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Abstract: In this article, we are concerned with connections between generalized Fibonacci and
Tribonacci sequences. The identities we derive are of convolution type. As particular examples,
we state several identities between Fibonacci and Tribonacci numbers, Fibonacci and Tribonacci—
Lucas numbers, Lucas and Tribonacci numbers and Lucas and Tribonacci—Lucas numbers,
respectively. Our results provide extensions of some recently obtained identities.
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1 Introduction and preliminaries
Let (uy,),>0 be a generalized Fibonacci sequence, i.e., a second-order recurrence given by
Up = Up_1 + Up_2, n=>2, (1.1)

where v and w; are arbitrary numbers not both being zero. Let also (v,),>¢ be a generalized
Tribonacci sequence, i.e., a third-order recurrence defined by

Up = Un_1+ Up_o + Un_3, n >3, (1.2)

* Disclaimer: Statements and conclusions made in this article are entirely those of the author. They do not
necessarily reflect the views of LBBW.
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where vy, v; and v, are arbitrary numbers not all being zero. When vy = 0 and u; = 1, then
u, = F, is the Fibonacci sequence (A000045 in [8]) and when uy = 2 and vy = 1, then u,, = L,
is the Lucas sequence (A000032 in [8]). Also, when vy = 0,v; = vy = 1, then v,, = T,, is the
Tribonacci sequence, whereas vy = 3,v; = 1 and v, = 3 gives v, = K, the Tribonacci-Lucas
sequence (sequences A00O0073 and A001644 in the OEIS [8], respectively). The most recent
articles about generalized Fibonacci and Tribonacci numbers are the articles [1, 2, 3, 4] and [7].

Despite the fact that both sequences coexist for more than fifty years and there is a rich
literature on both classes, they have been studied separately until now. The article [5] lists the
first few connecting identities. In the present study, we explore some more connections between
these popular sequences.

We will use the structure of the ordinary generating functions to prove our results. The
generating functions for the two generalized sequences and their respective even and odd indexed
companions are stated below:

= o ug+ (U —uo)x
Jun(2) = Y ™ = 2, (1.3)
n=0
R n Ug+ (ur — 2ug)x
uan (@) = vt = =5 (1.4)
> n ur A+ (ug —w)x
fu2n+1 (ZE) = Z Ugn4+1L = 1 —3r 422 (1.5)

n=0

v+ (v —vo)x + (V2 — vy — vg)a?

fo, () = Zvnx" = , (1.6)
n=0

l—x—a%2—2a3

— vy + (vg — 3vg)z + (2u1 — vg)a?
) =S gt = , 1.7
f 2n<x) ot U2 1 . ?)ZU o IQ . LE3 ( )
and
= o v+ (2 — 201 +vg)T + (Ve — vy — V)2
Fornss (@) = Y vanpaa” = e T . (1.8)

n=0
The expressions follow from more or less routine calculations. The functions for w,, are derived
in [6], these for v,, come from [4].

2 Basic relations between u,, and v,,

The main results of this section reveal three fundamental relations between generalized Fibonacci
and Tribonacci numbers. We present our findings in three separate theorems. We note that, in
what follows, we will use the standard convention that ;' a; = 0 for n < 0.

Theorem 2.1. Let (u,)n>0 and (v,)n>0 denote the generalized Fibonacci and Tribonacci
sequences, respectively. Then, for each n > 2, we have the following identity:
n—3
UgUy = (Up — U1)Vp—1 + VoUpn + (V1 — Vo) Up_1 + (V2 — V1 — Vo)Up_2 + Z UpUp—3—1. (2.1)
k=0
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Proof: From (1.3) we deduce that

uo + (u; — ug)x

Jun ()

=1—x—2x".

Hence, it follows that

ug + (u1 — ug)x — 23 f,, ()

Jun ()

=1—x—2>— 23

This yields the relation

uo + (uy — ug)x — 23 f,,, ()

Jo () = (UO + (v1 —vo)x + (v — vy — vo)xQ)

Y
or equivalently,

Uofu, (¥) =0 fu, (2) = (wo—11)x fo, (2)+(01—00)2 fu, (2)+(v2—v1—00)7" fu, (2)+2° fu, () fo, ().

