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1 Introduction

The Gaussian hypergeometric function is defined by

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (|x| < 1), (1.1)

(see [9, 10]), where (a)n denotes the Pochhammer symbol given by
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(a)n =
Γ(a+ n)

Γ(a)
= a(a+ 1) · · · (a+ n− 1), (n ∈ N := {1, 2, 3, · · · })

and
(a)0 = 1.

An interesting further generalization of the series 2F1 is due to Exton [5] who defined the
following hypergeometric series in four variables:

K10(a1, a1, a1,a1, a2, a2, a3, a4; c1, c2, c3, c4, ;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)m+n+p+q(a2)m+n(a3)p(a4)q
(c1)m(c2)n(c3)p(c4)q

xm

m!

yn

n!

zp

p!

uq

q!
.

(1.2)

By suitable adjustment of parameters and variables in K10, we can easily find that K10 is
unification and generalization of Lauricella’s functions F

(3)
A and FE [6, 9] and Appell’s

functions F2 and F4 [9, 10]. The following is the Laplace integral representation of the function
K10 (see [5]):

K10(a1, a1, a1, a1, a2, a2, a3, a4; c1, c2, c3, c4;x, y, z, u) =
1

Γ(a1)

∫ ∞
0

e−s

× sa1−1Ψ2(a2; c1, c2; sx, sy)1F1(a3; c3; sz)1F1(a4; c4; su)ds, (Re(a1 > 0),

(1.3)

where 1F1 is Kummer’s function and Ψ2 is Humbert function defined, respectively, by

1F1(a; b;x) =
∞∑
n=0

(a)n
(b)n

xn

n!
, |x| <∞ (1.4)

and

Ψ2(a, b, c;x, y) =
∞∑

m,n=0

(a)m+n

(b)m(c)n

xm

m!

yn

n!
, |x| <∞, |y| <∞. (1.5)

In various areas of applied mathematics and mathematical physics, generating functions play
an important role in the investigation of various useful properties of the sequences which they
generate. Generating functions are used to find certain properties and formulas for numbers and
polynomials in a wide range of research subjects such as modern combinatorics (see, e.g., [10]).
In fact, a remarkably large number of generating functions involving a variety of hypergeometric
functions have been developed by many authors (for example, [1, 2, 3, 8]), here, we aim at
establishing ten new generating functions for the Exton hypergeometric function K10. Some
special cases of the main results here are also considered.
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2 Generating functions

Here certain generating relations for the Exton hypergeometric function K10 are presented.

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2, a3, a4; c1, c2, c3, c4;x, y, z, u)

= (1− z − u)−a1
∞∑
k=0

1

k!

( w

(1− z − u)

)k
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2,

c3 − a3, c4 − a4; c1, c2, c3, c4;λ1x, λ1y, λ2z, λ2u),

(2.1)

where λ1 = 1
1−z−u , λ2 = 1

z+u−1 .

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2, a3, a4; c1, c2, c3, c4;x, y, z, u)

= (1− u)−a1
∞∑
k=0

1

k!

( w

(1− u)

)k
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2, a3,

c4 − a4; c1, c2, c3, c4;λ1x, λ1y, λ1z, λ2u),

(2.2)

where λ1 = 1
1−u , λ2 = 1

u−1 .

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2, a3, c4; c1, c2, c3, c4;x, y, z, u)

= (1− z − u)−a1
∞∑
k=0

1

k!

( w

(1− z − u)

)k
FE(a1 + k, a1 + k, a1 + k,

c3 − a3, a2, a2; c3, c1, c2;λ2z, λ1x, λ1y),

(2.3)

where λ1 = 1
1−z−u , λ2 = 1

z+u−1 .

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2, a3, c4; c1, c2, c3, c4;x, y, z, u)

= (1− u)−a1
∞∑
k=0

1

k!

( w

(1− u)

)k
FE(a1 + k, a1 + k, a1 + k, a3, a2, a2;

c3, c1, c2;λz, λx, λy),

(2.4)

where λ = 1
1−u .

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, c1, c1, a3, a4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y − z − u)−a1
∞∑
k=0

1

k!

