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Abstract: The present article is to introduce a new class of g-Hermite based Apostol-type
polynomials and to investigate their properties and characteristics. In particular, the generating
functions, series expression and explicit and recurrence relations for these polynomials are
established. We derive some relationships for g-Hermite based Apostol-type polynomials
associated with g-Apostol-type Bernoulli polynomials, ¢g-Apostol-type Euler and ¢-Apostol-type
Genocchi polynomials.
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1 Introduction

Many mathematicians, physicists and engineers have been working for a long time in the field
of g-calculus (see [5,7-9, 15-18]). The g-calculus is a generalization of many subjects, like the
hypergeometric series, complex analysis, and particle physics. By using g-analogs and umbral
calculus, of many orthogonal polynomials and functions have been studied. The g-calculus is
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mostly being used by physicists at a high level. In short, g-calculus is a very much popular
subject for researchers today.

Recently, due to fundamental importance in numerous areas such as applied mathematics,
mechanics, mathematical physics, Lie theory and quantum algebra (see [1-3,5]), a progressive
instantaneous development has been found in the field of g-calculus. Throughout the article, C
indicates the set of complex numbers, N designates set of natural numbers and N, designates set
of non-negative integers. Further, the variable ¢ € C such that | ¢ |< 1.

We review certain definitions and concepts related to the g-calculus taken from [1], which will
be used throughout this work.

The g-analogue of a € C is defined by:

1—q°
ol = T2 € C\{1} (1)
The g-factorial function is defined by
T (64) , -
n]y! = [ ml, = (1_q>n,q7é LneN, [0, =1;0<q¢<1. )
1

The g-binomial coefficient (Z)q is defined by:

ny _ el @dn s e .
(k)q [k]Q'[n_k]ql (QQQ)IJ(];(])nqﬂ’ » by 20 510 € No- (3)

The g-exponential function is defined by:

=z 1 _
=y ——= Jal<| =g )

=l (1= 979

The g-Hermite polynomials are special or limited cased of the orthogonal polynomials as they
contain no parameter other than ¢ and appear to be at the bottom of a hierarchy of the classical
g-orthogonal polynomials (see [2]).

We recall that the ¢-Hermite polynomials H,, ,(x) are defined by means of the following
generating function, (see [16]):

Fy(a,t) = Fy(t)ey wt) Zan ot <t>=§;<—1>“q<¥>[;n’]‘q!. )

Recently, many mathematicians studied the unification of the Bernoulli and Euler
polynomials. Luo and Srivastava (see [10, 11]) introduced the generalized Apostol-Bernoulli
polynomials B,(f)(x) of order «. Further, the generalized Apostol-Euler polynomials B (x) of
order «v and the generalized Apostol-Genochhi polynomials G\ (x) of order « are investigated
by Luo (see [12,13]).

Thereafter, in 2014 Ernst [4] defined the g-analogues of the generalized Apostol type
polynomials.
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The generalized g-Apostol-Bernoulli polynomials of order o € Ny are defined by the follow-
ing generating function, (see [4]):

n

t ¢ = /
(/\eq(t) > (wt) = ;B ;a,0; ) [n]q!7(| t|<| log(=A) |). (6)

The generalized g-Apostol-Euler polynomials of order o € Ny are defined by the following
generating function, (see [4]):

2
(—Aeq(t) ) Z xabAW<|t|<|1og<—A> . )

The generalized g-Apostol-Genocchi polynomials of order @ € Ny are defined by the follow-
ing generating function, (see [4]):

n

ot o oy
(Aeq(t) + 1) eq(at) = nz:;g,(m)(:c, a,b; A) (], (It [<[log(=A) |)- (8)

In view of equations (6)—(8), we introduce the generalized ¢-Apostol type polynomials
FTS?fI) (z; a, b; \) of order @ by means of the following generating function, (see [4]):

2\ - t
- t) = E @ (e a. b\
(/\eq(t) + ab) ‘) n=0 T (,5; ) (]!’ ®

(v € No, \ya,b € C, | t|<]| log(—A) |).

Where F\\% (a, b; ) = F\% (0: a, b; \) are known as g-Apostol-type numbers of order c.

If we take the lim,_,;; the generalized g-Apostol type polynomials defined by equation (9)
reduces to the unified Apostol type polynomials (see [14]). In fact, the following special case
holds:

hm]—"(a (z;:a,b; ) = F(z;a,b; p, v; \).

