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Abstract: Let N denote the set of all positive integers and for j,n € N, let (j,n) denote their
greatest common divisor. For any S C N, we define Ps(n) to be the sum of those (j,n) € S,
where j € {1,2,3,...,n}. An asymptotic formula for the summatory function of Pg(n) is
obtained in this paper which is applicable to a variety of sets S. Also the formula given by
Bordelles for the summatory function of Py(n) can be derived from our result. Further, depending
on the structure of S, the asymptotic formulae obtained from our theorem give better error terms
than those deducible from a theorem of Bordelles (see Remark 4.4).
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1 Introduction
Let N denote the set of all positive integers. For j,n € N, let (j, n) denote their greatest common

divisor (gcd).
If S C N, then define

Ps(n)= Y (jn)  for n €N, (1.1)



Observe that Py(n) = P(n), the arithmetic function studied by Pillai [9]. Possibly unaware of
this work, Broughan [5] considered the same function (under a different notation) and obtained an
asymptotic formula for Z P(n). Later, Bordelles [2] improved the error term in that asymptotic

n<x
formula.

Also Bordelles [3] introduced a more general situation of
Pi(n) = f((5,n)), (1.2)
j=1

where f is any arithmetic function and gave a proof of the Cesard formula:
Pr(n) = (f xp)(n) foranyn €N, (1.3)

in which ¢ is the Euler totient function and * is the classical Dirichlet product of arithmetic
functions. Moreover in the same paper unified asymptotic formulae for Z Ps(n) are obtained

n<x
for multiplicative arithmetic functions that lie in certain special classes.

A very informative survey on the gcd-sum functions by T6th [14] and the paper on the
weighted gcd-sum function (which is yet another general situation) by the same author [15] are
worth to be mentioned here.

The purpose of this paper is to estimate Z Ps(n), for S C N which satisfy a condition; and

n<x
to show that the formula of Bordelles [2] is deducible from our result. Further the formula is

applicable to a variety of sets of integers such as the set of r-free integers, the set of semi-r-free
integers and the set of (k,r)-integers studied by earlier researchers, in different contexts. The
error terms in these asymptotic formulae are better than those deducible from a theorem of
Bordelles ([3], Theorem 4, Part 4).

2 Notation and Preliminaries

For S C N, let x,(n) be its characteristic function. (That is, x,(n) = 1 or 0, respectively, as
née S orné¢S.) Following Cohen [6], the Mobius function of S, denoted by ps(n), is defined by

ps(m) =Y n(d)xs (5) = (13 xs)(m) forn € N, @.1)

dn
where /(n) is the well-known Mobius function.
Several properties of * are studied in [1] (Chapter 2) some of which we use in this paper. For
example, if u(n) = 1 forall n € N and e9(n) = 1 or 0, respectively, as n = 1 or n > 1, then

W*Uu =g 2.2)

and f % ¢y = f for any arithmetic function f.
It follows from (2.1) and (2.2), that

pq1y = pand pn = o, (2.3)

since x,, = € and x,, = u; and that

Xs = u* pg orequivalently x (n) = Z s (d) forany S C Nandn € N. (2.4)
d
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Also if I(n) = n forall n € Nthen I(f*g) = If * Ig for arithmetic functions f and g.
Further, it is clear that

(u*u)(n) = 7(n), the number of positive divisors of n € N. (2.5)

A well-known identity is
n
=S (%) ivalently ¢ = I # . 2.6
©o(n) ; ply) orequivalenty ¢ * [ (2.6)
Now we express below Ps as a Dirichlet product of some of the functions mentioned above.

Lemma 2.1. Ps = (Iug) * (I * p), forany S C N.

Proof. First observe that Ps(n) = z”: I((4;n)) xs ((4,n)) = Pry, (n), so that, in view of (1.3),
(2.4). (2.6) and (2.5), -
Ps =Pr, = (Ixg)*p=I(ps*u) * (I *p) = Ipug* Tux (Tux p)
=Tpsx I uxu)*p=Tus* (IT*p),
proving the lemma. [
One can observe that if S = N then Lemma 2.1 gives P = I7x* p, a result proved by Bordelles

(2], Lemma 2.1).
If M(z) = Z p(n), then its exact order of magnitude is not known. The best estimate given

n<x

by Walfisz ([16], p.191) is that
M(z) = O (zd(x)) forx > 1, 2.7)
where
d(z) = exp{—A(log :E)g.(log log m)%}, (2.8)
in which A is a positive constant.