( w

(1− x− y − z − u)

)k
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×X8

(
a1 + k, c3 − a3, c4 − a4; c1, c3, c4;

xy

(1− x− y − z − u)2
,

z

(x+ y + z + u− 1)
,

u

(x+ y + z + u− 1)

)
,

(2.5)

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, c1, c1, a3, a4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y)−a1
∞∑
k=0

1

k!

( w

(1− x− y)

)k
X8

(
a1 + k, a3, a4; c1, c3, c4;

xy

(1− x− y)2
,

z

(1− x− y)
,

u

(1− x− y)

)
,

(2.6)

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, c1, c1, c3, a4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y − z − u)−a1
∞∑
k=0

1

k!

( w

(1− x− y − z − u)

)k
H4

(
a1 + k, c4 − a4;

c1, c4;
xy

(1− x− y − z − u)2
,

u

(x+ y + z + u− 1)

)
,

(2.7)

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, c1, c1, c3, a4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y − z)−a1
∞∑
k=0

1

k!

( w

(1− x− y − z)

)k
H4

(
a1 + k, a4; c1, c4;

xy

(1− x− y − z)2
,

u

(1− x− y − z)

)
,

(2.8)

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, a2, a2, c3, c4; c1, c2, c3, c4;x, y, z, u)

= (1− z − u)−a1
∞∑
k=0

1

k!

( w

(1− z − u)

)k
F4

(
a1 + k, a2; c1, c2;

x

(1− z − u)
,

y

(1− z − u)

)
,

(2.9)

∞∑
k=0

wk

k!
K10(a1 + k, a1 + k, a1 + k, a1 + k, c1, c1, c3, c4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y − z − u)−a1
∞∑
k=0

1

k!

( w

(1− x− y − z − u)

)k
× 2F1

(a1 + k

2
,
a1 + k + 1

2
; c1;

4xy

(1− x− y − z − u)2

)
,

(2.10)

where X8 is the Exton function and H4 is the Horn function defined, respectively, by
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X8(a1, a2, a3; c1, c2, c3;x, y, z) =
∞∑

m,n,p=0

(a1)2m+n+p(a2)n(a3)p
(c1)m(c2)n(c3)p

× xm

m!

yn

n!

zp

p!
(2.11)

and

H4(a, b; c, d;x, y) =
∞∑

m,n=0

(a)2m+n(b)m
(c)m(d)n

xm

m!

yn

n!
. (2.12)

3 Proofs of the results

To prove the above relations, we need the following formulae (cf. [4, 7, 9, 10]):

Γ(z) = sz
∫ ∞
0

e−sttz−1dt, Re(z) > 0, (3.1)

(a)n =
Γ(a+ n)

Γ(a)
, a 6= 0,−,−2, · · · , (3.2)

1F1(−;−;x) = ex, (3.3)

1F1(a; b;x) = ex1F1(b− a; b;−x), (3.4)

Ψ2(c, c; c;x, y) = exp(x+ y)0F1(−; c;xy). (3.5)

Proof of (2.1)
Let us denote the left-hand side of (2.1) by ω, using (1.3)

ω =
∞∑
k=0

wk

k!Γ(a1 + k)

∫ ∞
0

e−ssa1+k−1Ψ2(a2; c1, c2; sx, sy)1F1(a3; c3; sz)

× 1F1(a4, c4, su)ds,

by using (3.4), we get

ω =
∞∑
k=0

wk

k!Γ(a1 + k)

∫ ∞
0

e−s(1−z−u)sa1+k−1

×Ψ2(a2; c1, c2; sx, sy)1F1(c3 − a3; c2;−sz)1F1(c4 − a4, c4,−su)ds.

The functions Ψ2 and 2F1 in the integrand can be written in its series form and, then
interchanging the order of the summation and integral sign, which is permissible here, we get

ω =
∞∑

k,m,n,p=0

(a2)m+n(c3 − a3)p(c4 − a4)qwkxmyn(−z)p(−u)q

(c1)m(c2)n(c3)p(c4)qk!m!n!p!q!Γ(a1 + k)

×
∫ ∞
0

e−s(1−z−u)sa1+k+m+n+p+q−1ds.

