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1 Introduction

Letaq, as, .. ., a,, be positive integers, and let the number of non-negative integer solutions of the
linear Diophantine equation

a1r1 + g+ -+ Gy, =N

be denoted by N (ay, as, ..., an,;n). For the special case when a; = a3 = ... = a,, = 1, it has
been proven in [1] that
—1
N(l,...,l;n):<n+m >
N——— m—1

When m = 2, then there exist explicit formulas for N (a1, as; n), see the paper [2]. The case when
m = 3 has been studied by Binner [3]. Komatsu [1] has studied the general case.
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We use the Faa di Bruno’s formula to give the expression for N (ay, as, . .., a,,; n) in terms of
the partial Bell polynomials.

Theorem 1.1. Let g(z) = (1 —z)(1 — )~ (1 —a"") = ZZI;(;(IHMMT” Osx°. Then we have

n

1
N(ar,az, ... amin) = — > (=1)FEI By (116,202, ..., (n =k + 1)1 0y_g1). (1)

n!
k=1
where By, j; = By, (21, %2, . . ., Tp_k11) is the (n, k)-th partial exponential Bell polynomial in the
variables x1,xs, ..., Ty k11 which can be computed using the recurrence 5, p. 415]:
n—k+1 n—1
By = Zl (Z ~ 1):::1-3”1-,“, )
where
BO,O =1

B,o=0 forn > 1;
By =0 fork > 1.

Before proving the above result, we relate the above result to weighted integer compositions.

Relation to weighted integer compositions

Let n be a non-negative integer. Then a k-tuple of non-negative integers (7, 7o, . .., T ) is said
to be an integer composition of n if my + m + - - - + M, = n. The numbers 7;’s are called parts.

Let f : N — R be an arbitrary function. For each possible part size s € N ={0,1,2,...,},
let f(s) be the weight of part size s. Let (ﬁ) s denote the rotal weight of all f-weighted integer
compositions of n with k parts, that is,

(i)f: Do fm) fma) - flm).

T+ 4. FT=n
Then, interpreting f(s) (s € N) as indeterminates, Eger [6] proved that

k! k
_'Bn,k(xlaan"'7xn—k+l) - ( ) )

where

fO)=fn—k+2)=f(n—k+3)=...=0,
f(s):%, forse {1,2,...,n—k+1}.

Our main result translates to the following result:
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Theorem 1.2. We have

where

fO)=fn—k+2)=f(n—k+3)=...=0,
Os, forse{1,2,....,n—k+1},

-

~—
w

N—
Il

where 0, is as defined in the statement of Theorem 1.1.

2 Proof of Theorem 1.1

Proof. In [1] it has been proved that the number of non-negative integer solutions of
a1x1 + agxs + - - - + a,x, = nis equal to the coefficient of 2" in

1
(1 —z9)(1 —a92)--- (1 —z%m)’

Let f(x) = 1/x and g(z) = (1 — 2™)(1 — 2°2)--- (1 — 2*). Using Faa di Bruno’s formula
[4, p. 137] we have

Z o i (9 (), 9" (), ... g" F D (@) . 3)

da:"

Since f®)(z) = & ?Hk' and ¢(0) = 1, letting = — 0 in the above equation gives

n

N(ai, a9, ... ,am;n)n! = Z(—l)k k! B (9'(0), ¢"(0), . .. ,g("*kﬂ)(())) :
k=1

where g((0) = 61! by the Maclaurin series expansion of g(x) in Theorem 1.1. O

Example 2.1. We use our formula to calculate the number of non-negative integer solutions of
the equation x1 + x5 + z3 + x4 = 4. Our formula should give us the result 35, of course, because
we can apply the formula for N(1,1,1,1;4), which is a simple binomial coefficient which is
“seven over three” and that is 35.

Theorem 1.1 gives us

W~

1
N(1,1,1,1;4) = 4—; ) ! Byjo(11601,2!0, ..., (4 — k + 1)1 04_p1),

where #; = —4, 6, = 6,03 = —4 and 0, = 1 since

gr)=1—-2)'=1—4r+62% —42° + 2.
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We use the following values to find the correct answer:
B4,1<x17 X2,T3, SC4) = T4,
2
Buo(w1, 29, 23) = 4271 23 + 325,
Bys(w1, m3) = 627 1,
Bya(r1) = 551117

which can be computed using the recurrence (2) (see [7] for a Python library for symbolic
mathematics where the partial Bell polynomials are implemented).
The following calculation gives us the required answer:

1
N(l, 1, ]_, ]_, 4) = E(—]_' B4’1(1! 01, 2! 492, 3! 03, 4! 04) + 2! B472(1! 017 2! 02, 3! 93)
- 3' B473(1!01,2!) —|—4‘ B474(1!01>)
1
= (— 410, +21 (4116, 3165 43 (2! 05)%) — 316 (116,)2 2! 0, + 4! (116;)*)

1
:I(—4!+4!-32+4!-36—4!-12-24+4!-44):35.

Example 2.2. Suppose we wish to calculate the number of non-negative integer solutions of the
equation
T+ 2[E2 +3l’3 +4CL’4 = 10.