Note that §(z) is a monotonic decreasing function.
Using (2.7), Suryanarayana and Siva Rama Prasad [13] proved that, when = > 1,

p(n) 1 d(x)
2 = 0 + 0 (fﬁ—l) fort > 1 ([13], Lemma 2.2) (2.9)
and
p(n)logn (') 6()log x
g = = ) + O (?> fort > 1 ([13], Lemma 2.3), (2.10)

n<x

where ((t) is the Riemann-zeta function.
The classical Dirichlet divisor problem seeks the least value of 6 for which the asymptotic
formula
ZT(TL) =zlogz + (2y — 1)z + O(z?) (2.11)
n<x
holds, where  is the Euler constant. It is known that 1 < § < 317 The lower bound for 6 is due

1 1648°
to Hardy [8] while the upper bound is obtained recently by Bourgain and Watt [4].
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Now using (2.11) and the Abel’s identity ([1], Theorem 4.2), it is easy to prove

> I(n (logx +2y— %) + 0 (z'0), (2.12)

n<x

where € > 0.

3 Main result

In this section we prove the theorem given below:

> n)logn
Theorem 3.1. Suppose S C N is such that the infinite series g M converges absolutely.
n
n=1

Then for x > 1, we have

> o (2) {as (logx+2v—%—§((22))> —5S}+As(x>,

where )

Ag(z) = 2] (Bs(z) — as(z)) + O (l‘l+9+€’}/5<l‘)) , (3.1)
o ps(n)
ag = Z == (3.2)
Bs = Z ps(n log” (3.3)
ag(z) =Y £ (). (3.4)
Z ps(n) 108"” (3.5)
and

Z | n@—i—a ) (36)

in which e > 0.

Proof. Under the hypothesis of the theorem, note that g and hence o are both well-defined.
By Lemma 2.1, we have Ps = f % g, where f = Iug and g = I7 * 1, so that

D Ps(n)=>_ fw) D gv) . (3.7)

n<x u<lzx vg%

To estimate the inner sum on the right of (3.7), we use (2.12), (2.9) and (2.10) to get

> 9n)= Z p(d) Z I(t)T(t)

o e ) o ()
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% (ng iz ) > ) :% > Hdlosd ( Liate dz WH)
—() o ()]
{ G é)) i) (5@;0“ } +0 (a0 |
since Z dl +0 +€ = O(1). Thus
=
Z:g {10g:)3+27— % - g((;))} +0 (zlogz §(x)) + O (x'+7*)
_ 220(22) {loga 2y -5 - S o). (338)

Now, using (3.8) in (3.7), we get

> Putn) = S uns(u) { o (108 (5) +2- 5 - igf ) e (@W)}
¢

n<x u<lz

(3.9

where Fg(x) = Zu,ug(u)R(x u), in which |R(z,u)| < C. - (£ )1+9+ for some C. > 0, so that

u<lzx
1+0+¢ | 1+9+6
Es(z) ( Z: u9+a ) ys(@)) . (3.10)
Now (3.9) and (3.10) prove the theorem, since
U u) logu
Hsti ) = 0g — OZS and Z 'us & = BS — BS(ZL‘) ]
u<lzx u<lzx

Corollary 3.2. ([2, Theorem 1.1]) For x > 1,

o £B2 1 C/(z) 1 €
ZP(n) ~%@) {10gx+27— 57 } + O (a0

n<x

Proof. In view of (2.3), the condition of Theorem 3.1 holds if S = N. Also since ay = 1, Oy = 0,
an(z) = fn(z) = 0 and yy(z) = 1 for x > 1, the corollary follows. O
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Recall that, fort > 1,

1
C(t) = 2 = 3.11)
and
1 o pun)
= . 3.12
(0 2w G142

Both the series on the right of (3.11) and (3.12) converge absolutely and, therefore, by Theorem
11.2 of [1], they can be differentiated term by term with respect to ¢, to get

o0

, logn
Cy=-Y ft fort > 1 (3.13)
n=1
and
¢'(t) _ x~p(n)logn
ok ; o fort > 1. (3.14)
Now (2.9) and (3.12) give
> &?) =0 (@) for ¢ > 1; (3.15)
n>x n z
while (2.10) and (3.14) show
gl (M) fort > 1. (3.16)
n xt
n>xr

4 Application to some special subsets of N

!
In the rest of this paper n € N with n > 1 is of the form n = Hp?i, where pq, po, ..., p; are

i=1

distinct primes and integers «; are > 1 for 1 < i <.