Now, use of (3.1) and (3.2) in the above equation, simplified with a series of manipulations,
completes the proof of relation (2.1). The proofs of all remaining relations run in the same way,
considering the appropriate integral representation and Laplace transform during the proof. �
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4 Special cases

On the other hand, if we set k = 0, in (2.1), (2.4), (2.6), (2.7), (2.9) and (2.10), we get the
following interesting transformations formulas after little simplification:

K10(a1, a1, a1, a1, a2, a2, a3, a4; c1, c2, c3, c4;x, y, z, u)

= (1− z − u)−a1 ×K10

(
a1, a1, a1, a1, a2, a2, c3 − a3, c4 − a4; c1, c2, c3, c4;

x

(1− z − u)
,

y

(1− z − u)
,

z

(z + u− 1)
,

u

(z − u+ 1)

)
,

(4.1)

K10(a1, a1, a1, a1, a2, a2, a3, c4; c1, c2, c3, c4;x, y, z, u)

= (1− u)−a1 × FE

(
a1, a1, a1, a3, a2, a2; c3, c1, c2;

z

(1− u)
,

x

(1− u)
,

y

(1− u)

)
,

(4.2)

K10(a1, a1, a1, a1, c1, c1, a3, a4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y)−a1 ×X8

(
a1, a3, a4; c1, c3, c4;

xy

(1− x− y)2
,

z

(1− x− y)
,

u

(1− x− y)

)
,

(4.3)

K10(a1, a1, a1, a1, c1, c1, c3, a4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y − z − u)−a1H4

(
a1, c4 − a4; c1, c4;

xy

(1− x− y − z − u)2
,

u

(x+ y + z + u− 1)

)
,

(4.4)

K10(a1, a1, a1, a1, a2, a2, c3, c4; c1, c2, c3, c4;x, y, z, u)

= (1− z − u)−a1 × F4

(
a1, a2; c1, c2;

x

(1− z − u)
,

y

(1− z − u)

)
,

(4.5)

K10(a1, a1, a1, a1, c1, c1, c3, c4; c1, c1, c3, c4;x, y, z, u)

= (1− x− y − z − u)−a12F1

(a1
2
,
a1 + 1

2
; c1;

4xy

(1− x− y − z − u)2

)
.

(4.6)

By setting x = y = 0 in (4.2), we obtain the known result [9, p. 306 (109)]. Put x = 0 in
(2.10), we have generating function for Lauricella function F (3)

A

(1− y − z − u)a1e

(
w

1−y−z−u

)
=
∞∑
k=0

wk

k!
F

(3)
A (a1 + k, c1, c3, c4; c1, c3, c4; y, z, u). (4.7)

Setting u = 0 in (4.7), we shall obtain a generating function involving Appell function F2

(1− y − z)a1e

(
w

1−y−z

)
=
∞∑
k=0

wk

k!
F2(a1 + k, c1, c3; c1, c3; y, z), (4.8)
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which, for z = 0, we get

(1− y)a1e

(
w

1−y

)
=
∞∑
k=0

wk

k!
2F1(a1 + k, c1; c1; y). (4.9)

Finally, substituting u = 0 in (2.5) and (2.8), we get the generating relations

∞∑
k=0

wk

k!
FE(a1 + k, a1 + k, a1 + k, a3, c1, c1; c3, c1, c1; z, x, y)

= (1− x− y − z)−a1
∞∑
k=0

1

k!

( w

(1− x− y − z)

)k
H4

(
a1 + k, c3 − a3; c1, c3;

xy

(1− x− y − z)2
,

z

(x+ y + z − 1)

)
(4.10)

and
∞∑
k=0

wk

k!
FE(a1 + k, a1 + k, a1 + k, c3, c1, c1; c3, c1, c1; z, x, y)

= (1− x− y − z)−a1
∞∑
k=0

1

k!

( w

(1− x− y − z)

)k
2F1

(a1 + k

2
,
a1 + k + 1

2
; c1;

4xy

(1− x− y − z)2

)
,

(4.11)

respectively.
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