(2.2)
The LHS of the last equation is
LHS = Z (uovn — Uoun)a:”. (2.3)
n=1
For the RHS we have
RHS = (up—uy) Z V12" + (v1 — o) Z Up_1 2"
n=1 n=1
00 oo n—3
+(vy — v — V) Z Upy—oX" + Z Z UpVp—3—pT". 2.4)
n=2 n=3 k=0
Gathering terms and comparing the coefficients for 2™ proves the formula. U
When u,, = F}, and v,, = T,,, then equation (2.1) simplifies to
n—2
To=Fut ) FTio (2.5)
k=0
When u,, = L,, and v,, = T,,, then equation (2.1) becomes
n—3
2T = Toor+ Luot + ) LiTusie (2.6)
k=0
When u,, = F,, and v,, = K, then we get
n—3 n—3
Kyoy =3F, = 2F, 1 = Foo+ ) Filoso = Lo+ ) FeKosr 27)
k=0 k=0
Finally, when u,, = L,, and v,, = K, then
n—3
2K, = Kuo1+ L+ Looa + ) LiKoosoi. (2.8)
k=0

The four special cases have been derived recently in the article [5]. The next identity gives us
a basic relation between the even indexed sequences (g, ),>0 and (vay, )n>o-
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Theorem 2.2. For n > 2 the following identity holds:

gV, = (2ug — Uy)Vap—2 + Volay + (V2 — 3U0)Ugp—2 + (201 — V2 + 200 ) Ugp—4a
n—3
+ Z Ungs (202(n—2—1) + V2(n—3-k)) - (2.9)
k=0

Proof: From (1.4) we have

ug + (uy — 2ug)xr — 222 f, () — 23 fu,, (7)
fuzn (T)

Combining this relation with the generating function (1.7) yields

=1-—3z— 2> — 2%

U0 fony () = V0 fug, (1) = (200 — 1) fon,, () + (V2 — B00) fuy, (x) + (201 — v2)2? fuy, (1)
207 fug, (%) fug, () + 2° fug, (2) fon,, (). (2.10)

The remaining part of the proof is as in Theorem 2.1. U

As specific examples we can state the following identities:

1. Uop = an and Vonp = Tgni

n—2
Ton = Fop + Fopo + Z Foe (2To(n—1-k) + Totn—2—))- (2.11)
k=0
2. Uy = LQn and Von = Tgni
n—3
205, = 3152+ Lop_o + Lop_y + Z Loy, (2T5(n—2-1) + Ton—3—1))- (2.12)
k=0
3. Uop = an and Von = KQnZ
n—3
Koo = 3F5, — 6F5,_9 + 5Fp,_4 + Z Fou (2Ka(n-9-1) + Kon—3—1))- (2.13)
k=0
4. Uop = LQn and Von = Kgnl
n—3
2Ky, = 3Ko,_2+3Loy —6Lyp o+ 5Loy 4+ Z Lok (2Kom—o—1) + Kon—3—r)). (2.14)
k=0

Finally, we present an identity for the odd indexed numbers (u2,,11)n>0 and (vo,,41)n>0-

Theorem 2.3. For n > 2 the following identity holds:

UVont1 = (U1 — Ug)Van—1 + Vilans1 + (V2 — 201 + Vo) Usn—1 + (V2 4+ V1 — Vo)Uon—3
n—3
+ Z Unp+1 (202(n—2-k) 41 + Va(n—3—k)+1)- (2.15)
k=0
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Proof: The stated formula is essentially a consequence of the relation

ulfv2n+l (‘7:) - Ulfu2n+1 (l‘) = (ul - u0)$fv2n+1 (l') + (UQ - 21}1 + vo)xfu2n+l (.CE)
+(U2 — U1 — UO)fou2n+1 (x) + 2x2fu2n+1 (x)fv2n+1 (x)
+‘T3fu2n+l (x)fv2n+l (x)7 (2 16)
which can be derived using (1.5) and (1.8). L]

Examples are:

