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1 Introduction

The Gaussian hypergeometric function is defined by

TL

oFi(a,b;c; 2) Z In (Jz| < 1), (1.1)

)
(c) n'
n=0 n

(see [9, 10]), where (a),, denotes the Pochhammer symbol given by
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:a(a+1)"'(a+n—1), (nEN:: {172a37})
and
(a)ozl.

An interesting further generalization of the series o/ is due to Exton [5] who defined the
following hypergeometric series in four variables:

K10(a1, ay,0a1,a1,0a2,0a2,a3,d4;C1,C2,C3,C4,;T,Y, 2, U)

e}

_ Z (a1)mtntp+a(@2)min(as)p(as)q "y 2Pl (1.2)
— (c1)m(c2)n(cs)p(ca)q m! n! p! ¢!

By suitable adjustment of parameters and variables in /{7y, we can easily find that iy is
unification and generalization of Lauricella’s functions Ff) and Fp [6, 9] and Appell’s
functions F5 and F}; [9, 10]. The following is the Laplace integral representation of the function
K (see [5)):

1 o
Klo(al,al,&l,Gl,a2,a2,a3,a4301,02,037043%3/72,7%) = / e’
I'(a1) Jo (1.3)
x sy (ag; ¢y, co; 51, 5Y)1 Fy (a3; ¢33 52) 1 F1 (ay; a5 su)ds, (Re(a; > 0),
where ;1 /] is Kummer’s function and ¥, is Humbert function defined, respectively, by
Fi(a;b;z) = i (@)n 2" |z| < o0 (1.4)
141\, U, v <b>n 77/!’ .
and
o by = 3 D T oy < oo (1.5
= (B)m(c)n m! ] '

In various areas of applied mathematics and mathematical physics, generating functions play
an important role in the investigation of various useful properties of the sequences which they
generate. Generating functions are used to find certain properties and formulas for numbers and
polynomials in a wide range of research subjects such as modern combinatorics (see, e.g., [10]).
In fact, a remarkably large number of generating functions involving a variety of hypergeometric
functions have been developed by many authors (for example, [1, 2, 3, 8]), here, we aim at
establishing ten new generating functions for the Exton hypergeometric function K;y. Some
special cases of the main results here are also considered.
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2 Generating functions

Here certain generating relations for the Exton hypergeometric function iy, are presented.

w
g ﬁ[ﬁo(m + ka1 + ka1 + k a1 + k, a2, a9, a3, aq; 1, ¢2, €3, €43, Y, 2, U)
k=0

=1 w k 2.1
= (1 — 2z — U)_al —<—> Klo(al + k, a; + k’, a + k, ay + k, a9, ag,
kZ:O E'N(1 — 2z —u)
C3 — G3,C4 — Q45 C1, C2, C3, Ca; M T, MY, A2 2, /\2u)7
1
where )\1 = 1w )\2 = ru-1-
wk
ZyKlO(al + k7 ay + ka a + ka ap + k? g, a2, a3, 04;C1,C2,C3,C4; X, Y, 2, U)
k=0
=1 w o\ 2.2
=(1—u)™ ZH(Q — u)> Kio(ar + k,a1 + ka1 + k, a1 + k, as, as, as, (2:2)
k=0
C4 — Q4 C1, C2, C3, Ca; M T, MY, A1 2, )\QU);
where \; = 17—, Ay =
wk
Z?KIO(UQ + k; ai + ka ai + ka ai + k? A, 02,0a3,C4;C1,Co,C3,C4;T, Y, Z,U)
=1 w k (2.3)
:(1—Z—U)_a1 —(—) FE(a1+k,a1+k,a1+kz,
kz:% E'N(1 — 2z —u)
€3 — as, Ay, A2} C3, C1, C2; AaZ, \I T, >\1y),
1
where Ay = ——, Ay = v
wk
ZgKIO(a’l + ka ai + ka ai + ka ai + k? a9, 02,0a3,C4;C1,Co,C3,C4;T, 7Y, Z?”)
k=0
2.4)

1 w k
(1—wu)” ZZ?( )> Frlay +k,a1 + ka1 + k, az, ag, ag;
k=

C3,C1, C2; A2, AT, \Y),
where A = -
—Uu
wk
E ?Klo(al + k:a ai + ka ai + ka ai + k7 C1,C1,03,04;C1,C1,C3,C4; T, Y, Z,U)
=0

o0

:(1—x—y—z—U)_mZ%<(1_x_Z_z_u)>k

k=0
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X Xg (al +k,c3 —as,cqy — aq;cy,C3,C45