The following special cases hold true:

hm]—" (x; 1,1,1; ) = BW(a; \),

q—1

; @D () —1 0 )\) = F(@) (e
}Il_rgfn,q(x,o, 1L,0;A) = B (x5 M),
hmﬁg‘;)(x; 1,—1/2,1;\) = G (x: \),

where B (x; N), EY (x A) and G (:c; A) are the generalized forms of the Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials, (see [14]). The Stirling numbers of the sec-
ond kind are defined as, (see [19]):

Zsﬂbm _ _|1> . (10)
m!

This paper is organized as follows. In Section 2, we consider ¢g-Hermite-based Apostol-type
polynomials and we derive some properties of these polynomials. In Section 3, we derive some
relationships in between g-Apostol-type Bernoulli polynomials, ¢g-Apostol-type Euler polynomi-
als and g-Apostol-type Genocchi polynomials.
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2 g-Hermite-based Apostol-type polynomials
This section is designed with certain properties of g-Hermite-based Apostol-type polynomials
and some properties. We begin with the following definition as follows.

Definition 2.1. For ¢ € C,0 < | ¢ | < 1, the generalized ¢g-Hermite-based Apostol-type
polynomials are defined by means of the following generating function:

28 “

where, \, u, v, a, b € C, nZOand|t|<|1n(— ) | .
If we take x = 0 in (11), we have

aFS) (a,0 0,03 0) = 5 F (05 a,b; 1,03 0),

where HFr(L?Z;,) (@, b; u, v; \) are known as g-Hermite-based-Apostol-type numbers of order .
For A =1in (11), we get

aF (x5 a,b;p,v) = g Fo (@ a, b, v51),

where H]-",(ffl) (x; a, b; u, v) are known as g-Hermite-based unified polynomials of order .
On setting A = o = 1in (11), we have

aFng(xia,byp,v) = H}"(l)(x a,b; u,v; 1),

where g F, ,(z; a, b; p1, ) are known as ¢g-Hermite-based unified polynomials.

Now, we give some special cases for g-Hermite-based unified Apostol-type polynomials with
the help of the following table:
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’ S.No. ‘ Case Name of the polynomial ‘

Generating function

p=0v=1la=-1b=1 ¢-HATBP of order a (W) Fy(t)eq(xt)
_Zn OHB;Q)(x A; 0, 1)[n] T
i |p=0v=1a=-1b= ¢-HBP order o (W) Fy(t)eq(xt)
LA=1
=2 OHBSLIB(JC 1;0, 1)[n]
p=0v=1a= -1,b = g-HBP (W) Fy(t)eq(xt)
LA=a=1
=D e #Bng(2;1;0,1) [ii!'
p=1luv=0a=b=1 ¢-HATEP of order o (W) F,(t)eq(t)
= 302 mEY (5 051, 0) g
i |p=lv=0a=b=1xr=1 ¢-HEP order a ( (t)+1>F(t)eq(:Ut)
= S0 mng (w5 1;1,0) (4
p=1lrv=0a=b=1\= ¢-HEP (W) Fy(t)eq(t)
(0%
=2 om0 HEnq(2:1;1,0) [TtL}nq!‘
p=1lv=1la=>b=1 ¢-HATGP of order « (ﬁ) F,(t)eq(xt)
= Zn OHgnq<37 )"171)[n]q
iii |p=Lrv=1laea=b=11=1 ¢-HGP order « (e (t)H)F(t)eq(:nt)
= S0 nGnd (@ 11, 1) gy
p=1lLrv=1lLa=>b=1X\= q¢-HGP (W) Fy(t)eq(xt)
a=1
= neo HGnq(; 1a171)[ T

Table 1. Special cases for g-Hermite-based unified Apostol-type polynomials

Theorem 2.1. The following relations hold true:

e m
aFS (@ a,b; X p,v) = Z (n) F (@b X p, v) Hy (), (12)
n=0 q
a8 (@ a, by X ) = (7:) uFA) (a,b; A p, v) ™", (13)
n=0 q

Proof. From (11), we have

ey (t) +ab

o N tn 2u,ty
> uF) (@sa by A, v) orle ( )Fq(t)eq(.ict).
n=0 q:

Z ]:(O‘ (x5 a,b; \; p, v)

i}— (a,b; \; i, v) " iHm,q(x) " :
n=0 ) )




Now using the Cauchy product and comparing the coefficients of ¢", we obtain the desired
result (12). Again, by using (11), we have

