as
)\QPFn :)\Fn+)\Fn+1 .O'1+)\Fn+2 .Ug—l-)\ Fn+3 .03. (12)

By using (Table 1) the multiplication of two Pauli—Fibonacci quaternions is defined by

QpF, x QuF, = (FyFpn+ Fopi Fr + Fogo Fo + Froys Fiugs). 1
+HE Fn + Fopn B+ (1) F,_p,) .01
+(F Fpao+ Foo Fry +i (=)™ F, ) .09 (13)
+(F, Fys+ Fos B+ i (=)™ E,_ ) 03
= QyF,, x Q,F,.

The scalar and the vector part of Q,F which is the n-th term of the Pauli-Fibonacci quaternion
with (Q,F ) are denoted by

SQpFn = F,, and VQpFn =Foi101+ Fhi009+ Fhi303. (14)
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Thus, the Pauli-Fibonacci quaternion Q) F’, is givenby ), F' = Sq,r + Vg, r . Then, relation

(13) is defined by

QpFn X Qme = SQpFn SQPFm + <VQpFn’ VQme> + SQPFnVQPFm
+ SQme VQpFn + VQpFn A VQme .

Also, the Pauli—Fibonacci quaternion product may be obtained as follows:

Fn Fn+1 Fn+2 Fn+3 Fm
QpF % QpF _ Fn—‘rl . Fn _iFn+3 iFn—&—Q Fm+1
" " Foye  iFu3 Fo  —iFu Finto
Fn+3 _iFn+2 iFn-&-l Fn Fm+3

The conjugate of the Pauli-Fibonacci quaternion Q' is denoted by (), F'  and it is
QpFn = Fn_Fn—l—lgl _Fn+202 _Fn+303~
The norm of ), F' is defined as follows

||QpFn||2 = QpFn QpFn = |F3 - Fg-i-l - F3+2 - F3+3|'

(15)

(16)

(17)

In the following theorem, some properties related to Pauli-Fibonacci quaternions are given.

Theorem 1. Let F,, and Q) F' be the n-th terms of Fibonacci sequence (F,) and Pauli-Fibonacci

quaternion (QpF ), respectively. In this case, for n > 1 we can give the following relations:

QpFn+1 = QpFn + QpFn—p
QpFnH + QI’anl = Qanv
QpFn+2 —QpF, =@,

QpFn_ QpFn+101_QpFn+202_QpFn+303:Fn_Fn+2_Fn+4_Fn+6-

Using (9) and (10) proof can easily be done.

(18)
(19)
(20)
21)

Theorem 2 (Honsberger identity). For n,m > 0 the Honsberger identity for the Pauli—Fibonacci

quaternions Q,F and Q,F s given by

QpFn Qme + QpF,H_l QPFm—H = 2 QPFn+m+1 +9 Fn+m+1 +5 Fn+m+2

Proof. By using (9) we get,

QpFn Qme + QpFn+1 Qme+1 = (Fn+m+1 + Fn+m+3 + Fn+m+5 + Fn+m+7)
+2 (Fogmi2 01 + Fogmis 02 + Fomia 03)

- zQpFn+m+1 + 9Fn+m+1 + 5 Fn+m+2-

where the identity F), F,,, + Fr,i1Fi1 = Fhime1 1S used.
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Theorem 3 (Generating function). Let ), I, be the Pauli-Fibonacci quaternion. For the generating
function for these quaternions is as follows:

n r F,—Q,F,)t
ngFn(t) = Z QpFn " = QP 0 +1<Q_pt i 3 Qp 0) (23)
s=0

Proof. Using the definition of generating function, we obtain
ngFn(t)zQpF0+QpFlt+---—i—QpFnt"—i—---. (24)
Multiplying by (1 — ¢ — %) both sides of (24) and using (18), we have
(1 —t— tQ) ngFn(t) = QpFo + (QPF1 - QpFo)t'
Thus, the proof is completed. []

Theorem 4 (Binet’s formula). Let Q,F' be the Pauli-Fibonacci quaternion. For n > 1, Binet’s
formula for these quaternions is as follows:

QF, = — (aa" =i p) 25)
where
a=1+a0,+a?oy+ato;, a= 1+2\/5
and
B=1+4B01+B 0 +B0s f= 1_2“5.

Proof. Using (9) and Binet’s formula of the Fibonacci quaternion [9], the proof is easily seen.

QpFn = F, 1+ F,1.00+ Fhi0.00+ Fli3.03

L et
_ a"(14+ao;+a?0y+adas) — " (1+ Boy + 20y + B2 03)
1. . «v
= 5 (@an—s)
where @ =1+ ao, +a20s+ados, B=1+4Bo,+ 200+ 330 O

Theorem 5 (d’Ocagne’s identity). For n,m > 0 the d’Ocagne’s identity for the Pauli—Fibonacci
quaternions Q,F  and Q,F is given by

Qpl,, Qpl, . —QpF, QyF = (=1)"F, ,(01+302+403)

26
—iLm_n (0’1 +UQ—O'3). ( )
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Proof. By using (9) we get,

Qme QpFn+1 - QPFm+1 Q:DFn = [<_1)n Finn+1 ( (_1)n+1 Lm—n) ] 01
[ (=1)" (3 Fn + 4 ( (_1)n+1 L)) o2
+[ (_1)n (4 Fonti ( (_1)n men) ] 03.