In this case,

gr)=1—-2)1—-2) (1 -2 )1 —a")=1—2—2® +22° — 2% — 2" + 2'°

0 =0,=—-1,03=0,=0,05=2,0=0;=0, 03 =0y =—1, 015 = 1.
Using SymPy, [7] we can compute
Byoa(z1, 22, ...,%10) = 10,
Bioa(71, T, . . ., T9) = 102179 + 453928 + 1202377 + 2107476 + 12677,
Bios(T1, T, . . ., 18) = 45778 + 360717977 + 840111376 + 12607 7475
+ 6302576 + 2520297375 + 15752027 + 210023574,

Broa(w1, 9, ..., x7) = 1200527 + 1260237976 + 2520270375 + 157507 70]
+ 3780:613;2375 + 1260021 222324 + 280()x1:r;3 + 3150:1;2364 + 6300x2x3,
Byos(z1,x9,. .., 26) = 210z7x6 + 252023 w915 + 420023 w324 + 945022050,

+ 1260027923 + 126002, 7573 + 94525,
Biog(w1, Ta, - . ., 15) = 2522505 + 31502 w924 + 21002123 + 1260022373 + 47255705,
Byog(x1, 22, T3, 74) = 210282, + 252020 w925 + 31502123,
Biog(w1, 72, 3) = 120z 25 + 6302523,
Bioo(w1, 19) = 4525 x,,
310,10(901) = IE%O-

Using Theorem 1.1, similar computation to Example 2.1 gives us 23 as the answer.
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Example 2.3. Suppose we wish to calculate the number of non-negative integer solutions of the
equation
T+ 233'2 +3£L’3 +4x4 = 8.

In this case, g(x) is the same as in the previous example since the left-hand sides of both equations
are identical, and thus
0 =0,=—1,05=0,=0,0;=2,0=0;=0,03 =0y =—1, 6= 1.

Using SymPy, we can compute

Bgi(x1,xg, ..., 28) = s,

Bgo(z1, 9, . ..

Bs s(z1, 29, ... ,26) = 283:1:176 + 168x1 2075 + 280112374 + 21O$21‘4 + 280x2x3,
= 5623 15 + 4202 1097y + 280x1x3 + 840x1x2x3 + 1O5x2,
70z 2, + 560232013 + 4200223,
6$1IE3 + 210 232,

= 8x1x7 + 28x9x6 + 562325 + 35:64,

Bga(x1,22,. .., 25

Bg (21, 22, 23

Bg7(21, 2
Bg 8(1‘1

.ZU 1L2,
8
£y

7) =
) =
)
Bgs(w1, 72,73, 74)
)
)
)

Using Theorem 1.1, similar computation to Example 2.1 gives 15 as the answer.

Example 2.4. Suppose we wish to calculate the number of non-negative integer solutions of the
equation
T+ 2%2 + 3.T3 +4l’4 =12.

In this case, g(z) is the same as in the previous example and thus

0 =0,=—1,05=0,=0,0=2,0=0;=0,03 =0y =—1, 6= 1.
Using SymPy, we can compute
312,1($1, Ty 71"12) = T12,

Bioo(w1, T2, ..., 211) = 1221211 + 6671079 + 2207379 + 4952478 + 7920577 + 4627,
Bias(x1,22,...,210) = 661’%:1510 4 660z 2909 + 1980212378 + 3960212427 4+ D044 175276
+ 14852328 + 7920292327 + 13860292476

+ 83161277 + 92402376 + 27720737475 + 577527,
Bioa(T1, 9, . . ., 19) = 2202529 + 2970270978 + 7920272377 + 13860272476 + 83162727
+ 11880z 2527 + 5544071 297376 + 8316031 19475 + 5544071 1575
+ 6930021 2377 + 138602576 + 83160757375 + 51975257]
4 138600x20254 + 15400273,
Bios(x1, 29, ..., 28) = 495z ws + 792023 w007
+ 18480z 2376 + 2772027 7475 + 4158023 1576
+ 16632025 row375 + 10395027977 + 138600272524 + 83160212575
+ 415800x1x2w3x4 + 184800x1x2x3 + 51975I2x4 + 138600x2x3,
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Biog(w1, T, . . ., 17) = 7920717 + 138605 w976 + 277202 w375 + 173252727
+ 8316023 w325 + 27720023 wow324 + 616002325 4 20790023257,
+ 415800272523 + 2079002, 7523 + 1039515,
Bior(w1, T, .. ., 16) = 9242816 + 166320 w95 + 2772025 w374 + 1039502 0514
+ 1386002 w215 + 277200z 2573 + 623702775,
Blg,g<$1, To,...,T5) = 7929513:5 + 1386Ox1x2x4 + 92401‘11’3 + 83160x x%mg + 519751’1352,
Bioo(1, 79, 13, 14) = 4952524 + 79202 2973 + 138602023,
Bio1o(z1, T, 73) = 2202 w3 + 14852573,
)
)

10
312,11(%, o) 66551 T2,

B12,12($1

Using Theorem 1.1, similar computation to Example 2.1 gives 34 as the answer.
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