To show the richness of the sets S C N for which Theorem 3.1 is applicable, first we make a
brief study of the M -free integers introduced by Rieger [10].

Let M be a set of positive integers with the minimal element r, where » > 1. A number n > 1
is said to be M-free if a; ¢ M fori = 1,2,... 1. The set of all M-free integers will be denoted
by Q-

Clearly 1 € @y for every M C N. Also Xo,, 1s a multiplicative function (that is,
Xo,, (@b) = Xq,. (a).X,,, (b) whenever (a,b) = 1). Then, by (2.1), uq,, is a multiplicative
function. Further for any prime p and o € N we have

10 (%) = Xq,, (%) = Xo,, @)

-1 faeM*={aeN:aecManda—1¢ M}
= 1 foeM*={aeN:a¢Manda—1¢c M} “4.1)
0 otherwise.

Hence, for n > 1, the value pq,, (n) is non-zero if and only if (shortly, iff) n can be written as
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n = n*.n**, where n* = H p;*and n** = H p;* which are such that (n*,n**) = 1 (since

o, EM* a; EM**
M* N M* = @). Also in this case
HQu (n) = (=)0 1907 = (=)« (4.2)

where w(m) is the number of distinct prime factors of m.

Notice that unless the elements of M are known explicity, we cannot find M* and M**; and
thereby we cannot determine those n for which p,,(n) # 0 . Therefore we take some special
sets for M and the corresponding (),; below.

4.1 The set of r-free integers

Suppose A = {r,r+1,7r+2,...}, where r € Nand r > 1. Then n > 1 is in Q4 iff
1 <a; <r—1fori=1,2,...,1. In other words, an integer n > 1 is in )4 iff p” is not a
divisor of n for any prime p. Such numbers are called r-free integers in the literature. In fact,
2-free integers are well-known as square-free integers. Clearly n is square-free iff p?(n) = 1.
Thus @ 4 is the set of all r-free integers.

For this set A, we find A* = {aeN:ac€Aanda-1¢ A} = {r} and
A*={aeN:a¢ Aanda — 1 € A} = &, so that n* = H pit =a", where a = pips- -y
a; EA*

is square-free and n** = 1. Therefore yi,(n) is non-zero iff n = a”, for some square-free a.
Also, by (4.2), for such n, g, (n) = (—=1)*@ = p(a).
Hence by (3.12) and (3.14), we get

) 1
XQ, =~ QZ:; ar - C(T)u (43)
and
(o] 1 /
e :rz_;—“(“i;g“ ) @

Also, by (3.15) and (3.16), we have
w(a S(x/
g o) = 30 Mo (M)

a>zl/r L
" (@ (@)
w(a)loga o(x*/")logx
Boalz)=71" Z T:O(xl——i)’
a>zl/7
so that
1
2+ |80, (@) — ag,(x)| = O («"*76(x") log ) (45
Further 7o, (z) = Z !Lib(gi)a |) in which 7(6 + ¢) < 3 (2% + ¢) < 1 for sufficiently small
aSCEl/T
e > 0incase r = 2 or 3; and that (0 4 ¢) > 1 if r > 4. Therefore
@) (x%_e_‘f) , if r=2o0r3
Yoa(z) = , (4.6)
O(1), it r>4.
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Hence, by (4.5) and (4.6), we find
O (2 6(z7) logx +O<x1+%> , if r=2o0r3
O (a"78(z7)loga) + O (z'0+¢) | if r>4

_J o <x1+%> , ifr=2o0r3 @7
O (z1%) , if r >4

AQA (*r) =

In view of (4.4), the condition of Theorem 3.1 holds for S = () 4. Hence by (4.3), (4.4) and
(4.7) we have a new asymptotic formula given below:

Corollary 4.1. For x > 1,

_ = 1 d@)  dr)
> Pou(n) = oo (10gx+27—§ - m—rw)) + Mg, (x),

n<x
where Ag , (%) is as in (4.7).

