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1 Introduction

Complex, hyperbolic and dual numbers are well known two dimensional number systems.
Especially in the last century, a lot of researchers deal with the geometric and physical applications
of these numbers. A hybrid number can be viewed as a generalization of the complex, hyperbolic
and dual number. The set of hybrid numbers in [9], denoted by K, is defined as

K =
{
a+ bi+ cε+ dh : i2 = −1, ε2 = 0,h2 = 1, a, b, c, d ∈ R

}
.

Let Z1, Z2 be any two hybrid numbers, Z1 = a1 + b1i + c1ε + d1h, Z2 = a2 + b2i + c2ε + d2h.
Then equality, addition, subtraction, multiplication by scaler and the conjugate are defined in the
following way.

• Z1 = Z2 only if a1 = a2, b1 = b2, c1 = c2, d1 = d2 (equality),

• Z1 + Z2 = (a1 + a2) + (b1 + b2)i+ (c1 + c2)ε+ (d1 + d2)h (addition),
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• Z1 − Z2 = (a1 − a2) + (b1 − b2)i+ (c1 − c2)ε+ (d1 − d2)h (subtraction),

• sZ1 = sa1 + sb1i+ sc1ε+ sd1h (the multiplication by scalar),

• Z1 = a1 − b1i− c1ε− d1h (the conjugate of a hybrid number).

The addition operation in the hybrid numbers is both commutative and associative. Zero is the
null element. With reference to the addition operation, the inverse element of Z is
−Z = −a − bi − cε − dh. This shows that (K; +) is an Abelian group. The multiplication
of hybrid numbers is not commutative, but it has the property of associativity. Table 1 presents
products of 1, i, ε,h.

. 1 i ε h

1 1 i ε h

i i −1 1− h ε+ i

ε ε h+ 1 0 −ε
h h −ε− i ε 1

Table 1. The product table for the basis of K

Also, according to the hybridian product, we have ZZ = ZZ. The real number

ZZ = ZZ = a2 + (b− c)2 − c2 − d2 (1.1)

is called the character of the hybrid number Z = a+ bi+ cε+ dh.
For n ≥ 2, the Fibonacci and Lucas numbers are defined as Fn = Fn−1 + Fn−2, F0 = 0,

F1 = 1 and Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1. There are interesting identities belongs to
the Fibonacci and Lucas numbers in [6]. In recent years, Fibonacci, Lucas, Pell, Jacobsthal and
Tribonacci hybrid numbers cover a wide range of interest in modern mathematics as they appear
in the comprehensive works of [1, 2, 4, 5, 7, 10–16]. For example, in [4, 5] Kızılateş gave the
generalizations of the Fibonacci and Lucas hybrid numbers. In [10], Szynal-Liana introduced
the Horadam hybrid numbers. In [11, 12], the authors also examined the Pell and Pell–Lucas
hybrid numbers and the Jacobsthal and Jacobsthal–Lucas hybrid numbers, respectively. In [13],
the Fibonacci and Lucas hybrid numbers are defined as

FHn = Fn + Fn+1i+ Fn+2ε+ Fn+3h (1.2)

and
LHn = Ln + Ln+1i+ Ln+2ε+ Ln+3h. (1.3)

Also, the authors found the Binet formulas of these numbers as follows

FHn =
α̃αn − β̃βn

α− β
(1.4)

and
LHn = α̃αn + β̃βn, (1.5)

where α = 1+
√
5

2
, β = 1−

√
5

2
, α̃ = 1 + αi + α2ε + α3h, β̃ = 1 + βi + β2ε + β3h. Şentürk et

al. [15] gave a lot of properties of the Horadam hybrid numbers and defined the following matrix
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Qn =

(
FHn+1 FHn

FHn FHn−1

)
(1.6)

and obtained the equality Qn = UnQ0, where

U =

(
1 1

1 0

)
and Q0 =

(
1 + i+ 2ε+ 3h i+ ε+ 2h

i+ ε+ 2h 1 + ε+ h

)
. (1.7)

It is known that

Un =

(
Fn+1 Fn

Fn Fn−1

)
. (1.8)

In the light of the [3, 8] works, we use the determinant of hybrid matrix similar to the
determinant of quaternion matrix whose entries are quaternions. Since the set of all hybrid
numbers are not commutative, we give the definitions of the determinant of a hybrid matrix.
Let A be a hybrid square matrix. Denote A by

A =

(
a11 a12
a21 a22

)
,

where aij ∈ K for i = 1, 2 and j = 1, 2. The determinant of A is defined by detA = a11a22
−a12a21. The above definition is called rule “multiplication from above to down below”. Since
the set of all hybrid is not commutative, another product direction can be defined. Namely, the
definition detA = a22a11 − a21a12 is called the rule “multiplication from down below to above”.