1. usni1 = Fopy1 and vop 1 = Topqr:

n—3

Ton1 = Ton 14 Font1— Fon 142Fom 3+ Y | Far1 2Tom-2-ky41+ Ton-3-ky41) - (2.17)
k=0
2. Ugnt1 = Lopy1 and vop 1 = Topyqa:
n—3
Topy1 = —Top—1 + Lopy1 — Lop—1 +2L2, 3+ Z Lots1 (2To(n-2-1)+1 + Totn—3-1k)+1) -
k=0
(2.18)
3. Ugpy1 = Fopqq and vg 1 = Kopyq:
n—3
Kont1 = Kop 1+ Fopy1 +4F5 1 + Fop 3+ Z Fop1 (2Kg(n—2-k)+1 + Kon—3—r)+1)-
k=0
(2.19)
4. Ugpq1 = Lopt1 and vo, 1 = Kopq:
n—3
Kony1 = —Kop 1+ Lopy1 +4L2y 1 + Loy 3+ Z Loki1 (2Ka(mn—2-k)+1 + Ko(n-3-1)41) -
k=0
(2.20)

Combining the last equations for 75,,; and Ks, 1, respectively, results in the following
corollary:

Corollary 2.4. For n > 2 it holds that

205,11 = (Lont1 + Fong1) — (Lon—1 + Fon—1) + 2(Lop—3 + Fon—3)
n—3

+ Z<L2k+1 + Fopi1) 2T om—2-k)+1 + To(n—3-k)+1) (2.21)
k=0

and

2T5,—1 = (Lont1 — Fopt1) — (Lon—1 — Fon—1) + 2(Lap—3 — Fon—3)

n—3

+ Z(L%—f—l — Fory1) 2T on—2-k)+1 + Ton—3-k)+1)- (2.22)
k=0
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Similarly,

2Kon11 = (Lons1 + Fong1) +4(Lon—1 + Fon1) + (Lop—3 + Fop—3)
n—3

+ Z(L%“ + Forg1) 2Ko(m—2-k)41 + Kogn-3-k)41), (2.23)
k=0

and

2Ko,—1 = (Lont1 — Font1) +4(Lan—1 — Fon—1) + (Lon—3 — Fon_3)

n—3

+ Z(L2k+1 — Fory1) 2Kotm—2-k)+1 + Kom-3-k)11)- (2.24)
k=0

3 More advanced relations

This section contains further relations for u,, and v,, that can be derived in a straightforward
manner from the last section. To preserve an easier to comprehend and concise presentation,
from now on, we will restrict the list of examples to the pairs (u, = F,,v, = T,) and (u, =
L,,v, =T,) only.

Theorem 3.1. For n > 1 the following identity holds:

n n n—1
U Y Vknk = Vo> Utk + Y vno1-k((to — ur)v + (01 — vo)ux)
k=0 k=0 k=0

n—2
+(Ug — U1 — 1)0) E UpUn—2—k + g Uk Uiy Vkeg -
k=0 k1+ko+ks=n—3

(3.1)
Proof: We start with equation (2.2). Multiplying both sides by f, (z) gives

fon(@) (U0 fo, (2) = w0 fu, (7)) = (w0 —w)zfy, (x) + (v1 = vo) fu, () fu, (%)
+(vz = v1 = 00)2” fu, (2) fu, () + 2° fu, (2) 7, (@).

(3.2)
The LHS equals
LHS = Z ( Uk (uovn_k, — voun_k)>x". 3.3)
n=1 k=0
The RHS is
o0 n—1 o0 n—1
RHS = (ug—uy) Z (Z Uk%—l—k) " 4 (v1 — vo) Z (Zukvn—l—k>xn
n=1 k=0 n=1 k=0
00 n—2 00
+(vy — v1 — V) (Z ukvn_g_k> "+ Z ( Z uklvk2vk3>x".
n=2 k=0 n=3 ki+ks+kz=n—3
(3.4)
Gathering terms and comparing the coefficients for 2" establishes the stated relation. U
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When u,, = F,, and v,, = T,,, then forn > 1:

S LT =Y BT+ > Fu DTk, (3.5)
k=0 k=0 k1+ko+ks=n—2
k1,k2,k3>1

When u,, = L,, and v,, = T;,, then for n > 1:

n n—1
2 Tl = (Ti+ L)l + Y. LT Tk (3.6)
k=0 k=0 k1+ko+ks=n—3

k12>0,k2,k3>1

Theorem 3.2. For n > 1 the following identity holds:

n n n—1
Ug Z UpUp— = Vo Z UgUp—f + Z Uk;((uo — U )Up—1-k + (V1 — Uo)un—1—k)
k=0 k=0 k=0

n—2
+(U2 — U1 — UO) E UUp—2—k + E ukluk2vk3. (37)
k=0 k1+ko+kz=n—3

Proof: The relation follows from multiplying equation (2.2) by f,, (x), writing in terms of power
series, and collecting terms. We omit the details. U

Theorem 3.2 is a generalization of results from [5], where a detailed treatment of the pairs
(up = Fpyv, = 1,),(uy = Lpyv, = Ty), (up, = Fo,v, = K,), and (u, = Ly, v, = K,,) is
presented.