where the identities [}, F, + Foo 1 Fp1 = Fromat s Foge — Froo =3 F,, Fhis— F, 3 =4F,
and F,,.1 — F,,_1 = L, are used [17,23,24]. O

Theorem 6 (Cassini’s identity). Let QQ,F  be the Pauli-Fibonacci quaternion. For n > 1,
Cassini’s identity for QI is as follows:

QuF? —QuF,  QpF, = (1" [(1—i)o1+ (B —1i)or+ (4 +1) 03] (27)
Proof. By using (9) we get

(QpFn)2 o Qme—l QpFn_1 = (Fg - Fn+1Fn 1) + (Fr%Jrl - Fn+2Fn>

—

+(F n+3Fn+1> + (F13+3 - Fn+4Fn+2)]

[ (For1Fy — FopoFymn) — i (=1)" oy

[ (FryoFn — FoysFo_1)

+(FoFopo — For Fpr) —i(=1)" 1] oy

+[( n+3F Fn+4Fn 1)

+(F Fn+3 Fn+1Fn+2> _i(_l)n]ai’)

= (=) [(1—=d)or+B—1i)oy+ (4+1)03].

where the identity of the Fibonacci numbers F,,F, .1 — F,1F, = (=1)"F,_, is used
[17,23,24]. [l

Theorem 7 (Catalan’s identity). Let (), I be the Pauli-Fibonacci quaternion. For n > 1,
Catalan’s identity for Q,F is as follows:

QpF2 —QuF, . QyF, = ()" "F[(1—i)or+(3—i)oa+ (4+i)os)].  (28)
Proof. By using (9) we get

QPFZ ~ @ QnF, = [(F} = Fupr For) = (B = Fagrsn Forgn)
(2o = Futrio Fuory2)
+(F2 3 = Frirys Fuoris) ]
+[ (Fn Fn+1 - Fn+r anrJrl)
+(Fo1 B = Fogrpn Fuy) +i (1) oy
[ (F Frye — Fgr Frumrg2)
—(Fay2 Fro = Fuppio Frsy) i (=1)" 7" 0y
+[ (Fn Fn+3 - Fn+r Fn_r+3)
+(Frys Fy — Fpppis Fy) — i (=1)" 7" oy
= ()" E[(1-io+@—i) o+ (4+i)os].

where the identities of the Fibonacci numbers F? — F,.. F, , = (=1)""F? and
FoF, — Fn i Fy = (—1)""Fyy,_n F, are used [17,23,24]. O
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3 Representations of Pauli-Fibonacci quaternions

In this section R-linear transformations are introduced, representing left and right multiplication
in [H,, F}, by using the De Moivre’s formula for a corresponding matrix representation. Let x be a
Pauli-Fibonacci quaternion, then, ¢ (x) and g, (x) defined as follows: for x € H,F},,

o, ‘HyF, — H,F,
X = o1, (X) = Ay, X

Fn Fn+1 Fn+2 Fn+3

Fn+1 Fn —1 Fn+3 [ Fn+2
Achp - F . .
n+2 ? Fn+3 Fn -1 Fn+1
Fn+3 —i Fn+2 iFn—i—l Fn
and
o, H,F, — H,F,
X = R, (X) = X App,
Fn Fn+1 Fn+2 Fn+3
A - Fo F, i1 Fys —1 Fogo

PRp . .
’ Fn+2 -1 Fn+3 Fn ? Fn+1
Fn+3 Z.Fn+2 —i FnJrl Fn

respectively. For any @), F,,,, Q,F, € H,F,, and A € R, the following properties hold:

o1, (QpFm + QpFy) = 01,(Qpin) + o1, (QpFy)
QPLPO‘ Qplh) = )“zDLp(Qp n)
R, (QpEin + QpFy) = R, (QpFm) + ¥R, (QpFy)
PR, (AQpFn) = Ao, (QpFy),
01, (QpFr) PR, (QpFn) = R, (Qply) o1, (QpFy).

Furthermore, linear mappings of ¢, (Q,F,) and ¢, (Q,F},) defined as
¢Lp :(HpFnu +, ) — (M(4,R)7 D, ®)

P% P%+1 F%+2 P%+3
Fon F, S T R Y )
Fn+2 Z‘Fn-i-fi Fn —1 Fn+1
Fois —iFue i Fu F,

wLp(Fn‘i_Fn—i-lO—l +Fn+202+Fn+303) -

and
Vg, (HpF, +,.) = (Mur), ©,®)

F% F%+1 F%+2 F%+3
Fn+1 Fn i Fn+3 —1 Fn+2
Fn+2 —1 Fn+3 Fn iFn+1
Fois iFnye —iF, F,

VR, (Fo+ Foy101 + Fypp 00+ Fuyzos) —
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are one-to-one and onto. Also, the following properties hold:

wLp((QmeprFn)) - 77ZJLp (Qme) 7v/}Lp (QPFH)

and
@DRP((Qme)(QpFn)) = pr (Qme) ¢Rp (QpFn)'

Therefore, the mappings ¢z, and ¢, are isomorphisms [5, 16].

4 Conclusion

In this paper, algebraic and analytic properties of Pauli—Fibonacci quaternions are investigated.
Matrix representations of these quaternions are also given. I hope that these results will be
important in applied mathematics, quantum physics, Lie groups and kinematics.
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