Note that

PQA(”): Z (J;n).
(g}n)ji?:ﬂ—free

4.2 The set of semi-r-free integers

Suppose B = {r}, where r € Nandr > 1. Thenn > lisin Qp iff oy # rfori =1,2,...,1.
In other words, n € () iff p" is not a unitary divisor of n for any prime p. (Recall that a divisor
d of n is said to be unitary if (d,%) = 1.) Such n is called a semi-r-free integer in [12]. Thus Q5
is the set of all semi-r-free integers.

For this set B, we notte B* = {aeN:ac€Banda—-1¢ B} = {r}, while
B* ={aeN:a¢ Banda—1¢€ B} = {r+1}, so that n* = Hp‘”—a and n**
o; EB*

H pd = b, where a and b are both square-free. Thus pg,(n) # 0iff n = a"b"+1,
a; EB**
where a and b are both square-free; and (a,b) = 1. For such n, we have, by (4.2), that

pap(n) = (1)@ (b) = p(a)u’(b).

Hence
3 L () iu(a><i 2@):Lg< D us
a=1 b=1 aTbTH (azl ar b1 bt C(ry¢2r+2)
o0 2 t
by (3.12) and the fact that Z % = —CC((Q t) 5 which can be proved by Euler product

n=1
representation theorem ([1], Theorem 11.6).
Also using this fact, Theorem 11.12 of [1], (3.12) and (3.14), we get
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Boy = Z Z M(;)b'igb) {rloga+ (r+1)logb}

a p(a)loga\ [ 12(b) — /(a) 4% () log b
_r<; - > (; br+1>+(r+1) <a21 - ) <; = )
WL L d (L)

ez iy UV @ (<<2r+2>>

) [ ) C(r+ 1) ¢(2r +2)

= e 1Y) { TG TE T Y ey } | (49

Further, by (3.15) and (3.16), we have

athtl>g b=1 z \1/
bT+1)
o0 2(p) 6 1/r pi+ 5 1/r o0 2(p ) 1/r
O( p2(8) 3 ):O( o) ui}) (<f 1)) wi0)
b b x x v 0 x
and
2
u(a)p” (b
fou) = 3 M (rioga+ (1) log)
atbmtl>g

(0 a)loga = 1i2(b) log b .
grol ¢ el gl ¢ ol
a>(b a>(bri1)1 r

b=1 bt (m/brﬂ)k; b+t (z/bwl)l*:

1/r
—0 (M) 7 4.11)

1
xt=r

so that, by (4.10) and (4.11), we get

7280, (7) — ag,(2)| = O (25" log.z ). (4.12)

()] 1
105 (%) = o | 2 e
agzl/r bS(air)l/T+1

1

)
(@) (z\ma=f==) o
O E e (J) , it r=2

a<zl/T

Also

0 Z ar(0+5)’ if r=3
a<gl/T
L O(1), if r>4
_ O (x%’e’g) , ifr=2o0r3 4.13)
0(1), if r>4.
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Now (4.12) and (4.13) give
O (z'*++ ifr =2or3
Ag,(z) = (142)  ifr =20 (4.14)
O (z'0%) | if r> 4.

Here the condition of Theorem 3.1 holds for S = () in view of (4.9). Therefore using (4.8),
(4.9) and (4.14) in Theorem 3.1 we get another asymptotic formula given below:

Corollary 4.2. For x > 1,

r+1 9 1
ZPQB(”) = 2@(2)27”)2(2)7' n 2)95 (logx + 27y — 5 €2 _ F(r)) + Ag,(2),

n<x

where F'(r) = r% —(r+ 1)% + (2r + 2)C/(2:+2) and Ag, (x) is as given in (4.14).

Note that

PQB(”) = Z (4, n)-

j=i
(4,m) is semi-r-free

4.3 The set of (k, r)-integers

Let ,k € N be such that 2 < r < k. Suppose C = {a € N:a >randa =j (mod k)
for some j withr < j <k —1}.