Ty z u )
l—z—y—z—uw? (z+y+z+u—-1) (zr4+y+z+u—1)

k
w
E ﬁKlo(al + kyal + kua’l + k7a1 + k,Ch 6170/37@4;61761763704;3:7y727u)

k=0
= (1—1'— o E( 1 ) XS(al+k7a37a4;Clac3>C4;
k=0 —x—y)
xy 2 u )
l-z-yP (l-a-y) (1-z-y)

e k

w
E k" KIO(al + k7a1 + kaal + kaal + k7clacl7c3aa4; 01701703704;xay7zﬂu)
=0

1 w k
=(l-z-y—z—u)™™ _( ) H4<a1+k,c4—a4;
%k! l—xz—y—2z—u)
Ty u >
C1, C4; ) )
l—z—y—z—uw? (x+y+z+u—1)

k
w
E FK10<CZ1 + kach + kaal + k>al + kaCl7Cla637a4;cl7clac37c4;x7y7 Z,U)

—ai C 1 K . .

=(l-z—-y—2) kzzog( 1_1__3/_ )) H4(a1+k,a4,cl,c4,
Ty u >
l-z—y—2 (1-z-y—2)

<
w
E FKIO(GI +k,a1+ ka1 + k a1 + k, a2, a2, 3, ¢45¢1, Ca, C3, €45 T, Y, 2, 1)

=1 w k
= (1—Z—u)_QIZE<m) F4(CL1+I€7(I2;C17C2;
k=0

k
w
E FKlo(al + ka1 +k a1+ ka1 + k,c1, ¢, 63, ca501, ¢, C3, Ca5 2, Y, 2, 0)

k=0
=1 w k
IR Sy )
(l—w—y—z-u kz:k! (l—z—y—2z—u)
k k+1 4
><2F1(a1+ ’a1+ - 3 C13 -4 2)
2 2 l—z—y—2z—u)

where Xy is the Exton function and H, is the Horn function defined, respectively, by
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(2.6)

2.7

(2.8)

2.9

(2.10)



= (@1)2m+n+p(a2)n(@3)p ﬁynzp

X . . — z _
8(@1,a27a3701702,63,$,y72) mgp:o (Cl)m(CQ)n(Cg)p X m' n' p' (211)
and
S (a)omin(b)m 2™ Y"
H b:c, d; = e
iabie,dizy) =Y ERORETET (2.12)
m,n=0
3 Proofs of the results
To prove the above relations, we need the following formulae (cf. [4, 7, 9, 10]):
[(z) = SZ/ e 77 1dt, Re(z) >0, (3.1)
0
I'(a+n)
L= : S =2 3.2
(@)= gy OF0 (32)
1Py (= —2) =€, (3.3)
1Fi(a;b;x) = €1 Fy (b — a; by —x), (3.4)
Uy(c,c;c;m,y) = exp(x + y)oFi(—; ¢; zy). (3.5)

Proof of (2.1)
Let us denote the left-hand side of (2.1) by w, using (1.3)

0 k 00
w
wzg —_ e 5 s, (ay: ¢4, 093 sz, sY) 1 F (as; ¢s; 82
— k!F(a1+k)/O 2(ag;cr, ¢ y)1F1(as; c3;52)

X 1F1(ay, ¢4, su)ds,

by using (3.4), we get

- w” > (1 ) qa1t+k—1
— —s(1l—z—u) a1 —
“ kz:;k!l“(a1+k)/0 ¢ i

X Wo(ag; c1, co; s, sy)1F1(cs — ag; co; —s2)1Fi(cy — ay, cq, —su)ds.

The functions W5 and ,F% in the integrand can be written in its series form and, then
interchanging the order of the summation and integral sign, which is permissible here, we get

o0

. (a2)mn(cs — a3>p<c4 - a4)qwk$myn(_z)p(_u)q
w= ) () (2)n(c3)p () kmintplgI T (ay + k)

k7m7n7p:0

00
% / 6—5(1—z—u) Sa1+k+m+n+p+q—1d8‘
0

Now, use of (3.1) and (3.2) in the above equation, simplified with a series of manipulations,
completes the proof of relation (2.1). The proofs of all remaining relations run in the same way,
considering the appropriate integral representation and Laplace transform during the proof. [
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4 Special cases

On the other hand, if we set £ = 0, in (2.1), (2.4), (2.6), (2.7), (2.9) and (2.10), we get the
following interesting transformations formulas after little simplification:

Kio(ar, a1, a1, a1, ag, az, as, ay; c1, 2, C3, C45 T, Y, 2, W)

= (1 —Z— U)_al X K10(a1,a1,a1,a1,a2,a2703 — a3, C4 — (4;C1, C2, C3, Cy; 4.1)
T Y z U )
l—z—u)(1-—2z—u) (z+u—1) (z—u+1)/"

Kio(ar, a1, a1, a1, a9, az, as, c4; ¢1, C2, C3, C43 T, Y, 2, U)

z T y ) (4.2)