< tr 2WtY
> uF (w5 a,0 0 pv)—— = ()\e ) F,(t)egy(t).
n=0 q

[n],! (t) +a®
" o= (wt)™
(&) ( e ).
REO HF g (230,05 X5 1, 1) E aFpo(a,b; A v n]q! mEO il

Using the Cauchy product and comparing the coefficients of ", we get the result (13). [

o0

Theorem 2.2. The following relations hold true:

n

n
nF e (@ a, b A pyv) =) (T) aF (@5a, 00 11, v) g FL (@, b s 1, v), (14)
q

r=0

nF (@ 4 usa, by A pv) = <n> aF (w50, b; 0 ) g FO (w0, by 0, v), - (15)
q

-
r=0
2M[n]q! (a—1)
WH‘Fn—k,q (23a,b5 A 1, v). (16)
N

Proof. Utilizing (11) and making use of lemma (see [20, p.100, eq.2]), we can easily obtain
results (14) and (15).

AH}"T(L?(‘Z) (x+1;a,b; \; p, 1/)—|—abH.7-"7§i1)(x; a,b; \;p,v) =

For obtaining the result (16), we take

n

/
bZHJ-“(“) ;5 a,b; A; L, v)

() . b\
Zan,q (:C_'_laaaba)\?,ua [n]q'

28tV “ b 2" *
— A (W) Fy(teg((x + 1)t) +a <W> Fy(t)eq(wt)

= L ) e \T e ab
- (W ) Flbatnhed + o

tn+k
(]!

Using the Cauchy product and comparing of the coefficients of ¢", we arrive at the required
result (16). O

—22“ .F“l)xab)\u,)

Theorem 2.3. The following recurrence relations hold true:

k k—j -1 (k=j—1)
(a) 1 k 1 (a) k_l 1 (a_l)
—) - — 1 @) _ 1f — 1 ‘
w0 (5) -2 0), G s-m () G, e

J
(17)

(@) - @ ~(k 1 = ey
()50 () ) - () o
0 q =0 q q

=

o



Proof. These relations can be obtained by making use of (11) with replacement of z with % [

Proposition. The following differential relation holds true:

q:cHF (x;a, b7 )\,M,V) = [n]qH‘/—-;goi)l,q(l‘;aa b7)‘71ua V)' (19)

Proof. Using (11), we get

- t" 2ht A\
(@ (2 a, b; \; = t)F,(t).
;an’q (ZL’,CL, ) aM7 V) [n]q' <>\€q(t) ‘l‘ ab> eq(x ) q( )

Differentiating the above equation with respect to  and using the result D, ,e,(zt) = xe,(xt),
we have

e N tn QMY <8
Do wFlaiabidu) = () el o
n=0

Now using the Cauchy product and comparing the coefficients of ¢, we lead to the required
result. O

Theorem 2.4. The following relations hold true:

m n o
m=0 q
" /n o m
nF (wa, b X v) = (m) BTN g0, B X )™ 21
m=0 q

Proof. From (11), we have

. tn oy
> nr (e i = (5 Mb) Fy(t)ey(at)

t2m

—nzz()féf?(x;a,b;A;u, ) ,Z () Sl

Using the Cauchy product and comparing the coefficients of ¢, we arrive at the desired result (20).
The proof of (21) is similar. O

Corollary 2.4.1. On setting x = 1 in (20) and (21), we have

[5]

R FE (Lab Aipr) = Y (~1)7q() <2m) F gL a,b; X p1,v), (22)
m=0
FOLGabhpmr) =S (1) uFO, . (a,b; 5 23
H n,q(7a7 ) 7:“71/) m H n—m,q(au ) 7”71/)' ( )
m=0 q



3 Relationships between Bernoulli, Euler and Genocchi
polynomials

In this section, we establish some relationships for g-Hermite-based Apostol-type polynomials
related to g-Apostol-Bernoulli polynomials, g-Apostol-Euler polynomials and g-Apostol-type
Genocchi polynomials.

Theorem 3.1. The following relation holds true:

aF (@5 a,b; X, v) =

1 n+1 n+1 n+1 n—|—1

n+1
n+1 | Z ( ) n+1m,q] H./—" (G b A; s,V ) (24)

Proof. From (11), we have

QHY a B 1% o " Neg(t) — 1
(Aeq(t) + a”) ol Falt) = (Aeq@) + ab) Ny 17T let)

_ <%>0Fq(t) [ﬁeq(m} %eq(ﬂ
i) b

1 a v
:¥<)‘Z '7:( ab)\,u, m!ZBT !;[T]q!

a m o m
ZH (05X ZOB"’q(gﬁ;A)[n_M) .