In this study, we obtain the new properties of the Fibonacci and Lucas hybrid numbers. Also,
we define the negative subscripts of these numbers. We acquire different Cassini identities for the
conjugate of these numbers by two different determinant definitions of a hybrid square matrix.

2 Main results

Firstly, the following theorem gives us the relationships between the Fibonacci and Lucas hybrid
numbers.

Theorem 2.1. For n ≥ 2 integers, we have

i) FHn+2 − FHn−2 = LHn,

ii) 5FHn + LHn = 2LHn+1.

Proof. i) Since Fn+2 − Fn−2 = Ln, then we get together with equations (1.2) and (1.3)

FHn+2 − FHn−2 = Fn+2 + Fn+3i+ Fn+4ε+ Fn+5h− Fn−2 − Fn−1i− Fnε− Fn+1h

= Ln + Ln+1i+ Ln+2ε+ Ln+3h = LHn.

Since the proof of ii) is same as the proof of i), we omit these proofs to avoid unnecessary
repetition.
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Definition 2.1. The Fibonacci and Lucas hybrid numbers with negative subscripts are defined as

FH−n = F−n + F−n+1i+ F−n+2ε+ F−n+3h (2.1)

and
LH−n = L−n + L−n+1i+ L−n+2ε+ L−n+3h. (2.2)

From the equalities F−n = (−1)n+1Fn and L−n = (−1)nLn, we have

FH−n =

{
−Fn + Fn−1i− Fn−2ε+ Fn−3h, n is even
Fn − Fn−1i+ Fn−2ε− Fn−3h, n is odd

, (2.3)

and

LH−n =

{
Ln − Ln−1i+ Ln−2ε− Ln−3h, n is even
−Ln + Ln−1i− Ln−2ε+ Ln−3h, n is odd

. (2.4)

We obtain the binomial summations of the Fibonacci hybrid numbers in the following theorem.

Theorem 2.2. The following identities hold:

i)
∑n

k=0

(
n
k

)
FHk = FH2n,

ii)
∑n

k=0

(
n
k

)
FHk+1 = FH2n+1,

iii)
∑n

k=0

(
n
k

)
(−1)kFHk = (−1)nFH−n,

iv)
∑n

k=0

(
n
k

)
FH4k = 3nFH2n,

v)
∑n

k=0

(
n
k

)
2n−kFH5k = 5nFH2n,

vi)
∑n

k=0

(
n
k

)
3n−kFH6k = 8nFH2n,

vii)
∑n

k=0

(
n
k

)
(−2)kFH2k = (−1)nFH3n,

viii)
∑n

k=0

(
n
k

)
(−2)kFH5k = (−5)nFH3n.

Proof. i) From equation (1.4), we write

n∑
k=0

(
n

k

)
FHk =

n∑
k=0

(
n

k

)(
α̃αk − β̃βk

α− β

)

=
α̃

α− β

n∑
k=0

(
n

k

)
αk − β̃

α− β

n∑
k=0

(
n

k

)
βk

=
α̃

α− β
(1 + α)n − β̃

α− β
(1 + β)n .

By considering the well-known equalities 1+α = α2, 1+β = β2 and again equation (1.4),
we obtain the claimed result.

iii) By considering equations (1.2) and the Binet formula of Fibonacci numbers, we get
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n∑
k=0

(
n

k

)
(−1)kFHk =

n∑
k=0

(
n

k

)
(−1)k (Fk + Fk+1i+ Fk+2ε+ Fk+3h)

=
1

α− β

n∑
k=0

(
n

k

)(
(−α)k − (−β)k

)
+

i

α− β

n∑
k=0

(
n

k

)(
α(−α)k − β(−β)k

)
+

ε

α− β

n∑
k=0

(
n

k

)(
α2(−α)k − β2(−β)k

)
+

h

α− β

n∑
k=0

(
n

k

)(
α3(−α)k − β3(−β)k

)
.