= (1 - u)ial X FE<a1,a1,a1,a3,a2,a2;63,01,02; (1 —_ U)’ (1 _ u)? (1 _ U)

Kio(ar, a1, a1,a1,c1,¢1, a3, Q45 C1, C1, C3, Ca3 X, Y, 2, W)
xy z u > 4.3)
l-z-yP (l-z—y) 1-z-y)/

—a . .
= (1_-7:_1/) ! XX8<a17a37a47617037C4a

Kio(ar, a1, a1,a1,¢1,¢1,C3,a4;C1,C1, C3,Ca; T, Y, 2, U)
Ty
1—z—y—2—u)? (4.4)

— —al . .
=(l—-z—y—2z—u) H4(a1,04—a4,01,04,

u
(x—i—y—l—z—l—u—l))’

Klo(&bahabal,%,@z,03,04;01702703,04;%%27“)
x Y > 4.5)
l1—z—u) (1—2z—-u)/’

—a . .
=(1—z—u)™™x F4<a1,a2,01,02,

Klo(a,l,Cll,al,al,C1761,C3,C4;Cl,C1, 03,04;$,y,Z,U)

ap a;+1 dxy > (4.6)

=l-z-y—-2z- _a1F<_ 5 C1;5
(l—w—y—z—u)"h 2 2 @ 1—2—y—2z—u)?

By setting z = y = 0 in (4.2), we obtain the known result [9, p. 306 (109)]. Put z = 0 in
(2.10), we have generating function for Lauricella function Ffls)

w © .k
(l-y—2z- u)ale<1yzu> - Z %Ff(xs)(al + k,c1,c3,c4501, 03,043y, 2, 0). (4.7)
k=0

Setting u = 0 in (4.7), we shall obtain a generating function involving Appell function F,
() gt
(I—y—z)"e\ "7/ = Z HF2(G1 +k,c1, 035015039, 2), (4.8)
k=0
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and

which, for z = 0, we get

() 52
(1—y)*e Z i oFi(a1 + K, cii e y).

Finally, substituting © = 0 in (2.5) and (2.8), we get the generating relations

k
w
E k" FE(al + k7a1 + kaal + ka as, 1, C1,C3, C1, C1, vavy)
k=0

=1l-z—-y—2) ‘”E E(l—x—y—z)) H4(a1+k,03—a3;01,63;
k=0

Ty z )
l—z—-—y—22% (z+y+2z-1)

k
w
ZFFE(CH +k,a1 +k,a1 + k,c3,¢1,¢15¢3,¢1, €152, %, )

—a =1 w k ai+k ay+k+1
:(1_'1:_3/_2) 1;;_(( y_Z)) 2F1< 3 C15

E'N(1 — 2 — 2 2
dxy )
(1—z—y—2)2/)
respectively.
Acknowledgements

4.9)

(4.10)

4.11)

We are thankful to the editor and referees for their careful reading and valuable suggestions

to make the article friendly readable. The research work of Praveen Agarwal is supported by

Science and Engineering Research Board under Teachers Associateship for Research Excellence
(TAR/2018/000001).

References

(1]

(2]

(3]

(4]

Agarwal, P. & Koul, C. L. (2003). On generating functions. J. Rajasthan Acad. Phy. Sci., 2,

173-180.

Agarwal, P., Chand, M. & Purohit, S. D. (2014). A note on generating functions involving

the generalized Gauss hypergeometric function. National Acad. Sci. Lett., 3, 457-459.

Choi, J. & Agarwal, P. (2014). Certain generating functions involving Appell series. Far

East J. Math. Sci., 84, 25-32.

Erdelyi, A., Magnus, W., Oberhettinger, F. & Tricomi, F. G. (1953). Higher Transcendental

Functions. Vol. I, McGraw-Hill Book Company, New York, Toronto and London.

22



[5S] Exton, H. (1976). Multiple Hypergeometric Functions and Applications. Halsted Press, New
York, London, Sydney and Toronto.

[6] Lauricella, G. (1893). Sull funzioni ipergeometric a piu variabili. Rend. Cric. Mat. Palermo,
7, 111-158.

[7] Rainville, E. D. (1960). Special Functions. Chelsea Pub. Com., New York.

[8] Srivastava, H. M., Agarwal, P. & Jain, S. (2014). Generating functions for the generalized
Gauss hypergeometric functions. Appl. Math. Comput., 247, 348-352.

[9] Srivastava, H. M. & Karlsson, P. W. (1985). Multiple Gaussian Hypergeometric Series.
Halsted Press, Bristone, London, New York and Toronto.

[10] Srivastava, H. M. & Manocha, H. L. (1984). A Treatise on Generating Functions. Ellis
Horwood Lt1., Chichester.

23