For the even indexed sequences (uz,,)n>0 and (vey, ),>o we have the following convolutions:

Theorem 3.3. For n > 1 the following identity holds:

n n n—1
Ug Z VakU2(n—k) = o Z VorUz(n—k) + Z Ua(n—1—k) ((2u0 — u1)var + (v2 — 3vo)uay)
k=0 k=0 k=0
n—2
+(2v1 — o) Z U2k V2(n—2-k) + 2 Z Uky V2ky V2ky
k=0 k1+kat+ks=n—2
+ Z U2k, V2ky V2ks - (3.8)

ki+ko+kz=n—3

Proof: The relation follows from multiplying equation (2.10) by f,,, (x), writing in terms of
power series and collecting terms. We omit the details. U

The special case when u,, = F}, and v, = T,, can be stated as (n > 1):

> ToTamirry = Y Far(Tomsr—ny + Tonoiy) +2 > For, Ton, Tow,
k=0 k=0 k1+ko+ks=n
k1,k2,k3>1
+ Y FouTonTon (3.9)
ki+kot+ks=n—1
ki,k2,ks>1
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When u,, = L,, and v,, = T;,, then we get forn > 1:

n n—2 n—2
2 Z TorTog—k) = Z Lo (Totn-1-k) + Totn—2-k)) + 3 Z TorTo(n—1-k)
k=0 k=0 k=0
2 > LoTTow+ Y. Lot Tory Do (3.10)
ki+ko+kz=n—2 ki+ko+ks=n—3
k1 >0,k ks >1 k1 >0,k ks >1
Theorem 3.4. For n > 1 the following identity holds:
n n n—1
Ug Z UgkV2(n—k) = o Z Uk U2(n—k) + Z o, ((2ug — u1)van—1-k) + (V2 — 3v0)Uz(n—1-k))
k=0 k=0 k=0
n—2
+(2v1 — v2) Z Uk Ug(n—2—k) T 2 Z Uk, Uy U2k
k=0 k1+ko+ks=n—2
D Uk Uay Ui, 3.11)

k1+ka+ks=n—3

Proof: The relation follows from multiplying equation (2.10) by f,,, (z), writing in terms of
power series and collecting terms. We omit the details. 0

The special case when u,, = F,, and v, = T}, is (n > 1):

ZFQkTZ(n+17k) = Z Fou(Fotnar—r) + Fonr)) +2 Z Fopy Fopy Top,

k=0 k=0 k1+ko+ks=n
k1,k2,k3>1
+ Z Fop, Fog, Top,. (3.12)
k1+ko+kz=n—1
k1,k2,k3>1

When u,, = L,, and v,, = T},, then we get forn > 1:

n n—1 n—2
2 Z LopTo(—1) = Z Loy (3T3(n—1-k) + Logm-1-1)) + Z Lok Lon—2—r)
k=0 k=0 k=0
2 > LogLowTou,+ > Lok Log, T, (3.13)
ki1+ko+kz=n—2 k1+ko+kz=n—3
k1,k2>0,k3>1 E1,ko>0,ks>1

We conclude this section with two convolutions for the odd indexed sequences (u2;,41)n>0

and (v2n41)n>0-
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Theorem 3.5. For n > 1 the following identity holds:

n n

Uy E V2k+1V2(n—k)+1 = U1 E V2k4+1U2(n—k)+1
k=0 k=0
n—1
+ E U2k+1((ul — U)Va(n—1—k)+1 T (V2 — 201 — Uo)uz(n—l—k)+1)
k=0
n—2
+(v2 — v1 — 1p) E Vot 1U2(n—2—k)+1 T+ 2 E U2k +1V2ko+1V2k3+1
k=0 k1+ko+ks=n—2
+ E Uky +1V2% +1V2k5+1- (3.14)

ki1+ko+kz=n—3

Proof: The relation follows from multiplying equation (2.16) by f,,.., (), writing in terms of
power series, and collecting terms. U

We state the special case when u,, = F,, and v,, = T}, as (n > 0):