Now n > 1isin Q¢ iff for each i (1 < i < 1) we have either a; < r or a; = v; (mod k) for
some v; with 0 < v; < r — 1 in which case we can write n as

l l
o ku;+v; a;
n=Lw 11w
i i=1

=1
a;>r o;<r

where u; € N. Thus n € Q¢ iff n = a*.b.c, where a = H P, b= H p;* and ¢ = H it
;=T a;>r a;<r
Here (ab,c) = 1; and b, ¢ are both r-free giving bc is r-free. Hence n € Q¢ iff n is of the

form n = a”

-m, where a € N and m = bc € ()4 (the set of r-free integers). Such numbers
are called (k,r)-integers in [11]; and the same numbers were considered by Cohen [7], under
a different notation. Since (0o, r)-integers are r-free integers, the notion of a (k, r)-free integer
may be regarded as a generalization of an r-free integer. Thus ()¢ is the set of all (k, r)-integers.

For this set C, the set C* = {a e N:aeCanda—-1¢ C} ={aeN:a=r (mod k)}
and C* ={aeN:a¢Canda—1€C} ={aeN:a=0 (mod k)}. Therefore, by (4.2),
for n > 1, writing a; = ku; + 7 if a; € C* and o; = kv; if a; € C**, we have n = a*b"c*, where
a= H P, b= H pi and ¢ = H p;'. Also for such n the value of pg, . (n) is non-zero

a; eC* a;eC* a;€C**
and is given by pg. (n) = u(b), since b is square-free.
Hence
v Al a0\ (1) _ Ck)
Qe = Z ZZ akbrek (Z aF br Z = ) 4.15)
a=1 b=1 c=1 = b=1 c=1
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oo o o0

Bop = ZZZ,u(b){kloga—f-rlogb—l—klogc}

akbrck

. loga 2 u(b =1 =1 =, 1(b)log b =1
+(2) (£9) (55) - (Sa) (525 (£2)
=1 > b > logc
+(58) (B9) ()

W) | GHCE) |, (R
= e
= S ) — 2k (R} (4.16)
() ’ '

wherein we used (3.11), (3.12), (3.13) and (3.14).
Also, by (3.15)

1/r
_0 (5(33 )> , 4.17)

1
zi=7

because 2 < r < k implies that the series in the order term is convergent.
Again, using (3.15) and (3.16), we find that

foole) = 3 p(b) log (u™d")

: ukbr
urb" >z
w(b) log u 1(b) log b
=k
Z ukbr + Z ukbr
ukbT >z ukbr >z

1/r
_ <—5(“" )logl’), (4.18)

because 2 < r < k implies that both the series in the order terms are convergent.
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Hence
2% |Boe(7) — age(x)] = O (xH%é(:z:l/") log x) ) (4.19)
Further

|(0)] 1 (0]
Tee(r) = ) Lo pro+e) 2. W) 2. pr(o+e)

ukbr <z u<gl/k bﬁ(u%)l/k
_J O <x$’9’5> , ifr=2or3 4.20)
o(1), if 7> 4. '

Now (4.19) and (4.20) give

O([EH_%), if r=2o0r3
Aqo(x) = { 06 it r> 4 (4.21)

In view of (4.16), the condition of Theorem 3.1 holds if S = Q)¢. Therefore using (4.15),
(4.16) and (4.21) in Theorem 3.1, we get yet another asymptotic formula.

Corollary 4.3. For x > 1,

R SN A St NSNS SUNUR
5 Pocln) = o] €0 (log + 27 - 5 = S = 2 (r¢0)0th) — 2he(r)e ) }

(
+ AQc(x)’

n<x

where Ag,. () is as in (4.21).

Note that

n

Poe(n) = Z (J,n).

Lo

]:
(4,n) is a (k,r)-integer

Remark 4.4. Any f € {Ix0,,Ix0s: Ixq.} lies in the class of multiplicative functions discussed
in the case 4 of Theorem 4 in [3], wherein asymptotic formula with error term O(z?) is given
for Z Ps(n). That is, the asymptotic formulae established in Corollaries 4.1, 4.2 and 4.3 are

n<x
deducible from case 4 of Theorem 4 in [3], but with error terms O(z?) in each case. Observe that

the error terms obtained in this paper are better than those in [3].
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