By taking into account the equalities α + β = 1, αβ = −1 and Definition 2.1, we obtain
n∑

k=0

(
n

k

)
(−1)kFHk = −Fn + Fn−1i− Fn−2ε+ Fn−3h = (−1)nFH−n.

In the same way, the other parts of the theorem can be proved.

We present the binomial summations of the Lucas hybrid numbers in the following proposition.
Since the proof of these summations are similar to the Fibonacci hybrid numbers in the above
theorem, we omit the proof.

Proposition 2.1. The equalities are satisfied:

i)
∑n

k=0

(
n
k

)
LHk = LH2n,

ii)
∑n

k=0

(
n
k

)
LHk+1 = LH2n+1,

iii)
∑n

k=0

(
n
k

)
(−1)kLHk = (−1)nLH−n,

iv)
∑n

k=0

(
n
k

)
LH4k = 3nLH2n,

v)
∑n

k=0

(
n
k

)
2n−kLH5k = 5nLH2n,

vi)
∑n

k=0

(
n
k

)
3n−kLH6k = 8nLH2n,

vii)
∑n

k=0

(
n
k

)
(−2)kLH2k = (−1)nLH3n,

viii)
∑n

k=0

(
n
k

)
(−2)kLH5k = (−5)nLH3n.

The properties in the following theorem are called convolution product of the Fibonacci and
Lucas hybrid numbers.

Theorem 2.3. Let m ≥ 1, n ≥ 1 be integers. Then

i) FHm+1FHn + FHmFHn−1 = FHm+n + FHm+n+1i+ FHm+n+2ε+ FHm+n+3h,

ii) LHm+1FHn + LHmFHn−1 = LHm+n + LHm+n+1i+ LHm+n+2ε+ LHm+n+3h.
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Proof. i) Given the matrices UnQ0, Q0U
m as equations (1.7) and (1.8), and considering

the term a12 of the product (Q0U
m) (UnQ0), which is equal to the term a12 of matrix

Q0 (U
m+nQ0), we get the result.

ii) From the property FHm+2 − FHm−2 = LHm in Theorem 2.1, by considering the term
a12 of the product (Q0(U

m+2 − Um−2)) (UnQ0), which is equal to the term a12 of matrix
Q0 (U

m+n+2Q0 − Um+n−2Q0), we obtain the result.

If we take m = n in Theorem 2.3, we obtain the following results:

Corollary 2.1. Let n ≥ 1 be an integer. Then

i) FHn+1FHn + FHnFHn−1 = FH2n + FH2n+1i+ FH2n+2ε+ FH2n+3h,

ii) LHn+1FHn + LHnFHn−1 = LH2n + LH2n+1i+ LH2n+2ε+ LH2n+3h.

If we take m = n− 1 in Theorem 2.3, we obtain the following results:

Corollary 2.2. Let n ≥ 2 be an integer. Then

i) FH2
n + FH2

n−1 = FH2n−1 + FH2ni+ FH2n+1ε+ FH2n+2h,

ii) LHnFHn + LHn−1FHn−1 = LH2n−1 + LH2ni+ LH2n+1ε+ LH2n+2h.

Now, we examine Cassini identities for the conjugates of Fibonacci and Lucas hybrid numbers.
For this reason, we present the conjugate of matrix in equation (1.7)

Q0 =

(
1− i− 2ε− 3h −i− ε− 2h

−i− ε− 2h 1− ε− h

)
. (2.5)

Theorem 2.4. Let n ≥ 1 be an integer. Then

i) FHn+1FHn−1 −
(
FHn

)2
= (−ε− 5h)(−1)n,

ii) FHn−1FHn+1 −
(
FHn

)2
= (−2i− 5ε− 3h)(−1)n,

iii) LHn+1LHn−1 −
(
LHn

)2
= 5(−ε− 5h)(−1)n−1,

iv) LHn−1LHn+1 −
(
LHn

)2
= 5(−2i− 5ε− 3h)(−1)n−1.

Proof. By equation (1.2) and the matrices in (1.8),(2.5), we get

Q0U
n =

(
1− i− 2ε− 3h −i− ε− 2h

−i− ε− 2h 1− ε− h

)(
Fn+1 Fn

Fn Fn−1

)
(2.6)

=

(
FHn+1 FHn

FHn FHn−1

)
. (2.7)

i) We acquire the identity after taking the determinant under of the matrices in (2.6) and
(2.7) applying the rules ”multiplication from above to down below” which mentioned in
introduction section. That is,

FHn+1FHn−1 −
(
FHn

)2
= (−ε− 5h)(−1)n.
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ii) We obtain the identity after taking the determinant under of the matrices in (2.6) and
(2.7) applying the rules “multiplication from down below to above” which mentioned in
introduction section.