ZT2k+1 Totnr1-k)+1 — To(n—k) +1 ZT2k+1 Fomi1-ky+1 — Fagn- k)+1>

k=0 k=0
+2 Z Fopy 1Tk, 1 Top, 41 + Z Fory 41121, 11 Tok5 41
ki1+ko+ks=n—1 k1+ko+ks=n—2
k1,k2,k3>0 k1,k2,k3>0
(3.15)
When w,, = L,, and v,, = T,,, then the relation becomes (n > 0):
ZTQk—i—l Tonsi-k)+1 + Tonoi)+1) ZTQk—H (Lags1-k)+1 — Loag—ry+1)
k=0 k=0
+2 Z Lok, +1Topy 41 Toks41 + Z Lok, +1Tory 1 Tok5 41
ki1i+kotks=n—1 k1+ko+kz=n—2
k1,k2,k3>0 k1,k2,k3>0
(3.16)
Theorem 3.6. For n > 1 the following identity holds:
n n
Uy Z U2k+1V2(n—k)+1 = U1 Z U2k4-1U2(n—k)+1
k=0 k=0
n—1
+ Z U2k+1 ((Ul — U)Vo(n—1—k)+1 T (V2 — 201 — U0>u2(n717k)+1)
k=0
n—2
+(va — v1 — ) Z Ukt 1U2(n—2—k)+1 + 2 Z Uky +1U2kg+1U2ks+1
k=0 ki+kot+ks=n—2
+ Z U2k +1U2ky+1V2k5+1- (3.17)

k1+ko+kz=n—3
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Proof: The relation follows from multiplying equation (2.16) by f,,, ., (), writing in terms of
power series, and collecting terms. U

When u,, = F}, and v,, = T,,, then we get for n > 0:

Z o1 (Tognri—iy+1 — Totnoiy+1) = Z Fop1 (Fona1—k)+1 — Fonoky+1)

k=0 k=0
+2 E Fory 11 F5k0 41Tk 41 + E Fory 115041 Tok541-
ki+ko+kz=n—1 k1+ko+ks=n—2
k1,k2,k3>0 k1,k2,k3>0
(3.18)
When u,, = L,, and v,, = T,, then we get for n > 0:
E Lokt Tz(n+1 k)41 T Tom—) +1 E Lop41 L2(n+1 41 — Logm—i)+1)
k=0 k=0
+2 5 Loy, +1 Lok 11108541 + E Lok, +1Loky+1Toks+1-
k1+ko+kz=n—1 k1+ko+kz=n—2
k1,k2,k3>0 k1,k2,k3>0
(3.19)

4 The general case

From equations (2.2), (2.10), and (2.16) the general structure of the relations between the se-
quences (un)n>o and (v,)n>o can be inferred. Let m > 0 be an integer. Then, for instance,
multiplying (2.2) by f"(z) gives

uofin (@) = wofu, (@) () + (uo — w2 [ (@) + (vr = vo)x fu, (2) f1 (2)

+(v2 — o1 = vo)a’ fu, () fi () + 2° fu, (2) £ (). 4.1)
Similarly, multiplying (2.2) by f." (x) gives
vofu (@) = uofu, (@) fan (@) + (= uo)a fo, () fur (x) + (vo — v1)a f ™ ()
+(vo +v1 — v)2? [N (@) — 2P f, (@) f1 (). 4.2)

From these relations it is straightforward to derive the following general identities, which we
state in the next theorem:

Theorem 4.1. Let m > 0 be an integer. Then the following identities hold:

Ug § Vky Vky * * * Uy pp = V0 E Uky Vkey " * * Vkypypq

k1+ko+-+kmy1=n Fitkot-Akmi1=n
+ E <(uo - U1)Uklvk2 Uy T (Ul - Uo)uklka o 'Uka)
k1 +katerthom g 1=n—1
+<U2 — U1 — Uo) Z Uk Vg * * * Ukm+1 + Z Uk Vg * * * Ukm+2
kitko+ - t+hkmir=n—2 k14-ko+-4kmi2=n—3