On making use of the Cauchy product and comparing the coefficients of ", we arrive at the

desired result. ]

Corollary 3.1.1. The following relations hold true for Euler and Genocchi polynomials with
q-Hermite-based Apostol-type polynomials.

W F @ a,5 % 1, ) [AZ (") 3 (m)qsnmr,mw] W F ) b X 1, 0)

9 m=0

1 — n
R (a)
[2 > (m)sm] WFL 0 b ),

m=0

(25)

and

H‘Féi)j])(w;CL?b; )‘;ﬂa V) =
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Aii ( ) f: (”; 1)qgn+1_m_r,q<x; A)] aF (@, 00 1, v)

9 m=0
1 = 1
_ Wz<n+ )Qn+1 mq] H]: (ab)x,u, v). (26)

Theorem 3.2. The following explicit relationship between q-Hermite-Apostol Bernoulli poly-
nomials, q-Hermite-Apostol Euler polynomials and q-Hermite-Apostol Genocchi polynomials
holds true:

n

k
1 n n a
ng(fq) (z;a,b;A) = 2 § (k)q [E ( ~)qun—j—k,q(x; A) + HEn—kq(; /\)] Hgl(f,q)(x; a,b; A).

k=0 Jj=0 J
(27)
Proof. From (11), we get
2t “ 2 eq(t) +1 2t “
e — F,(t) = ————F,(t g t
()\eq(t)+ab) el bt = T q<>( 2 )()\eq(t)+ab) €a(at)
- 1 " = P tk
G (w50, b;0) = = ) gEnq(0; A — 3w (a0 0) s
2 niiiwa b N = 5 2 nEnaON s 2 1 2 iy (s b )y
oo tn oo (a)
+2ZHgnq(OvA)[n_b!ZHgkq(xaaaba)[k]q|
n=0 k=0
o0 t,n
> G (wia,bi ) = hi+ L. (28)
S [n],!
For I,
I —i £, 0(0:2)— iii G\ (z;a,b; \) r
' 2n:0H T )y =0 Jlq! kZOH N
IS (Y c@ i oy (™ Sy
I = 52 ' (k‘) kg (z5a,b;7) (]) HEn—j—k.q(0; A) [n],! (29)
n=0 k=0 j=0 q q
For I,
I 1§: £ (O)\)ii g\ )(asab)i
2_2 ~ HCn,g\Y, [n]q' HY g\ 7 & Y [kb'
n=0 k=0
X —lii ") kg0 )G (50, b)) (30)
2 — 2 k HCn—k,q\Y, H k.q y Wy Uy [n]q'
n=0 k=0 q
From (28), we get
i nG (0,5 \) i :1§: y zn: ") HEnssra(m V)
n,q n | 2 ] Hén—j—k,g\4»
n=0 q n=0 k=0 q | j=0 q
t'I’L
+H€n—k,q(x;)\) Hg](:q(xaaabu/\) .
| ],
On comparing the coefficients of t", we obtain the required result. [
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Theorem 3.3. The following relation holds true:

" 1
ODabn) =Y (V) s
gn,q(x; a, 0; ) (/{:)qm”_l[k+1]q!

k+1 kt1—j
kE+1 1 (a—1)
2 E ( . ) <E — 1) &y (0;a,b; M)
q

=0 N 7

k=0

kil k+1—j
k+1 1 (@) (. . (a) ) )
— ; ( ; )q (E — 1) & (05a,b;0) = &7 ,(0;a,b; M)

X g B q(mx;a,b; ). (31)

Proof. Using (11), we have

2 “ 2 “ Ney(t/m) — a® t
_ t)F,(t) = 1
(Aeq(t)+ab> ea(wt)F(t) <)\eq(t) —|—ab> t Aey(t/m — ab)
t
xeq | —ma F,(t).
By using equations (7) and (11), we arrive at the desired result. L]

Theorem 3.4. The following relations hold true:

n n—j
mx\ . n i—n « ;
uB) (wra, b ) =) < : )J!Z (kz) mI " B (0;a,b: M) Sa(n — k. j), (32)
q

= \J k=0

n n—j
mzy . n ol ,
Hé'r(f‘q)(x;a,b; A) = E < j )j! E (k;) m’ HE,f:’q)(O;a,b; A)Sa(n —k, j). (33)
q

§=0 k=0

Proof. By using eq. (10) and (11), we obtain the results (32) and (33). We omit the proof. [l
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