By equations Fn+2 − Fn−2 = Ln, (1.3) and the matrices in (1.8),(2.5), we get

Q0

(
Un+2 − Un−2) =

(
1− i− 2ε− 3h −i− ε− 2h

−i− ε− 2h 1− ε− h

)(
Ln+1 Ln

Ln Ln−1

)
(2.8)

=

(
LHn+1 LHn

LHn LHn−1

)
. (2.9)

iii) We get the identity after taking the determinant under of the matrices in (2.8) and (2.9)
applying the rules “multiplication from above to down below” which were mentioned in
the introduction section. That is,

LHn+1LHn−1 −
(
LHn

)2
= 5(−ε− 5h)(−1)n−1.

iv) We obtain the identity after taking the determinant under of the matrices in (2.8) and
(2.9) applying the rules ”multiplication from down below to above” which mentioned in
introduction section.

The following theorem gives us the relationships between the Fibonacci hybrid numbers and
the conjugates of them.

Theorem 2.5. Let m ≥ 0, n ≥ 0 be integers. Then

i) FHm+n+1 − FHm+n+2i− FHm+n+3ε− FHm+n+4h = FHm+1FHn+1 + FHmFHn,

ii) FHm+n+1 + FHm+n+2i+ FHm+n+3ε+ FHm+n+4h = FHm+1FHn+1 + FHmFHn,

iii) FHm+n+1 − FHm+n+2i− FHm+n+3ε− FHm+n+4h = FHm+1FHn+1 + FHmFHn,

iv) FHm+n+1 + FHm+n+2i+ FHm+n+3ε+ FHm+n+4h = FHm+1FHn+1 + FHmFHn.

Proof. We get the desired identity by equating the pivot elements of the matrices

i) Q0 (U
m+nQ0) =

(
Q0U

m
)
(UnQ0) ,

ii)
(
Q0U

m+n
)
Q0 =

(
Q0U

m
)
(UnQ0),

iii) (Q0U
m+n)Q0 = (Q0U

m)
(
UnQ0

)
,

iv) Q0

(
Um+nQ0

)
= (Q0U

m)
(
UnQ0

)
.

If we take m = n in Theorem 2.5, we get the following results by considering equation (1.1):

Corollary 2.3. Let n ≥ 0 be an integer. Then

i) FH2n+1 − FH2n+2i− FH2n+3ε− FH2n+4h = 2F2n+1 − L2n+6,

ii) FH2n+1 + FH2n+2i+ FH2n+3ε+ FH2n+4h = 2F2n+1 − L2n+6.

The following proposition gives us the relationships between the Lucas hybrid numbers and
the conjugates of them. The proof similar to the proofs of the Theorem 2.4 and Theorem 2.5.
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Proposition 2.2. Let m ≥ 0, n ≥ 0 be integers. Then

i) LHm+n+1 − LHm+n+2i− LHm+n+3ε− LHm+n+4h = LHm+1FHn+1 + LHmFHn,

ii) LHm+n+1 + LHm+n+2i+ LHm+n+3ε+ LHm+n+4h = LHm+1FHn+1 + LHmFHn,

iii) LHm+n+1 − LHm+n+2i− LHm+n+3ε− LHm+n+4h = LHm+1FHn+1 + LHmFHn,

iv) LHm+n+1 + LHm+n+2i+ LHm+n+3ε+ LHm+n+4h = LHm+1FHn+1 + LHmFHn.

If we take m = n in Proposition 2.2, we obtain the following results by considering equation
(1.1):

Corollary 2.4. Let n ≥ 0 be an integer. Then

i) LH2n+1 − LH2n+2i− LH2n+3ε− LH2n+4h = −L2n − 2L2n+6,

ii) LH2n+1 + LH2n+2i+ LH2n+3ε+ LH2n+4h = −L2n − 2L2n+6.

3 Conclusion

In this paper, the Fibonacci and Lucas hybrid numbers have been investigated. Many of the
properties of these numbers are proved by the fundamental algebraic operations and simple matrix
algebra. Actually, the results presented here have the potential to motivate further studies of the
subject of the Horadam hybrinomials including Fibonacci and Lucas hybrid numbers.
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