4.3)
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and

Vo E Upy Uy~ * - Uy, 1 = UQ E Vkg Uk * " Uy g
ki+ko++kmi1=n kitko+-+kmy1=n
+ E <(u1 - uO)Uklukz T Uk + (UO - Ul)uklukz e ukm+1>
ki+ko+Fkmy1=n—1
+<’Uo—|—1)1 —Ug) E uklu;@---ukmﬂ — E vklukz---ukm+2.
ki4ko+Fkmy1=n—2 ki1+ko++kmyp2=n—3
“4.4)
From (4.3) with u,, = F}, and v,, = T,, we obtain
E FlekQ e Tkm+2 - § TlekQ e Tkm+1
k1+ka++km4o2=n—2 ki+ka+tkmi1=n
k1,k2, . kmy22>1 k1,k2,. . skm412>1
_ § Fi Ty - Thos -
ki+ko+-+kni1=n
k17k27"'7km+121
4.5)

Note the iterative nature of the identity. The cases m = 0 and m = 1 give (2.5) and (3.5),
respectively. The case m = 2 produces

n+2
g Fioy Ty Ty Ty, = g T, Ty Ty — E T Thyok +Toya — Frys. (4.6)
k1+ko+ks+ka=n—2 ki+ko+ks=n k=1
k1,k2,k3,ka>1 k1,k2,k3>1
Also, from (4.3) with u,, = L,, and v,, = T,, we get
E LlekQ e Tk‘m+2 = 2 E Tlekg e Tkm+1
ki+ko+-+kmiy2=n—3 ki+ko++kmy1=n
k1>0,kz, .. ko 42>1 K1,k kg1 >1
- § Tk1T1€2 o Tkm+1 - E Llek2 o 'Tkm+1'
ki+ko+-+knr1=n—1 ki+ko+-Akmi1=n—1
k1,k2ye s kmy12>1 k120,k2,....km4+12>1

4.7)

Again, we point out the iterative nature of the identity. The case m = 0 gives (2.6). The case
m = 11s (3.6). The case m = 2 produces

) Lo TuTuThw = 2 Y TuTuTu— Y. TuTuTh
k1+ko+ks+ks=n—3 ki1+ko+kz=n k1+ko+kz=n—1
k12>0,k2,k3,ka>1 k1,k2,k3>1 k1,k2,k3>1
n+1
- E Tk (2Tn+2—k - Tn—i—l—k) - Tn—i—?) - Ln+3 + 2Tn+4-
k=0

(4.8)
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From (4.4) with u,, = F}, and v,, = T,, we obtain

E T Fry+ Frpry = E T Fey- - F, .,
kitko++kmi2=n—2 ki+kat+-t+kmi1=n
k1,k2,...;km+22>1 k1,k2,...;km+12>1

— Z FiFiy - Fr s

k1+ko4-Akmi1=n
k1,k2,....km+y1>1

4.9)
and with v,, = L,, and v,, = T,
Z Ty Ly Ly, = 2 Z Ty Ly - L,
ki1+ko++kmp2=n—3 ki4ko+4-+kmi1=n
k1>1,ka,....km42>0 k1>1,ka,....km+12>0
- Z (Tkl + Lkl)Lk2 T Lkm+1'
ki+ko+-+kmi1=n—1
K1 k2, km 10
(4.10)
Both results admit an iterative evaluation. We refer to [5] for more details.
In exactly the same manner, we can multiply (2.10) by f;” () or f" (z) to get
wofon(2) = o fus, (@) £, (2) + (2uo — wa)a f 1 (@) + (v2 = 300) fus, (2) 1, (@)
+(201 = 2)2° fup, (@) f11, (2) + 20 fo, () T (@) + 27 fu, (2) 10 ()
4.11)
and
vofupt (@) = o, (@) fi, (2) + (ur = 2u0) fun, () £, (2) + (Bug — va)af, " ()
+(vy = 200)a? frt (@) — 22° fo, (%) i (2) — 2° o, (2) fi T ().
(4.12)
These formulas lead to the following results:
Theorem 4.2. Let m > 0 be an integer. Then the following identities hold:
Uo Z Voky V2ky * * * V2kyp 1 — V0 Z U2ky V2ko * " V2kpyyq
kit+kot-tkmii=n ki+ka+-4kmy1=n
+ Z <(2U0 — U1 ) U2k, Uz, - U2k T (v — 3vo)uap, Vag, * - 'Uzkm+1>
k1+ko+Akmi1=n—1
+(21)1 - UQ) Z U2k1U2k2 e UQk:m+1
ki+ko+-+kmy1=n—2
+2 Z u2k1U2k2 tee v2km+2 + Z u2k1 U2k2 e Uka+2
ki+ko+ - +kmiy2=n—2 ki+ko+ - +kmiy2=n—3
(4.13)
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and

Vo E Uk Uky * * * U2k, 1 = Up Z U2k U2ky * * * U2k, 4y
k1+ko+-thmy1=n kitkottkmy1=n
+ E ((Ul — 200 ) Voky Uy * * * Uy T (BV0 — V2)Usgp, Usiy - - 'Uzkmﬂ)
k1tko+-+kmi1=n—1
+(vy — 2v7) E Uk Uky " * * Ukyy g
kitkottkmy1=n—2
—2 E V2ky Uky * " Uy — Z V2ky Uk ™ * * Uk io-
k1+ko+-+kmyo=n—2 ki+ka+-+kmy2=n—3
(4.14)

When m = 0, then (4.13) and (4.14) reduce to (2.9). Special cases of (4.13) are

2 : : Z712k1 T2k2 e T2k7n+2 + : : F2k1 T2k2 T T2k7n+2
ki+ko+-+kmyo=n—1 k1tko+-+kmyo=n—2
k1,k2y..skmy2>1 k1,k2s..skm42>1
- E (Tle - Fle)TQkQ e T2k‘m+1 - E FQk‘lTQk‘z e T2km+17
ki+ko+-+kmt1=n Eitkot-+Ekmy1=n—1
k1,k2, . kmy12>1 k1,k2ye s kmy12>1
(4.15)
and
2 g Lop, Togy -+ - Tog,, . n + E Loy, Top, -+ Top,, .
k1+ko+-+kmy2=n—2 k1+ko+-+kmy2=n—3
k120,kg,....km422>1 k120,k2,....km422>1
=2 E Tor, Togy =+ Togyyy — E (3T, + Lok, ) Toky - = - Tk,
k1+ko+Akmi1=n k1+ko4-Akmi1=n—1
k1,k2,....km+1>1 k1>0,k2,....km+y1>1
- E Log, Lok, -+ Lo, - (4.16)
ki+ko+ - +kmi1=n—2
k1,k2,. . skm+120
Moreover, from (4.14) we obtain
2 E Top, Fopy -+ Fop,,, o + E Top, Fopy -+ Fopy s
ki+ka+-+kmio=n—1 ki+ko+-+kmya=n—2
k1,k2,...;km42>1 k1,k2,...;kmy2>1
- E (T2k1 - Fle)FQkQ e Fka+1 - § FleFQkQ e Fka+17
k1+kot-Akmii=n ki+ko+-+kmy1=n—1
k1,k2,....km+12>1 k1,k2,....kmy12>1
“4.17)
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and

2 E Tog, Lok, + -+ Loy, ., + E Top, Lok, -+ Lo, .,
k1+ko+-tkmi2=n—2 k1+ka+-+km42=n—3
k1>1,k2,....;km+22>0 k1>1,k2,....;km+22>0
=2 E Top, Lo, + -+ Log,,., — E (3T, + Lok, ) Lok, - - Lok, .,
k1+k2+"'+k'm+1:n k1+k2+“'+k7n+1:n71
k1>1,k2,....,km1+1>0 k1,k2,...;km+1>0
- E Log, Log, - -+ Log,, ., - 4.18)

ki+ko+ - +kmy1=n—2
k1,k2,....km+12>0

The general results for 9,1 and vg,; are derived analogously using (2.16). We leave the
explicit statement of these results to the interested reader.

5 Concluding comments

The goal of this paper was to develop further identities connecting Fibonacci numbers and
Tribonacci numbers. Interestingly, the derivations are based on simple manipulations of the
respective generating functions. We hope that the new identities presented in this paper will
turn out to be of use to the Fibonacci research community.

We also mention that it seems to be possible to generalize the results of the present study even
further to the sequences defined by

Un = pUn—l + qUn—27 UO = a, Ul = b7 n Z 27

and
Vn - rvn—l + SVn—Q + tVn—?n % =G Vi= d7 Vo=e n> 37

where p,q,a,b,r,s,t,c,d and e are arbitrary integers (appropriately restricted to eliminate
degenerated cases). The results, however, become cumbersome and bulky.

Finally, the author wants to express his gratitude to the two referees for a careful reading of
the first version of the paper, and for the interest shown in this work.
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